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Preface

Regression analysis has been one of the most widely employed and most important
statistical methods in applications and has been continually made more sophisti-
cated from various points of view over the last four decades. Among a number of
branches of regression analysis, the method of generalized least squares estimation
based on the well-known Gauss—Markov theory has been a principal subject, and is
still playing an essential role in many theoretical and practical aspects of statistical
inference in a general linear regression model. A general linear regression model is
typically of a certain covariance structure for the error term, and the examples are
not only univariate linear regression models such as serial correlation models, het-
eroscedastic models and equi-correlated models but also multivariate models such
as seemingly unrelated regression (SUR) models, multivariate analysis of variance
(MANOVA) models, growth curve models, and so on.

When the problem of estimating the regression coefficients in such a model
is considered and when the covariance matrix of the error term is known, as an
efficient estimation procedure, we rely on the Gauss—Markov theorem that the
Gauss—Markov estimator (GME) is the best linear unbiased estimator. In practice,
however, the covariance matrix of the error term is usually unknown and hence the
GME is not feasible. In such cases, a generalized least squares estimator (GLSE),
which is defined as the GME with the unknown covariance matrix replaced by
an appropriate estimator, is widely used owing to its theoretical and practical
virtue.

This book attempts to provide a self-contained treatment of the unified theory of
the GLSEs with a focus on their finite sample properties. We have made the content
and exposition easy to understand for first-year graduate students in statistics,
mathematics, econometrics, biometrics and other related fields. One of the key
features of the book is a concise and mathematically rigorous description of the
material via the lower and upper bounds approach, which enables us to evaluate
the finite sample efficiency in a general manner.

In general, the efficiency of a GLSE is measured by relative magnitude of
its risk (or covariance) matrix to that of the GME. However, since the GLSE
is in general a nonlinear function of observations, it is often very difficult to
evaluate the risk matrix in an explicit form. Besides, even if it is derived, it is
often impractical to use such a result because of its complication. To overcome
this difficulty, our book adopts as a main tool the lower and upper bounds approach,

Xi



Xii PREFACE

which approaches the problem by deriving a sharp lower bound and an effective
upper bound for the risk matrix of a GLSE: for this purpose, we begin by showing
that the risk matrix of a GLSE is bounded below by the covariance matrix of the
GME (Nonlinear Version of the Gauss—-Markov Theorem); on the basis of this result,
we also derive an effective upper bound for the risk matrix of a GLSE relative to
the covariance matrix of the GME (Upper Bound Problems). This approach has
several important advantages: the upper bound provides information on the finite
sample efficiency of a GLSE; it has a much simpler form than the risk matrix
itself and hence serves as a tractable efficiency measure; furthermore, in some
cases, we can obtain the optimal GLSE that has the minimum upper bound among
an appropriate class of GLSEs. This book systematically develops the theory with
various examples.

The book can be divided into three parts, corresponding respectively to Chap-
ters 1 and 2, Chapters 3 to 6, and Chapters 7 to 9. The first part (Chapters 1
and 2) provides the basics for general linear regression models and GLSEs. In
particular, we first give a fairly general definition of a GLSE, and establish its
fundamental properties including conditions for unbiasedness and finiteness of
second moments. The second part (Chapters 3—6), the main part of this book,
is devoted to the detailed description of the lower and upper bounds approach
stated above and its applications to serial correlation models, heteroscedastic mod-
els and SUR models. First, in Chapter 3, a nonlinear version of the Gauss—Markov
theorem 1is established under fairly mild conditions on the distribution of the
error term. Next, in Chapters 4 and 5, we derive several types of effective upper
bounds for the risk matrix of a GLSE. Further, in Chapter 6, a uniform bound
for the normal approximation to the distribution of a GLSE is obtained. The
last part (Chapters 7—9) provides further developments (including mathematical
extensions) of the results in the second part. Chapter 7 is devoted to making a
further extension of the Gauss—Markov theorem, which is a maximal extension
in a sense and leads to a further generalization of the nonlinear Gauss—Markov
theorem proved in Chapter 3. In the last two chapters, some complementary topics
are discussed. These include concentration inequalities, efficiency under elliptical
symmetry, degeneracy of the distribution of a GLSE, and estimation of growth
curves.

This book is not intended to be exhaustive, and there are many topics that are
not even mentioned. Instead, we have done our best to give a systematic and unified
presentation. We believe that reading this book leads to quite a solid understanding
of this attractive subject, and hope that it will stimulate further research on the
problems that remain.

The authors are indebted to many people who have helped us with this work.
Among others, I, Takeaki Kariya, am first of all grateful to Professor Morris
L. Eaton, who was my PhD thesis advisor and helped us get in touch with the
publishers. I am also grateful to my late coauthor Yasuyuki Toyooka with whom
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I published some important results contained in this book. Both of us are thankful
to Dr. Hiroshi Tsuda and Professor Yoshihiro Usami for providing some tables and
graphs and Ms Yuko Nakamura for arranging our writing procedure. We are also
grateful to John Wiley & Sons for support throughout this project. Kariya’s portion
of this work was partially supported by the COE fund of Institute of Economic
Research, Kyoto University.
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Preliminaries

1.1 Overview

This chapter deals with some basic notions that play indispensable roles in the
theory of generalized least squares estimation and should be discussed in this
preliminary chapter. Our selection here includes three basic notions: multivariate
normal distribution, elliptically symmetric distributions and group invariance. First,
in Section 1.2, some fundamental properties shared by the normal distributions are
described without proofs. A brief treatment of Wishart distributions is also given.
Next, in Section 1.3, we discuss the classes of spherically and elliptically sym-
metric distributions. These classes can be viewed as an extension of multivariate
normal distribution and include various heavier-tailed distributions such as mul-
tivariate ¢ and Cauchy distributions as special elements. Section 1.4 provides a
minimum collection of notions on the theory of group invariance, which facilitates
our unified treatment of generalized least squares estimators (GLSEs). In fact, the
theory of spherically and elliptically symmetric distributions is principally based
on the notion of group invariance. Moreover, as will be seen in the main body of
this book, a GLSE itself possesses various group invariance properties.

1.2 Multivariate Normal and Wishart Distributions

This section provides without proofs some requisite distributional results on the
multivariate normal and Wishart distributions.

Multivariate normal distribution. For an n-dimensional random vector y, let
L(y) denote the distribution of y. Let

w= (1, ..., un) € R" and T = (0jj) € S(n),

Generalized Least Squares Takeaki Kariya and Hiroshi Kurata
© 2004 John Wiley & Sons, Ltd ISBN: 0-470-86697-7 (PPC)



2 PRELIMINARIES

where S(n) denotes the set of n x n positive definite matrices and a’ the transpo-
sition of vector a or matrix a. We say that y is distributed as an n-dimensional
multivariate normal distribution N,(u, ), and express the relation as

L(y) = Np(u, 2), (1.1)

if the probability density function (pdf) f(y) of y with respect to the Lebesgue
measure on R" is given by

1 1 / —_ n
FO) = G P (—5@ W=7y - m) yeRH. (12

When L(y) = N,(u, X), the mean vector E(y) and the covariance matrix Cov(y)
are respectively given by

E(y) =pn and Cov(y) =X, (1.3)
where
Cov(y) = E{(y — )y — )'}.

Hence, we often refer to N, (u, X) as the normal distribution with mean u and
covariance matrix X.

Multivariate normality and linear transformations. Normality is preserved under
linear transformations, which is a prominent property of the multivariate normal
distribution. More precisely,

Proposition 1.1 Suppose that L(y) = N,(u, X). Let A be any m x n matrix such
that rank A = m and let b be any m x 1 vector. Then

L(Ay +b) = Ny (A + b, AT A). (1.4)

Thus, when L£(y) = N,(u, X), all the marginal distributions of y are normal. In
particular, partition y as

y= <§1> with y; :nj x1 and n=n; +na,
2
and let u and X be correspondingly partitioned as
M1 X X2
= and ¥ = . 1.5
o (Mz) (Ezl 222) (1)

Then it follows by setting A = (I,,,0) : n1 x n in Proposition 1.1 that

L(y1) = Ny (11, Z11).

Clearly, a similar argument yields £(y2) = Ny, (2, X22). Note here that y;’s are
not necessarily independent. In fact,
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Proposition 1.2 If L(y) = N,(u, X), then the conditional distribution L(y1|y2) of
y1 given y, is given by

LO11y2) = Ny (11 + 1225, (02 — 12), Z112) (1.6)
with
Yna2=¥Xn-— 21222_21221-

It is important to notice that there is a one-to-one correspondence between (X1,
Y12, Xp2) and (X112, ®, X9p) with ® = 2122521. The matrix © is often called
the linear regression coefficient of y; on y;.

As is well known, the condition X12 = 0 is equivalent to the independence
between y; and y;. In fact, if 31> = 0, then we can see from Proposition 1.2 that

L) = LO1ly2) (= Nuy (1, 1)),

proving the independence between y; and y,. The converse is obvious.

Orthogonal transformations. Consider a class of normal distributions of the form
N, (0, azln) with o2 > 0, and suppose that the distribution of a random vector y
belongs to this class:

L(y) € {N,(0,5°%1,) | 0% > 0}. (1.7)

Let O(n) be the group of n x n orthogonal matrices (see Section 1.4). By using
Proposition 1.1, it is shown that the distribution of y remains the same under
orthogonal transformations as long as the condition (1.7) is satisfied. Namely, we
have

Proposition 1.3 If L(y) = N,(0, 021,) (6% > 0), then
LTy) = L(y) forany T € O(n). (1.8)

It is noted that the orthogonal transformation a — I'a is geometrically either the
rotation of a or the reflection of a in R". A distribution that satisfies (1.8) will be
called a spherically symmetric distribution (see Section 1.3). Proposition 1.3 states
that {N,(0,021I,) | o2 > 0} is a subclass of the class of spherically symmetric
distributions.

Let ||A]| denote the Euclidean norm of matrix A with

1AI* = tr(AA),
where ¢r(-) denotes the trace of a matrix -. In particular,
la|* = d'a

for a vector a.
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Proposition 1.4 Suppose that L(y) € {N,(0,c21,) | 2 > 0}, and let

x =yl and z=y/lyll with |y|* =y'y. (1.9)
Then the following three statements hold:

) E(xz/oz) = X,%, where X,% denotes the x?* (chi-square) distribution with
degrees of freedom n;

(2) The vector 7 is distributed as the uniform distribution on the unit sphere U (n)
in R", where

Un) ={u € R" | flull =1}

(3) The quantities x and z are independent.

To understand this proposition, several relevant definitions follow. A random vari-
able w is said to be distributed as X,%, if a pdf of w is given by

1

= 5rTa Y P Cw2) >0, (1.10)

S (w)
where I'(a) is the Gamma function defined by
o0
T'(a) = / 1 le7tdt (a > 0). (1.11)
0

A random vector z such that z € U(n) is said to have a uniform distribution on
U(n) if the distribution L£(z) of z satisfies

L(Tz) = L(z) forany ' € O(n). (1.12)

As will be seen in the next section, statements (2) and (3) of Proposition 1.4
remain valid as long as the distribution of y is spherically symmetric. That is, if y
satisfies L(I'y) = L(y) for all I" € O(n) and if P(y =0) =0, then z = y/||y| is
distributed as the uniform distribution on the unit sphere ¢/ (n), and is independent
of x = | yll.

Wishart distribution. Next, we introduce the Wishart distribution, which plays a
central role in estimation of the covariance matrix ¥ of the multivariate normal
distribution N,(u, ¥). In this book, the Wishart distribution will appear in the
context of estimating a seemingly unrelated regression (SUR) model (see Example
2.4) and a growth curve model (see Chapter 9).

Suppose that p-dimensional random vectors yi, ... , y, are independently and
identically distributed as the normal distribution N, (0, ¥) with ¥ € S(p). We call
the distribution of the matrix

n
W=D 5]
j=1
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the Wishart distribution with parameter matrix ¥ and degrees of freedom n, and
express it as

LW) =Wy(Z,n). (1.13)
When n > p, the distribution W),(X, n) has a pdf of the form

B 1 n=p-1 tr(Wxh
fW) = 2"1’/2Fp(n/2)|2|"/2 [W| 2 exp (—f> , (1.14)

which is positive on the set S(p) of p x p positive definite matrices. Here I'},(a)
is the multivariate Gamma function defined by

p .
Ty =P~ DAT]r (a - %) (a 4 ; 1). (1.15)

j=1

When p = 1, the multivariate Gamma function reduces to the (usual) Gamma
function:

I'i(a) =T(a).
If W is distributed as W, (X, n), then the mean matrix is given by
E(W)=nX.

Hence, we often call W, (X, n) the Wishart distribution with mean nX and degrees
of freedom n. Note that when p = 1 and ¥ = 1, the pdf f(W) in (1.14) reduces to
that of the X2 distribution X,%, that is, Wi (1, n) = X3~ More generally, if L(w) =
Wi(o2, n), then

L(w/o?) = x2. (1.16)
(See Problem 1.2.2.)

Wishart-ness and linear transformations. As the normality is preserved under
linear transformations, so is the Wishart-ness. To see this, suppose that L(W) =
W, (%, n). Then we have

Lowy=L|> vivi |
j=1

where y;’s are independently and identically distributed as the normal distribution
N, (0, ). Here, by Proposition 1.1, for an m x p matrix A such that rankA =
m, the random vectors Ay, ..., Ay, are independent and each Ay; has N, (0,
AX A"). Hence, the distribution of

n n
Zij(ij)’ =A Zyjy} A

j=1 j=1
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is W,(AXA’,n). This clearly means that L(AWA') = W,(AXA’, n). Thus, we
obtain

Proposition 1.5 If L(W) = W,(X, n), then, for any A :m X p such that rank
A=m,

LAWA") = W,(ATA', n). (1.17)
Partition W and X as
Wi Wip 21 X2
W = and ¥ = 1.18
< War Wa ) < 221 X2 ) (1.18)
with W;; @ p; x pj, Zjj : pi X pj and p1 + pp = p. Then, by Proposition 1.5, the
marginal distribution of the ith diagonal block W;; of W is W), (Z;;,n) (i =1, 2).

A necessary and sufficient condition for independence is given by the following
proposition:

Proposition 1.6 When L(W) = W, (X2, n), the two matrices W11 and Wy, are inde-
pendent if and only if 1o = 0.

In particular, it follows:

Proposition 1.7 When W = (w;;) has Wishart distribution W, (I, n), the diagonal
elements w;j;’s are independently and identically distributed as x,%. And hence,

Lr(W)) = Xp,- (1.19)

Cholesky—Bartlett decomposition. For any ¥ € S(p), the Cholesky decompo-
sition of X gives a one-to-one correspondence between ¥ and a lower-triangular
matrix ©. To introduce it, let Q‘T" (p) be the group of p x p lower-triangular matri-
ces with positive diagonal elements:

G (p) ={®=(6j) €Glp) |6 >0G=1,....p), 6;; =0 <))},

(1.20)
where G€(p) is the group of p x p nonsingular matrices (see Section 1.4).

Lemma 1.8 (Cholesky decomposition) For any positive definite matrix ¥ € S(p),
there exists a lower-triangular matrix ® € g; (p) such that

Y =00 (1.21)
Moreover, the matrix ® € g; (p) is unique.

By the following proposition known as the Bartlett decomposition, a Wishart
matrix with ¥ = I, can be decomposed into independent x? variables.
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Proposition 1.9 (Bartlett decomposition) Suppose L(W) = W, (I,, n) and let
W=TT
be the Cholesky decomposition in (1.21). Then T = (t;;) satisfies
() L) =x2 iy fori=1,....p;
(2) L(t;j) = N(0, 1) and hence c(tfl.) = xi fori > j;
(3) tij’s (i = j) are independent.

This proposition will be used in Section 4.4 of Chapter 4, in which an optimal
GLSE in the SUR model is derived. See also Problem 1.2.5.

Spectral decomposition. For any symmetric matrix X, there exists an orthogonal
matrix I' such that I'"2T is diagonal. More specifically,

Lemma 1.10 Let ¥ be any p X p symmetric matrix. Then, there exists an orthog-
onal matrix T' € O(p) satisfying

M 0
> =TATlY with A = , (1.22)
0 Ap
where Ay < --- < A, are the ordered latent roots of Z.

The above decomposition is called a spectral decomposition of X. Clearly, when
Al < -+ < Ap, the jth column vector y; of I' is a latent vector of X corresponding
to A;. If ¥ has some multiple latent roots, then the corresponding column vectors
form an orthonormal basis of the latent subspace corresponding to the (multiple)
latent roots.

Proposition 1.11 Let L(W) = W, (I, n) and let
W=HLH

be the spectral decomposition of W, where H € O(p) and L is the diagonal matrix
with diagonal elements 0 <y < --- <1,. Then

(1) PO<lj <---<Ip)=1;

(2) A joint pdf of l = (v, ... ,1p) is given by
2
nb /2 1< P - )
exp | =5 2 4 | T1477 7 TTw -,
2 J
2Pn/2T , (p/2)T (1 /2) 2,-:1 j=1 i<j

which is positive on the set {l € R? | 0 <[} <--- <[p,};

(3) The two random matrices H and L are independent.
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A comprehensive treatment of the normal and Wishart distributions can be
found in the standard textbooks on multivariate analysis such as Rao (1973),
Muirhead (1982), Eaton (1983), Anderson (1984), Tong (1990) and Bilodeau and
Brenner (1999). The proofs of the results in this section are also given there.

1.3 Elliptically Symmetric Distributions

In this section, the classes of spherically and elliptically symmetric distributions
are defined, and their fundamental properties are investigated.

Spherically symmetric distributions. An n x 1 random vector y is said to be
distributed as a spherically symmetric distribution on R", or the distribution of y
is called spherically symmetric, if the distribution of y remains the same under
orthogonal transformations, namely,

L({Ty) = L(y) for any I' € O(n), (1.23)

where O(n) denotes the group of n x n orthogonal matrices. Let E, (0, I,,) be the
set of all spherically symmetric distributions on R". Throughout this book, we
write

L(y) € E,(0, 1,,), (1.24)

when the distribution of y is spherically symmetric.
As is shown in Proposition 1.3, the class {N, (0, 021,) | 6% > 0} of normal
distributions is a typical subclass of E, (0, 1,)):

{N4(0,0%L,) | 6% > 0} C E,(0, I,).

Hence, it is appropriate to begin with the following proposition, which gives a
characterization of the class {N, (0, a2ln) | o? > 0} in E, (0, I,).

Proposition 1.12 Let y = (y1, ..., y,) be an n x 1 random vector. Then
L(y) € (Na(0,0%1) | 0* > 0} (1.25)
holds if and only if the following two conditions simultaneously hold:
(1) L(y) € Ex(0, I);
2) y1,..., yn are independent.

Proof. Note first that L(y) € E, (0, I,) holds if and only if the characteristic
function of y defined by

W(t) = Elexp(it'y)] (t = (t1,...,t,) € R") (1.26)
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satisfies the following condition:
Y(T't) = y(t) forany I' € O(n), (1.27)

since ¥ (I''r) is the characteristic function of I'y. As will be proved in Example 1.4
in the next section, the above equality holds if and only if there exists a function
¥ (on R') such that

Yt) = (') (1.28)

Suppose that the conditions (1) and (2) hold. Then the characteristic function
of y1, say (1), is given by letting t = (1,0, ... ,0)" in ¥ (r) in (1.26). Hence
from (1.28), the function v (¢1) is written as

Ui () = ¥ ().

Similarly, the characteristic functions of y;’s are written as 1/7(IJ2) (G=2,...,n).

Since y;’s are assumed to be independent, the function ¥ satisfies
n
V(') = ]_[ ¥ (t7) forany ¢ € R".
j=l1

"l:his equation is known as Hamel’s equation, which has a solution of the form
¥ (x) = exp(ax) for some a € R'. Thus, ¥ (r) must be of the form

Y (t) = exp(at'’t).

Since ¥ (¢) is a characteristic function, the constant @ must satisfy a < 0. This
implies that y is normal. The converse is clear. This completes the proof.

When the distribution £(y) € E, (0, I,) has a~pdf f(y) with respect to the
Lebesgue measure on R”, there exists a function f on [0, co) such that

) =fu'y. (1.29)

See Example 1.4.

Spherically symmetric distributions with finite moments. Let
L(y) € En(0, I,)

and suppose that the first and second moments of y are finite. Then the mean
vector i = E(y) and the covariance matrix ¥ = Cov(y) of y take the form

u=0 and ¥ = 0?1, for some 0% > 0, (1.30)



10 PRELIMINARIES

respectively. In fact, the condition (1.23) implies that E(I'y) = E(y) and Cov
(T'y) = Cov(y) for any I € O(n), or equivalently,

F'm=upu and TET' =3 forany I' € On).

This holds if and only if (1.30) holds (see Problem 1.3.1).

In this book, we adopt the two notations, &,(0, o21l,) and g’n(O, I,), which
respectively specify the following two classes of spherically symmetric distribu-
tions with finite covariance matrices:

&, (0, 021,1) = the class of spherically symmetric distributions

with mean 0 and covariance matrix a2ln (1.31)
and
£:0, 1) = | £.00,071). (1.32)
02>0

Then the following two consequences are clear:
N0, 0%L) € £(0,01,) C Eq(0, 1)
and

{Na(0,0%L,) | 0% > 0} C £,(0, I,) C E,(0, I,).

The uniform distribution on the unit sphere. The statements (2) and (3) of
Proposition 1.3 proved for the class {N, (0, 021,) | 0% > 0} are common properties
shared by the distributions in E, (0, I,):

Proposition 1.13 Let P = L(y) € E, (0, I,) and suppose that P(y = 0) = 0. Then
the following two quantities

x=|yll and z=y/|yll (1.33)

are independent, and z is distributed as the uniform distribution on the unit sphere
Un) in R™.

Recall that a random vector z is said to have the uniform distribution on U/ (n) if
L(Tz) = L(z) forany I € O(n).

The uniform distribution on U(n) exists and is unique. For a detailed explanation
on the uniform distribution on the unit sphere, see Chapters 6 and 7 of Eaton
(1983). See also Problem 1.3.2.

The following corollary, which states that the distribution of Z(y) = y/|y||
remains the same as long as L(y) € E, (0, I,;), leads to various consequences,
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especially in the robustness of statistical procedures in the sense that some proper-
ties derived under normality assumption are valid even under spherical symmetry.
See, for example, Kariya and Sinha (1989), in which the theory of robustness of
multivariate invariant tests is systematically developed. In our book, an application
to an SUR model is described in Section 8.3 of Chapter 8.

Corollary 1.14 The distribution of z = y/||y|| remains the same as long as L(y) €
E, (0, I).

Proof. Since z is distributed as the uniform distribution on U (n), and since the
uniform distribution is unique, the result follows.

Hence, the mean vector and the covariance matrix of z = y/|y| can be easily
evaluated by assuming without loss of generality that y is normally distributed.

Corollary 1.15 If L(y) € E, (0, I,,), then
1
E(z) =0 and Cov(z) = —1,. (1.34)
n

Proof. The proof is left as an exercise (see Problem 1.3.3).

Elliptically symmetric distributions. A random vector y is said to be distributed
as an elliptically symmetric distribution with location pu € R" and scale matrix
¥ € S(n) if =~Y2(y — ) is distributed as a spherically symmetric distribution,
or equivalently,

L2y — ) =L£EV2(y =) forany I' € On). (1.35)
This class of distributions is denoted by E, (i, X):

E, (i, £) = the class of elliptically symmetric distributions

with location p and scale matrix X. (1.36)
To describe the distributions with finite first and second moments, let

E,(1w, 62%) = the class of elliptically symmetric distributions

with mean p and covariance matrix o’%, (1.37)
and
Eau. B) = [ & 0’D). (1.38)
0250

Here, it is obvious that
Ny, 07%) | 0% > 0} C &y(1t. T) C B, 2.

The proposition below gives a characterization of the class E, (1, X) by using
the characteristic function of y.
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Proposition 1.16 Let y(t) be the characteristic function of y:
V¥ (t) = E[exp(it'y)] (t € R"). (1.39)
Then, L(y) € E, (i, £) if and only if there exists a function ¥ on [0, 00) such that
V(1) = exp(it'n) ¥ (' Tt). (1.40)
Proof. Suppose L(y) € E, (i, X). Let yg = ¥ ~1/2(y — ) and hence
L(yo0) € Ex(0, I).
Then the characteristic function of yg, say o(z), is of the form
Yo(t) = 1/~f(t/t) for some function & on [0, 00). (1.41)
The function ¥ in (1.39) is rewritten as
¥ (1) = exp(ir'p) Elexp(ir'S'?y)] (since y = £1/2y0 + 1)

= exp(it’w) Yo(T'%1) (by definition of )
=exp(it’w) Y ('St)  (by (1.41)),

proving (1.40).
Conversely, suppose (1.40) holds. Then the characteristic function (¢) of
yo = 27 12(y — ) is expressed as
Yo(t) = Elexp(ityo)]
= Elexp(it’ =72 y)] exp(—ir’ =% )
=y (=72 exp(=it' =)
=y ('n),
where the assumption (1.40) is used in the last line. This shows that L(yg) €
E, (0, I,), which is equivalent to L(y) € E, (i, X). This completes the proof.
If the distribution £(y) € E, (i, X) has a pdf f(y) with respect to the Lebesgue
measure on R", then f takes the form

O == - w'E"1y —w) (1.42)

for some f: [0, o0) — [0, co) such that fR" f(x’x) dx = 1. In particular, when
L(y) = N, (e, X), the function f is given by

fw) = @)™ exp(—u/2).
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Marginal and conditional distributions of elliptically symmetric distributions.
The following result is readily obtained from the definition of E, (u, X).

Proposition 1.17 Suppose that L(y) € E,(u, X) and let A and b be any m X n
matrix of rankA = m and any m x 1 vector respectively. Then

LAy +b) e E,,(Au+b, ATA).
Hence, if we partition y, u and X as
» J151 211 X
= , U= and ¥ = 1.43
Y <y2> ” (Mz) (Ezl Ezz) (1.43)
with y; :n; x 1, u; :n; x 1, Zjj :n; x nj and ny +ny = n, then the following
result holds:

Proposition 1.18 If L(y) € E, (i, X), then the marginal distribution of y; is also
elliptically symmetric:

L(yj) €Ep;(nj, Zjj) (j=1,2). (1.44)

Moreover, the conditional distribution of y; given y, is also elliptically sym-
metric.

Proposition 1.19 If L(y) € E, (i1, X), then
L(11y2) € Eny (1 + 1235, (v2 — 12). T112) (1.45)
with X112 = 211 — 21222_21 1.

Proof. Without essential loss of generality, we assume that u = 0: L(y) €
E, (0, X). Since there is a one-to-one correspondence between y, and 2521/ 2y2,

—1/2
LOily) = Lon1Z5 )
holds, and hence it is sufficient to show that
L w125 %) = L2 Pwi£5 % y2) for any T € O(ny),  (1.46)

where wi = y; — 21222_21))2. By Proposition 1.17,

L(w) € E,(0, ®) with @:(2112 0 )

0 X
wi
w)
<1n1 —21222_21 ) (yl >
0 Inz 2

_ <y1 — Iy % ) .
Y2

where

w
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And thus L(x) € E,(0, I,,) with x = ©~1/2w. Hence, it is sufficient to show that
L(x1|x2) € E,, (0, I,,) whenever L(x) € E, (0, 1,,).

Let P(-|x3) and P denote the conditional distribution of x| given x; and the
(joint) distribution of x = (x|, x})" respectively. Then, for any Borel measurable
set Ay C R™ and Ay C R", and for any I" € O(ny), it holds that

f P(T"Aq]x2) P(dxy, dx2)
R" x Ay

=/ X{xera;) P(dxy, dxz)
R”lXAQ

=/ P(dx1, dxa)
F'A;xA>

= / P(dxy, dxp)
A1 XAy

=/ X{xjea;} P (dxy, dx2)
R"l x Ay

= / P(A1]x2) P(dxy, dx2),
R"l x Ay

where x denotes the indicator function, that is,

1 ifx; € A
Xixieal = if x; ¢ Ay’

The first and last equalities are due to the definition of the conditional expec-
tation, and the third equality follows since the distribution of x is spherically
symmetric. This implies that the conditional distribution P(-|x2) is spherically
symmetric a.s. xp: for any I' € O(n) and any Borel measurable set A; C R"!,

P(TCA{|x2) =P(Aq|x2) a.s. x3.

This completes the proof.

If L(y) € E;(u, X) and its first and second moments are finite, then the con-
ditional mean and covariance matrix of y; given y; are evaluated as

EOily2) = 1 + 21255, (02 — 12,
Cov(yily2) = g(2) X112 (1.47)

for some function g : R"™ — [0, co0), where the conditional covariance matrix is
defined by

Cov(yily2) = E{(y1 — E(ily2) (1 — E(ily2)[y2)-
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In particular, when L£(y) € E, (0, I,,),

E(yily2) =0 and Cov(yily2) = E (yiy{1y2) = §(32) I, . (1.48)

More specifically, it can be proved that g(y;) in the conditional covariance matrix
depends on y; only through y}y>:

Cov(yily2) = g(y3y2) 1, for some g : [0, c0) — [0, 00). (1.49)

To see this, suppose that £(y) has a pdf f(y) with respect to the Lebesgue measure
on R". Then there exists a function f such that

FO) = FO'y) = FOI1+ vhy).

Hence, the conditional covariance matrix is calculated as

Cov(y1]y2) =/ yiy f iy +y§yz)dy1// FOI1+ Yhya)dy,
R™1 R™1

where the right-hand side of the above equality depends on y> only through y/ys.
For the general case where £(y) may not have a pdf, see Fang, Kotz and Ng
(1990).

Scale mixtures of normal distributions. The class E, (z, ¥) of elliptically sym-
metric distributions contains various distributions used in practice. A typical exam-
ple is a scale mixture of normal distributions. An n x 1 random vector y is said to
have a scale mixture of normal distributions if the distribution of y is expressed as

L(y) = L(Vxw) (1.50)

for some random variable x such that x > 0 a.s. and random vector w satisfies
L(w) = N, (0, I,,), where x and w are independent.

It is clear that L(y) € E, (0, I,) whenever y satisfies (1.50). Thus, various
spherically symmetric distributions are produced according to the distribution of
x. For simplicity, let us treat the case where x has a pdf g(x) with respect to the
Lebesgue measure on R!. Since L(y|x) = N,(0, xI,), the pdf of y in this case is
obtained as

10 = [ e (= £ s ax (151)
o2 J, PAUT 2% ' '
More generally, if y satisfies
LET2y - w) = LWaw),
the pdf of y is expressed as

- wETO-w
2x

—n/2

fO) =

X

)g@dx,
(1.52)

1
Q) 2z /0 exp
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which is an element of E, (u, ¥). The multivariate ¢ distribution with degrees of
freedom m is a distribution with pdf

’

Fy) = C'((n+m)/2) [1 (v— /sy — M)i|(n+m)/2
Y= T2y m

which is produced by setting L(m/x) = x,%l, that is, setting

m/m? m
80 = o e (-5)

in (1.52). In particular, the multivariate ¢ distribution with degrees of freedom
m =1 is known as the multivariate Cauchy distribution, which has no moment.

For textbooks that provide a detailed review on the theory of spherically and
elliptically symmetric distributions, see, for example, Eaton (1983, 1989), Kariya
and Sinha (1989), Fang, Kotz and Ng (1990). The papers by Schoenberg (1938),
Kelker (1970), Eaton (1981, 1986), Cambanis, Huang and Simons (1981) are also
fundamental.

1.4 Group Invariance

In this section, we provide some basic notions and facts on group invariance, which
will be used in various aspects of the theory of generalized least squares estimation.
A thorough discussion on this topic will be found in the textbooks given at the
end of Section 1.3.

Group. Let G be a set with a binary operation o : G x G — G. The set G is called
a group if G satisfies the following conditions:

(1) g10(g20g3) = (g10g2)ogsholds for any g1, g2, 83 € G;

(2) There exists an element e € G such that goe = eo g = g for any g € G;

(3) For each g € G, there exists an element g_l € G satisfying g o g_1 = g‘l o

g =e.
The elements ¢ and g~' are called the unit of G and the inverse element of g
respectively. Below we write g1 o g» simply by g1 g2, when no confusion is caused.

Typical examples of the groups are

Ge(n) = the group of n x n nonsingular matrices;
g; (n) = the group of n x n nonsingular lower-triangular matrices
with positive diagonal elements;

O(n) = the group of n x n orthogonal matrices,
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which have already appeared in the previous sections. In the three groups mentioned

above, the binary operation is the usual matrix multiplication, the unit is the identity

matrix I,, and for each element g, the inverse element is the inverse matrix g~ !.

The group Q}L (n) and O(n) are subgroups of G¢(n). Here, a subset H of a
group G with binary operation o is said to be a subgroup of G, if H is a group
with the same binary operation o.

Group action. Let G and X be a group and a set respectively. If there exists a map
OGxX—> X:(g,x) > gx (1.53)
such that
(1) (g182)x = g1(g2x) for any g1, g2 € G and x € X
(2) ex = x for any x € X}
where e is the unit of G, then G is said to act on X via the group action

X — gx.

When G acts on &, each g € G determines a one-to-one and onto transformation
T, on X by

To: X - X x — gx. (1.54)

Thus, in this case, G can be viewed as a group of transformations on X (see
Problem 1.4.1).
For each x € X, the set

Gx={gx | ge€g} (1.55)

is called the G-orbit of x. Clearly, the set X' can be expressed as the union of all
G-orbits, namely,

x =g (1.56)

xeX

The action of G on X is said to be transitive if for any x1, x, € X, there exits an
element g € G satistying

X2 = gX1.

In this case, for each x € X, the set X can be written as the G-orbit of x, that is,
there is only one orbit:

X ={gx|gegl} (1.57)
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Example 1.1 (Action of G¢(n) on R") LetG = G{(n) and X = R" — {0}. Then
Ge(n) acts on X via the group action

x — Gx

with G € G€(n) and x € R", where Gx is understood as the usual multiplication
of matrix and vector. Moreover, the action of G£(n) is transitive on X.

Example 1.2 (Action of O(n) on R") Let G = O(n) and X = R". Then O(n)
acts on X via

x — I'x

with ' € O(n) and x € R". The action of O(n) on R" is not transitive. In fact,
for each xo € R", the O(n)-orbit of xq is expressed as

Gxo={x € R" | |lx]l = llxoll} with G = O(n), (1.58)
which is a sphere in R" with norm ||xgl|, a proper subset of R", and hence Gxg #
R".

However, if we define X = Gx( with arbitrarily fixed xop € X, then clearly the

action of G = O(n) on X is transitive. Hence, by letting xo be such that ||xg|| = 1,
we can see that O(n) acts transitively on the unit sphere

Un) =f{u e R" | llull = 1}.

Invariant functions. Suppose that a group G acts on a set X. Let f be a function
on X. The function f is said to be invariant under G if f satisfies

f(gx) = f(x) forany g€ G and x € X. (1.59)

This condition holds if and only if the function f is constant on each G-orbit, that
is, for each x € X,

f() = f(x) for any y € Gx. (1.60)
If a function m on X satisfies
(1) (invariance) m(gx) = m(x) for any g € G and x € X;
(2) (maximality) m(x) = m(y) implies y € Gx;

then m is called a maximal invariant under G. Note that condition (2) above can
be restated as

if m(x) = m(y), then there exists g € G such that y = gx. (1.61)

A maximal invariant is thus an invariant function that distinguishes the orbits.
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Proposition 1.20 A function f(x) is invariant under G if and only if f(x) is
expressed as a function of a maximal invariant m:

f(x) = f(m(x)) for some function f. (1.62)

Proof. Suppose that the function f is invariant. Let x and y be such that
m(x) = m(y). Then, by the maximality of m, there exists g € G satisfying y = gx.
Hence, by the invariance of f, we have

F) = flgx) = fx),

which means that f(x) depends on x only through m(x). Thus, there exists a
function f satisfying (1.62). The converse is clear. This completes the proof.

Example 1.3 (Maximal invariant under G¢(n)) LetG = Gl¢(n) and X = R" —
{0}. Since the action of G£(n) on X is transitive, a maximal invariant m on R" is a
constant function: m(x) = ¢ (say). This clearly implies that any invariant function
must be constant.

Example 1.4 (Maximal invariant under O(n)) When G = O(n) and X = R",
a function f on R" is said to be invariant under O(n) if

f(Tx)= f(x) forany T € O(n) and x € R". (1.63)
A maximal invariant under O(n) is given by
m(x) = x'x, (1.64)
(see Problem 1.4.4), and hence, every invariant function f can be written as
f(x) = f(x'x) for some f on [0, 00). (1.65)

Here, recall that the distribution of an n x 1 random vector y is spherically
symmetric if £L(I'y) = L(y) for any I' € O(n). If in addition y has a pdf f(y)
with respect to the Lebesque measure on R”, then f satisfies

f(Cy) = f(y) forany ' € O(n) and y € R".

Hence, the function f(y) canbe expressed as f(y) = f(y’y) for some f : [0, 00) —
[0, 00). The same result holds for the characteristic function of y. See (1.28), (1.29)
and (1.42).

OLS residual vector as a maximal invariant. We conclude this section by show-
ing that in a general linear regression model, the ordinary least squares (OLS)
residual vector is a maximal invariant under a group of location transformations.
The result will be used in Chapter 2 to establish an essential equivalence between
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the classes of GLSE and location-equivariant estimators. For relevant definitions,
see Chapter 2.
Consider a general linear regression model of the form

y=XB+¢ (1.66)
with
y:nx1, X:nxkandrankX =k.

The Euclidean space G = R can be regarded as a group with binary operation
+, the usual addition of vectors. Here, the unit is 0 € R* and the inverse element
of x € RFis —x. Let J) = R" be the space of y. Then G = R¥ acts on ) = R” via

y—> y+ Xg withye Y and g € G. (1.67)

The group G = R is often called the group of location transformations or simply
the translation group.
A maximal invariant m(y) under G is given by

m(y) =Ny with N =1, — X(X'X)"'X/, (1.68)
which is nothing but the OLS residual vector, when
ge=(y—XB)'(y—XB)
is minimized with respect to 8. To see the invariance of m(y), let g € G. Then
m(y + Xg) = N(y + Xg) = Ny =m(y), (1.69)
where the equation
NX =0 (1.70)

is used. Here, the matrix N is the orthogonal projection matrix onto L--(X) with the
null space L(X), where L(X) denotes the linear subspace spanned by the column
vectors of X and L1(X) is its orthogonally complementary subspace. Next, to
show the maximality of m(y), suppose that m(y) = m(ys) for y, y. € V. Then
clearly N(y — y«) = 0 holds, which is in turn equivalent to

Yy — ¥« € L(X).

Hence, there exists g € G such that y — y, = Xg, proving that m(y) in (1.68) is a
maximal invariant under the action of ¢ = R¥ on ) = R".

Note that this fact holds no matter what the distribution of the error term &
may be.
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1.5 Problems

1.2.1 Suppose that
L(y) = Np(p, X).
The characteristic function and the moment generating function of y are defined by
£(1) = Elexp(it'y)] (t € R"),
and
¢(t) = Elexp(t'y)] (t € R"),
respectively.

(1) Show that & is expressed as
L 1 !
E(t) =exp (w t — Et Et).
(2) Show that ¢(r) exists on R" and is expressed as

C(t) =exp (//l + %t’Et).

The answer will be found in standard textbooks listed at the end of Section 1.2.

1.2.2 Verify (1.16).

1.2.3 Consider the following multivariate linear regression model of the form
Y=XB+E,

where Y :n x p, X :n x k with rankX = k, and each row ¢’ of E is indepen-
dently and identically distributed as the normal distribution: L£(g;) = N, (0, %).
Let a random matrix W be defined as

W=Y'NY with N=1I,— X(X'X)"'x'.
Show that the matrix W is distributed as the Wishart distribution:
LW)=Wy(Z,n—k).
See, for example, Theorem 10.1.12 of Muirhead (1982).

1.2.4 When L(W) = W, (I,, m), show that the expectation of W~ is given by

EW H=—" ],
( ) pr—

In Problem 3.6 of Muirhead (1982), a more general case is treated.



22 PRELIMINARIES

1.2.5 Suppose that L(W) = W,(I,, n). By using the Bartlett decomposition in
Proposition 1.9:

(1) Show that
P
cqwh = £(TTx241)-
j=1

where |W| denotes the determinant of W, and Xf, the random variable dis-
tributed as the x2 distribution with degrees of freedom a. See, for example,
page 100 of Muirhead (1982);

(2) Evaluate the expectation

o]

when p = 2. The answer will be found in the proof of Theorem 4.10 in
Chapter 4.

1.3.1 Show that (1.30) is equivalent to the condition
'm=upu and TR =3 forany I' € O(n).

1.3.2 Suppose that an n x 1 random vector y = (y1,...,y,) satisfies L(y) €
E, (0, I,) and that y has a pdf of the form

f» =70y

with respect to the Lebesgue measure on R” (see (1.29)). Let a transformation of
y to polar coordinates be

y1 = rsinfy sinby - - - sinb,,_, sin 6,
V2 =rsinfy sinby - - - sinb,_5 cos 6,1

y3 = rsinfy sinb; - - - sinb,,_3 cos 6, _»

Yp—1 = 1 sinfy cos 6,
Yp =1 cosfq,
where r = |yl >0,0<60; <7 (j=1,...,n—2)and 0 < 6,1 <2m.

(1) Show that the pdf of (r2,01,...,60,_1) is given by

1 3
E(rz)"/z—l sin" =2 6; sin" 265 - - - sinb,_» £ (r?),

and thus the quantities 2 and 6 ;’s are independent.
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(2) Find a pdf of each 6; (j =1,...,n — 1), and note that each pdf does not
depend on the functional form of f .

(3) Find a pdf of % = ||y|2.
An answer will be found, for example, in Theorem 1.5.5 of Muirhead (1982).

1.3.3 To establish Corollary 1.15, suppose without loss of generality that £(y) =
Nn(0, I).

(1) Show that E(z) = 0 by using the identity
E(y) = EME(),
where x = ||y||.
(2) Show that Cov(z) = %I,, by using the identity

Cov(y) = E(x*)Cov(z).

1.3.4 Establish Proposition 1.19 under the assumption that £(y) has a pdf with
respect to the Lebesgue measure on R”.

1.4.1 Show that T, defined in (1.54) is a one-to-one and onto transformation on X’.

14.2 LetG = Q‘T" (n) be the group of n x n lower-triangular matrices with positive
diagonal elements.

(1) Let X = g,f (n). Show that G acts on X via the group action
T — GT with Ge€G and T € X,
and that the action is transitive.

(2) Let X = S(n) be the set of n x n positive definite matrices. Show that G
acts on X via the group action

S — GSG' with Ge G and S e X,
and that the action is transitive.
143 Let G = O®) and X = S(n).
(1) Show that G acts on X via the group action
S — I'ST with GeG and S € X,
and that the action is not transitive.

(2) Show that a maximal invariant under G is the ordered latent roots of S, say,
hh < <y
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1.4.4 Verify (1.64).

1.4.5 Let G = (0, 00), which is a group with binary operation g o g» = g1g2, the
usual multiplication of real numbers. The unit of G is 1, and the inverse element
of gis g~! = 1/g. The group G acts on R" via the group action

y— gy with g€ Gandy e R",
and hence G is often called a group of scale transformation.

(1) Show that a maximal invariant m(y) under G is given by
m(y) =y/Iyl. (1.71)

Hence, if a function f(y) is scale-invariant, namely,

f(gy) = f(y) forany g >0and y € R", (1.72)

the function f depends on y only through y/|y||. As will be illustrated in later
chapters, several types of scale-invariance will appear in the theory of GLSE. See,
for example, Proposition 2.6.

Aside from GLSE, the scale-invariance property (1.72) often implies the robust-
ness of invariant statistics. To see this,

(2) Suppose that L(y;) € E,(0, I,,) and L(y2) = N, (0, I,). Show that for any
scale-invariant function f, the following equality holds:

L(fG))=L(>f(2).

Hint: Note that L(y1/|[y1ll) = L(y2/Ily21l) = the uniform distribution on the
unit sphere in R".
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Generalized Least Squares
Estimators

2.1 Overview

This chapter is devoted to establishing some basic results on generalized least
squares estimators (GLSEs) in a general linear regression model. Here, the general
linear regression model is a linear regression model

y=XB+e¢

with general covariance structure of the error term ¢, that is, the covariance matrix
Q = 02X of ¢ is given by a function of an unknown but estimable parameter 6:

T = 3(0).

The model includes as its special cases various specific models used in many
applied areas. It includes not only univariate linear regression models such as
serial correlation model, equi-correlated model and heteroscedastic model, but also
multivariate models such as multivariate analysis of variance (MANOVA) model,
seemingly unrelated regression (SUR) model, growth curve model and so on. Such
models are produced according to the specific structure of the regressor matrix X
and the covariance matrix Q = 022(9).

In the problem of estimating these models, it is well known in the Gauss—Markov
theorem that the Gauss—Markov estimator (GME) of the form

h(E)=X'='x) X'zl

is the best linear unbiased estimator (BLUE) of the regression coefficient vector 8,
when the matrix X is known. In most cases, however, the matrix X is unknown

Generalized Least Squares Takeaki Kariya and Hiroshi Kurata
© 2004 John Wiley & Sons, Ltd ISBN: 0-470-86697-7 (PPC)
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and hence, the GME b(X) is not feasible. In such cases, a GLSE b(f]), which
is defined as the GME with unknown X in b(X) replaced by an estimator T, is
widely used in practice. In fact, as will be observed later, most of the estimators
that have been proposed and applied to real data in the above specific models are
special cases of the GLSE b(ﬁ]).

The aim of this chapter is to provide some fundamental results on the GLSEs
in a unified manner. The contents of this chapter are summarized as

2.2 General Linear Regression Model

2.3 Generalized Least Squares Estimators

2.4 Finiteness of Moments and Typical GLSEs
2.5 Empirical Example: CO, Emission Data
2.6 Empirical Example: Bond Price Data.

In Section 2.2, we define a general linear regression model in a general setup. We
also introduce several typical models for applications such as an AR(1) error model,
Anderson model, equi-correlated model, heteroscedastic model and SUR model.
In Section 2.3, the GLSE is defined on the basis of the Gauss—Markov theorem.
The relation between the GLSEs and some other estimators derived from different
principles including linear unbiased estimators, location-equivariant estimators and
the maximum likelihood estimator is also discussed. Section 2.4 deals with con-
ditions for a GLSE to be unbiased and to have finite second moments. Examples
of typical GLSEs and their fundamental properties are also given. In Sections 2.5
and 2.6, we give simple examples of empirical analysis on CO;, emission data and
bond price data by using GLSEs.

2.2 General Linear Regression Model

In this section, a general linear regression model is defined and several specific
models that are important in application are introduced.

General linear regression model. Throughout this book, a general linear regres-
sion model is defined as

y=XB +e, 2.1)

where y is an n x 1 vector and X : n X k is a known matrix of full rank. Here,
the n x 1 error term ¢ is a random vector with mean O and covariance matrix £2:

E() =0 and Cov(e) = E(ee’) = Q € S(n), 2.2)
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where S(n) denotes the set of n x n positive definite matrices. The finiteness of the
second moment in (2.2) is included in the definition of the general linear regression
model, meaning that for given Q € S(n), the class P, (0, 2) of distributions for ¢
satisfying (2.2) is combined with the model (2.1). Obviously, the class P, (0, 2) of
distributions with mean 0 and covariance matrix €2 is very broad, and, in particular,
it includes the normal distribution N, (0, 2) with mean 0 and covariance matrix 2.

When it is necessary, the distribution of ¢ is denoted by P and the expectation
of - by Ep(-), or simply by E(-), whenever no confusion is caused. The covariance
matrix €2 is usually unknown and is formulated as a function of an unknown but
estimable parameter 6:

Q=Q©0), 2.3)

where the functional form of Q(-) is assumed to be known.

It will be observed below that the model (2.1) with the structure (2.3) includes,
as its special cases, the serial correlation model, the heteroscedastic model, the
SUR model, and so on. Such models are often used in applications. To understand
the structure of these models, the details of these models are described below for
future references.

Typical models. To begin with, let us consider a family of the models of the
following covariance structure:
Q=02%(9)
with
2O '=1,410)C and 6€®CR', (2.4)

where C is an n x n known symmetric matrix, A = A, = A,(0) is a continuous
real-valued function on ®, and the matrix X(6) is positive definite for any 6 € ©.

Since C is assumed to be known, it can be set as a diagonal matrix without
loss of generality. To see this, let I be an orthogonal matrix that diagonalizes C:

d; 0
I'Cr = =D with dj <---<d,. (2.5)
0 dy

Then transforming y = X8 + ¢ to
Iy =T'Xp+Te
yields the model with covariance structure Cov(I''e) = o >I"" £ ()T, where

@'s@O) ! = I, + 1,(0)D (2.6)
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is a diagonal matrix with the jth diagonal element 1 + A, (6)d;. Among others,
this family includes the Anderson model, equi-correlated model and heteroscedastic
model with two distinct variances. We will describe these models more specifically.

Example 2.1 (AR(1) error model and Anderson model) In the linear regres-
sion model (2.1) with the condition (2.2), let the error term ¢ = (g1, ... ,&,)’ be
generated by the following stationary autoregressive process of order 1 (AR(1)):

gj=0g_1+& with 0] <1 (j=0,%1,%£2,...), 2.7
where &;’s satisfy
E(E) =0, Var§) =77,
Cov(§i, &) =0 G # J).

Then, as is well known, the covariance matrix 2 is expressed as

1 .
Q=720 with ®=d@) = — (9'1—1') , (2.8)
and the inverse of @ is given by
1 -6 0
-6 1+6% -0

o ! = L . 2.9

L1407 -6

0 -6 1

See Problem 2.2.2. The matrix ® ! is not of the form (2.4). In fact, it is expressed as

ol =(1- 9)2[1,1 +AO)C + W@)B], (2.10)
where
A0 = —2 . oy =2
D=0 VO=1"%
1 -1 0
1 2 -1
C =
2 —1
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and

The matrix ®~! is often approximated by replacing the (1, 1)th and (n, n)th ele-
ments in (29)by 1 — 06 + 62 (Anderson, 1948), which is the same as ®~! in (2.10)
with ¥ (6) replaced by 0. When it is assumed that the error term has this modified
covariance structure, we call the regression model the Anderson model.

That is, the Anderson model is the model with covariance structure

Cov(e) = 62X (0)

with
@) =L +A0)C and €0, @.11)
where
2
5 T 0
= A0 =——— and ©=(—1,1).
A=z "= ™ 1D

Since the latent roots of C are given by (see Problem 2.2.3)

djzz[l—cos<w>] G=1,...,n), (2.12)

n

the matrix C in (2.11) can be replaced by the diagonal matrix with diagonal
elements di,...,d,:

di 0
D= . (2.13)
0 dy
Since
1
—Z<k(9)<oo and di=0<dy<---<d, <4, 2.14)

2 (#) in (2.11) is in fact positive definite on ©.

Example 2.2 (Equi-correlated model)  Suppose that the error term & = (g, ... ,
&n)’ of the model (2.1) satisfies

Var(e;) = v and Cov(e;, &;) =20 (i # j), (2.15)
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for some 72> 0 and 0 ¢ <—ﬁ l) = 0, that is, the covariance matrix 2 is

given by
1 6 0
=720 1! 1. (2.16)
: o0
0 ... 6 1

The model with this covariance structure is called an equi-correlated model, since
the correlation coefficients between distinct error terms are equally given by 6.
This model is a member of the family (2.4), because 2 is of the form

Q=0’%@®) with =©O)'=1,+21,00) 1,1, (2.17)
where
o> =12(1-0), 1, 0) = %
P 1+(xn—10
and 1, = (1,...,1) :n x 1. Here o and A, are clearly functionally independent.

Since the latent roots of the matrix 1,1/, are n and Os (with multiplicity n — 1),
applying the argument from (2.5) through (2.6), the model (2.15) is rewritten as

Q=02%®) with @) '=1+1,0)D, (2.18)

where
D= (2.19)

without any loss of generality. Here, the matrix X () is in fact positive definite on
®, because

L An(0) < 00. (2.20)
n

See Problem 2.2.4. In this expression, the equi-correlated model can be regarded
as a heteroscedastic model, which we treat next.

Example 2.3 (Heteroscedastic model)  The model (2.1) with the following
structure

M| X1
y = : nx1l, X= : ‘n xk,
Yp Xp
&1
&= : nx1 2.21)

€p
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and

Q= e S(n) (2.22)
2
0 0pyln,

is called a heteroscedastic model with p distinct variances or simply, a p-equation
heteroscedastic model, where

p
yjinjx1, Xj:njxk, gj:njx1 and n:an.
j=1

This model consists of p distinct linear regression models
yvi=X;Bj+¢; (2.23)
with
E(ej)=0 and Cov(ej) =07, (j=1,....p),
where the coefficient vectors are restricted as
pr=---=pp=p. (2.24)

Note that when p = 2, this model is formally expressed as a member of the
family (2.4) with the structure

Q=02%®) with (@) =1, +1(0)D, (2.25)

where
o’ =o}, 0 =0f/0f, AM0)=6—1 and D=<0 0 )
0 Iy,

Here 6 € ® = (0, 00), and X(0) is positive definite on ©.

Example 2.4 (Seemingly unrelated regression (SUR) model)  When the model
y=XB +¢ in (2.1) is of the form

V1 X1 0
y= : nxl, X= ) nxk,
p 0 Xp
Bi €1
B = : kx1, &= : 'nx1 (2.26)

Bp Ep
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with covariance structure
Q=YX®Il, and X =(0j;) € S(p), 2.27)

it is called a p-equation SUR model, which was originally formulated by Zellner
(1962), where

)4
yi:mxl1, X;:mxkj, n=pm, k=ij
j=1

and ® denotes the Kronecker product. Here, for matrices P = (p;;) : a x b and
0O = (gij) : ¢ x d, the Kronecker product of P and Q is defined as

pu@ - pw@
P® Q= : : tac x bd. (2.28)

palQ pabQ

See Problem 2.2.6.
The model (2.26) is constructed by p different linear regression models with
the cross-correlation structure:

yi=X;Bj+¢ (2.29)
with
E(gj) =0, Cov(ej) =0jjln
and
Cov(ei,ej) =o0ijln (@G, j=1,...,p). (2.30)

The model (2.26) can also be expressed as a multivariate linear regression
model with a restriction on the coefficient matrix:

Y =X.B+E, (2.31)
with
E(Ey) =0, Cov(Ex)=1,® %
and
B 0
B = ckxp, (2.32)

0 Bp
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where
Y=0U1,....yp) mxp, Xoe=(X1,...,Xp):mxk,
Ei.=(e1,...,6p) :m X p.

Note that X, may not be of full rank. Here, Cov(E,) is the covariance matrix
of vec(E), where for an n x m matrix A = (ay, ... ,ay,) with aj:n x 1, the
quantity vec(A) is defined as

a
vec(A) = tnm X 1. (2.33)
am

The zeros in (2.32) are regarded as a restriction on the coefficient matrix B in
(2.31). If the model (2.31) satisfies

ki=---=kp=ko and X;=---=X, = X,
then it reduces to the familiar multivariate linear regression model
Y = XoBo+ E. with Bo= (/31, ,ﬁ,,) ko X p, (2.34)

where no restriction is imposed on By.
When p = 2, the following two special cases are often treated in the literature,
because these cases give an analytically tractable structure:

() X|X>=0;
(i) L(X1) C L(X2).

Here, L(A) denotes the linear subspace spanned by the column vectors of matrix
A. Zellner (1962, 1963) considered the first case in which the regressor matrices
X1 and X, are orthogonal: X’IXZ = 0, while Revankar (1974, 1976) considered
the second case in which L(X{) C L(X3). Such cases are of some interest in
the discussion of the efficiency of GLSEs and the OLSE. Some aspects of these
simplified SUR models are summarized in Srivastava and Giles (1987).

2.3 Generalized Least Squares Estimators

In this section, we first define a generalized least squares estimator or a GLSE. It
is often referred to as a feasible GLSE or a two-stage Aitkin estimator in the lit-
erature. The definition here is based on the well-known Gauss—Markov theorem.
We also consider relations among the GLSE and some other important estima-
tors including the linear unbiased estimator, location-equivariant estimator and
maximum-likelihood estimator.

Throughout this book, inequalities for matrices should be interpreted in terms of
nonnegative definiteness. For example, A > B means that A and B are nonnegative
definite and A — B is nonnegative definite.
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The Gauss—Markov estimator (GME). Consider a general linear regression
model of the form

y=XB+¢e with P=L() € Pu0,0°%), (2.35)
where
y:nxl1l, X:nxk and rankX =k.

First suppose that X is known. In this setup, the Gauss—Markov theorem plays a
fundamental role in the problem of estimating the coefficient vector . To state the
theorem formally, let Cy be the class of linear unbiased estimators of 8, that is,

Co={B=Cy | Cisak xn matrix such that CX = Ii}. (2.36)

(See Problem 2.3.1.) Here, recall that an estimator ,3 is called linear if it is of the
form B = Cy for a k x n matrix C. If a linear estimator is unbiased, it is called
linear unbiased.

Theorem 2.1 (Gauss—Markov theorem) The estimator of the form
h(T)=X'=7'x)"1x's "y, (2.37)

which we call the Gauss—Markov estimator (GME) throughout this book, is the
BLUE of B, that is, the GME is the unique estimator that satisfies

Cov(h(Z)) < Cov(p) (2.38)
for any ,3 € Cy and P € P, (0, c>%). The covariance matrix of b(X) is given by
Cov(h(Z)) = o> (X'z ' x)~ L.

Proof. Decompose a linear unbiased estimator ,3 = Cy in Cp as
p—p=[o - p|+|B-b®] (2.39)
— X'zl Ix's e + [C - (X’E“X)—‘X’z—l]g.

Since the two terms on the right-hand side of (2.39) are mutually uncorrelated (see
Problem 2.3.2), the covariance matrix of 8 is evaluated as

Cov(B) = Cov(b(%)) + EL(B — b(Z))(B — b(2))']
=o2(X'z7x)7!
+ol[c — X'z ') X'z zic - X))l
(2.40)
>o*(X's7'X)7,

since the second term of (2.40) is nonnegative definite. The equality holds if and
only if C = (X’S7'X)~!X’2~!. This completes the proof.
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It is noted that the distribution P of ¢ is arbitrary so long as Covp () = 62 %.
When ¥ = I, holds, the GME in (2.37) reduces to the ordinary least squares
estimator (OLSE)

b(I,) = (X'X)"'X'y. (2.41)

In other words, the OLSE is the BLUE, when X = I,,.

Generalized least squares estimators (GLSES). In applications, X is generally
unknown and hence the GME is not feasible, as it stands. In this case, a natural
estimator of B is a GME with unknown ¥ in b(X) replaced by an estimator s,
which we shall call a GLSE. More precisely, an estimator of the form

h(E) = X' x) ' x'sly (2.42)

is called a GLSE if % is almost surely positive definite and is a function of the
OLS residual vector e, where

e=Ny with N=1,—-XX'X)"'Xx". (2.43)
Let Z be an n x (n — k) matrix such that
N=27',272Z=1,_ ad XZ=0, (2.44)

that is, the set of (n — k) columns of the matrix Z forms an orthonormal basis of
the orthogonally complementary subspace of the column space L(X) of X. In the
sequel, for a given X, we pick a matrix Z satisfying (2.44) and fix it throughout.

A GLSE defined in (2.42) is in general highly nonlinear in y and hence it is
generally difficult to investigate its finite sample properties. However, as will be
seen in the next proposition, the class of GLSEs can be viewed as an extension of
the class Cp of linear unbiased estimators. In fact, any GLSE b(2) is expressed as

b(E) = C(e)y with C(e) = (X'=7'x)"1x's!

and the matrix-valued function C(-) satisfies C(e)X = I; for any e. Clearly, a
linear unbiased estimator is obtained by letting C be a constant function. More
precisely, let

Cy = the class of all GLSEs of the form (2.42).

The following proposition given by Kariya and Toyooka (1985) provides a char-
acterization of the class Cj.

Proposition 2.2 The class C; is expressed as

C = {,3 = C(e)y | C(-) is a k x n matrix-valued measurable

function on R" satisfying C(\)X = I;}. (2.45)
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More specifically, any estimator of the form ﬁ = C(e)y satisfying C(e)X = Iy is a
GLSE b(X) with

71 =C(e)C(e) + N. (2.46)

Proof. For any estimator of the form ,é = C(e)y satisfying C(e)X = Ii, let
1 = C(e)'C(e) + N. Substituting this into 5(X) and noting that C(¢) X = I and
X’'N = 0 proves the equality b(%) = C(e)y. The nonsingularity of ~~! follows

because
£ = (Ce). 2) ( & ) ,

and
C(e) _(Ir C&Z
< 7/ >(X, Z)—<0 Ik ) (2.47)

where the matrix (X, Z) is clearly nonsingular. This completes the proof.

Clearly, from Proposition 2.2, the class C; of GLSEs includes the class Cy in
(2.36).

Proposition 2.3 The relation Cy C Cy holds. More specifically, any linear unbi-
ased estimator B = Cy € Cy is a GLSE b(V) with

vl =Cc'C+N.

Proof. Let C(e) be a constant function: C(e) = C. Then the result follows.

Note that the class C; includes some biased estimators. However, it will be
found soon that most of the reasonable GLSEs, such as the ones introduced in the
next section, are unbiased. Note also that the class C; in (2.45) does not depend on
o’y = Cov(e), and hence, some of the results in Sections 2.3 and 2.4 hold even
if the model is incorrectly specified.

When X is known to be a function of the unknown but estimable vector 8, say

X =3(),
it is often the case that 6 is first estimated and the GLSE of the form
b(E®) =X'zSO) ') 'X'=60)y (2.48)

is used, where 6 = é(e) is an estimator of 6 based on the OLS residual vector e.
Clearly, such a GLSE is in Cj.

Next, we consider relations among the GLSEs, location-equivariant estimators
and maximum likelihood estimators (MLEs), and show that these estimators are
GLSEs in our sense.
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Relation between GL SEsand location-equivariant estimators. To define a loca-
tion-equivariant estimator, consider the following transformation defined on the
space R" of y as

y —> y+Xg with ge Rk (2.49)

In other words, as was exposited in Section 1.4 of Chapter 1, the group G = R¥ acts
on the set X = R" via the group action (2.49). This action induces the following
action on the space R¥ of B:

B—p+sg, (2.50)

that is, by the invariance principle, since the mean of y is X, observing y + Xg
is regarded to be equivalent to considering g + ¢ in the parameter space RF.
Thus, it will be natural to limit consideration to estimators ,B /3( y) satisfying the
following condition

ﬁ(y+Xg)=,3A(y)+g for any g € R¥, (2.51)

which is called a location-equivariant estimator of . For a general theory on
equivariant estimation, the readers may be referred to Ferguson (1967), Eaton
(1983) and Lehmann (1983).

Let C, be the class of location-equivariant estimators:

C, = {B | B satisfies (2.51)}.

Although the notion of the location-equivariant estimators appears to be quite
different from that of the GLSEs, the class C, is in fact essentially equivalent to
the class C; of GLSEs. To clarify this, we begin with the following proposition.

Proposition 2.4 The class C; is characterized as
C = {,é(y) =b(l,) +d(e) | dis a k x 1 vector-valued

measurable function on R"}. (2.52)

Proof. First letting g = —b(1,) in (2.51), the estimator B (y) must be of the
form

B = b(I,) +d(e) (2.53)
for some measurable function d, where
b(l,) = (X'X)"'X'y

is the OLSE. Conversely, the estimator /§ (y) of the form (2.53) satisfies the con-
dition (2.51). This completes the proof.
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Here, note that the residual e = e(y) as a function of y is a maximal invariant
under G = R¥ (see Section 1.4 of Chapter 1 for the definition). In fact, e(y) is
invariant under the transformation (2.49) and e(y) = e(y) implies y = y, + Xg
for some g € RX.

To state the relation between the classes C; and C», let x4 denote the indicator
function of set A. Further, let

Ci={B=PB+a xe=0 | B €C1, acR, (2.54)

which satisfies C; D Cj. Clearly, an estimator f in Cy is identically equal to an
estimator B in C; except on the set {¢ = 0}. The following result is due to Kariya
and Kurata (2002).

Proposition 2.5 The class Cy in (2.52) of location-equivariant estimators is equal
to Cy, that is,

C =0o. (2.55)
In particular, if the distribution P of ¢ satisfies P(e = 0) = 0, then
Ci =0C a.s. (2.56)
and hence a location-equivariant estimator is a GLSE and vice versa.

Here, for two sets A and B, A = B a.s. means that for any a € A, there exists
b € B such that a = b a.s. and conversely.

Proof. Ci C C, follows because for any ,g(y) =C(e)y +a xje=0) € Ci,
B(y) = C@OIXX'X)™' X"+ Ny +a xpe=o)
= b(Ip) +[C(e)e +a Xie=0}]
=b(I,) +d(e) (say), (2.57)

which is in C,. In the first line of (2.57), the identity X (X'X)"!X'+ N = I, is
used.
On the other hand, C; D C, follows because for any 3(y) =b(l,) +d(e) € Cy,

B = (X' X)7' Xy + d(€)[ X{e=0) + X(ex0)]
= [(X'X)7'X" + xeroyd(e)(e'e) " e'ly + d(e) X(e0)
=[(X'X)7'X' + yezod(e)(€'e) ' e'ly +d(0) xe=0).  (2.58)
Thus, by letting
Ce) = (X'X) ' X' + xiexnid(e)(€e)~ "¢/ and d(0) =a,

the estimator ﬁ(y) is rewritten as ﬁ(y) = C(e)y + ax{e=0), Which is in C~1. Note
that the equality ¢’y = ¢’e is used in the second line of (2.58).

If P(e=0)=0, then C; =C; a.s. holds, from which (2.56) follows. This
completes the proof.
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In particular, if P has a probability density function with respect to the Lebesgue
measure on R", then clearly P(e = 0) = 0 holds, implying C; = C; a.s. It is noted
that when a regression model (2.1) is considered with the assumption (2.2), a pos-
sibility that P (s = 0) > 0 for some distribution P € P,(0, c>X) is not excluded.
Here, note that P(e = 0) < P(e = 0).

Relation between GLSEs and MLEs. Finally, it is sketched that when ¢ is nor-
mally distributed, the MLE of 8 is always a GLSE of the form b(E(é)) and that
6=20 (e) is an even function of the residual vector e, that is, é(e) = é(—e). The
result is due to Magnus (1978) and Kariya and Toyooka (1985). Suppose that the
distribution of ¢ is the normal distribution

N, (0,62%(0)) with 6= (61,...,60:) € RY, (2.59)

and that the MLE of (8, o2, ) exists. Then the MLE is a solution of the following
log-likelihood equation:

9 2 9 2 9 2
—L(B,0%,0)=0, —L(B,0%,0)=0, —L(B,0%0)=0, 2.60
o (B,0",0) gz LB 07, 0) ag LB 0) (2.60)

where L is the log-likelihood function:

L(B,0",0) = 3 log(2m) — 3 log(c?) — 2 log(I%(6)])

1
552 XB)'E6)' (y — XB). (2.61)
(o}

The value of (B, o2, 0), which maximizes L(8, c2,0), is given by a solution of
the following equation:

B =b(X()), 02 = &2(9), %Q(Q) =0, (2.62)
where
1
5%0) = —Ly = Xb(ZO)I'SO) [y = Xb(Z(O))]
and
00) = —10g(27) — L 10g(62(0)) — ~ log [£(®)] -
= — log(2m > loglo 5 log >

Here, the function X(0) is assumed to be differentiable with respect to 6. See
Problem 2.3.3.
Note that

y—Xb(Z)=[L, - XX's7'x)'x'=7 11y
=L, - XX'='"X) ' X' "NxX'X)" "X + Ny
=, - XX'= X)X’ e, (2.63)
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where ¥ = ¥ (), and the matrix identity
XX'X)"'X'+N=1,

is used in the second line. This implies that if the equation 9Q(0)/00; =0 (j =
1,...,d) has a solution é, it must be a function of e. Thus, the MLE is a GLSE
in our sense.

Furthermore, the log-likelihood equation with (2.63) implies that 6 is an even
function of e, which in turn implies that the MLE is unbiased. In fact, as is shown
in the next section, if 6(e) is an even function, then the GLSE b(Z(é(e))) is
unbiased as long as its first moment is finite.

2.4 Finiteness of Moments and Typical GL SEs

In this section, we introduce certain GLSEs in the specific models stated in Sec-
tion 2.2. We also derive tractable sufficient conditions for the GLSEs to be unbiased
and to have a finite second moment. The results derived here serve as a basis
for later chapters, when the efficiency of the GLSEs in terms of risk matrix or
covariance matrix is considered.

Example 2.5 (Anderson model)  Let us consider the Anderson model (2.11) in
Example 2.1, which is restated as

y=XB+e with L(¢) € Py(0,0°%), (2.64)
where X is an n x k known matrix of full rank and X is of the form
sl=20)"'=1,+16)C 6 <c0O).

Relevant definitions are given in Example 2.1.

To define a GLSE for this model, assume P(e = 0) = 0, wheree = (e, ... , e,)
is the OLS residual vector:
e=Ny with N=1,—XX'X)"'Xx". (2.65)

Then a typical estimator of 6 is given by

A A Yisejei 1 ¢Ke
b=0()=—=5—F5—=—71, (2.66)
2j=1¢; ee

where the matrix K is given by

01 0
1 0 1
K = 3 nXn. (2.67)
1 01
0 1 0
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This naturally leads to the GLSE
b(X)=C(e)y with C(e)=X'E7'X)'x'&71, (2.68)

where

A

sl=3@) 7 '=1L,+A20)C with 1(0) =

1—or (2.69)

This GLSE is well defined, that is, the estimator 3 is almost surely positive definite,
since applying the Cauchy—Schwarz inequality

(@'b)? < |la|?® |Ib|)* for any a,b € R" (2.70)
to the right-hand side of (2.66) yields
O(e) € ® = (—1,1) as.
Note that the estimator & (e) is a continuous function of e and satisfies
(i) 6(—e) = (e);
(i) 6(ae) = H(e) for any a > 0.
This implies that C(e) is a continuous function satisfying
(i) C(—e) =C(e);
@ii’) C(ae) = C(e) for any a > 0.
As will be seen soon, these conditions imply that the GLSE in (2.68) is an unbiased

estimator with a finite second moment.

General theory. Motivated by this example, we derive a condition for which a
GLSE is unbiased and has a finite second moment. Consider the general linear
regression model

y=XB+e with P = L(¢g) € P,(0, ), (2.71)
where
yinxl1l, X:nxk, rankX =k,
and
Q =0’ €Sh).

Here, £(-) denotes the distribution of - and S(n) the set of n x n positive definite
matrices.
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Proposition 2.6 Let B be an estimator of the form B = C(e)y satisfying C(e)X =
I, where e is the OLS residual vector.

(1) Suppose that
L(g) = L(—¢)
and the function C is an even function in the sense that
C(—e) = C(e), (2.72)
then the estimator ﬁ = C(e)y is unbiased as long as its first moment is finite.
(2) Suppose that
Pe=0)=0
and that the function C is continuous and is scale-invariant in the sense that
C(ae) = C(e) forany a >0, 2.73)
then the estimator ,3 = C(e)y has a finite second moment.
Proof. Note that the condition (2.73) is equivalent to the one
C(e) = C(e/llelD, (2.74)

where the norm ||x]|| of a vector x is deﬁned as ||x|| = v/ x’'x.
For unbiasedness of ,3 € Cy, since ,8 B + C(e)e, it suffices to show that

E[C(e)e] = 0. 2.75)
This holds since
E[C(e)e] = E[C(—e)(—e)] = —E[C(e)e], (2.76)

where the first equality follows from the assumption that £(¢) = L(—¢) and the
second, from the condition (2.72).

Next, to verify (2), let C(e) = (c,-j (e)) and y = (y1,..., yn). Then clearly,
the (i, j)th element of E(,é,é/) is given by

E [(Z ciu(e)yu> (Z c,-v(e>yu>} 2.77)
u=1 v=1

By (2.74), the function C can be regarded as a function on the compact set {e €
R™| |le|| = 1}. Since any continuous function defined on a compact (i.e., bounded
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and closed) set is bounded, all the elements c;;(e)’s of C(e) are bounded. Let
lcij(e)] < M. Then we have

n 2 n n
E (Zciu(e))’u> <E |:<Zci2u(e)> (Z ylf):|
u=1 u=1 u=1

<nM?E(y'y)
=nM*[c%tr(Z) 4+ B/ X'XB] (< 00),  (2.78)

where the first inequality follows from Cauchy—Schwarz inequality in (2.70). Thus,
the (i, i)th element of E(BB) is finite.

As for the off-diagonal elements, combining the result above with the following
version of the Cauchy—Schwarz inequality:

[E(AB))* < E(A%)E(B?), (2.79)

where A and B are arbitrary random variables with finite second moments, shows
that the (i, j)th element with i % j is also finite. This completes the proof.

The result (1) of Proposition 2.6 is due to Kariya and Toyooka (1985) and
Eaton (1985), and (2) is given by Kariya and Toyooka (1985) and Toyooka and
Kariya (1995). See Andrews (1986) in which a more general result of (1) is given.

Further examples. We introduce several typical GLSEs with proof of the finite-
ness of the moments and the unbiasedness. To apply Proposition 2.6, we note that
a GLSE b(W) is scale-invariant in the sense that

B(aV) = B(¥) for any a > 0, (2.80)
where
B(W) = (X'v'x)"Ix'w !,

This scale-invariance property will be frequently used to establish the condition
(2.73).

Example 2.6 (Heteroscedastic model) Let us consider the p-equation het-
eroscedastic model, which is a model (2.71) with the following structure:

M| X1
y= : nxl1l, X= : n xk,
Yp Xp
&1
&= : nx1 (2.81)

€p
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and

011, 0
Q=Q0) = e Sn), (2.82)
0 6,1

np

where
p
n = E nj, yj:njxl, Xj:njxk, sj:njxl.
j=1

To define a GLSE, suppose P(e = 0) = 0, where e is the OLS residual vector:
e=Ny with N=1I,—XX'X)"'x" (2.83)

A typical GLSE treated here is of the form

b(Q) = C(e)y with C(e) = (X'Q'x)"'Xx'Q7", (2.84)
where
él Iy, 0
Q=00 = , (2.85)
0 Oply,

and @ is an estimator of 6 of the form

b=0@)=1,....0,) =@i(e),....0,) 1 pxl, (2.86)

where 0 ;s are assumed to be almost surely positive.

We shall introduce two specific GLSEs in accordance with different estimation
procedures of variances 0;’s. Recall that the present model can be viewed as a
collection of the homoscedastic models

y=X;Bj+e;j, E(ej)=0 and Var(e;) = 0;ly;
with the following restriction

Br=---=Bp,=8. (2.87)

Then the variances 6;’s can be estimated with or without the restriction (2.87).
With the restriction, the coefficient vector 8 is common to all the submodels and
hence 60;’s are estimated by using the OLSE b(/,) applied to the full model.
The estimators @ ;s thus obtained are called the restricted estimators. Without the
restriction (2.87), the variances 6;’s are estimated by the residual of each submodel.
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Such estimators are called the unrestricted estimators. More specifically, let the
OLS residual vector e in (2.83) be decomposed as

€l
e= :nx1 with ej:n; x 1. (2.88)

¢p

The restricted GLSE is a GLSE b(Q(8)) with = R for 6 in (2.86), where

Of =0%@e)=@OF. ... 88y (2.89)
with
HR AR
=0/ = e;-ej/nj. (2.90)

The restricted GLSE is well defined, since the éj’s are almost surely positive.
Further, it has a finite second moment. To see this, note first that 6% (e) is a
continuous function satisfying

éR(ae) = azéR(e) for any a > 0. 2.91)
Hence, fZ(e) = Q(éR(e)) is also continuous in e and satisfies
Q(ae) = a*Que). (2.92)
This further implies that the function
Cle) = [X'Qe) ' XTI X' Q(e) !
is continuous and satisfies the condition (2.73) of Proposition 2.6:

C(ae) = [X'Qae) ' X1 X' Q(ae)~!
=[X'a2Q@) ' X' X a 2Q(e)”!
=[X'Qe) ' X1 X'Q(e)7!
= C(e), (2.93)

where the third equality follows from the scale-invariance property (2.80).
Furthefmore, if £L(¢) = L(—¢), the restricted GLSE is unbiased. To see this,
note that OF satisfies

R (e) = HR (—e). (2.94)

This clearly implies that C(e) = C(—e) and hence the condition (2.72) of Propo-
sition 2.6 is satisfied.
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On the other hand, the unrestricted GLSE is a GLSE b(Q(0)) with § = 4V,
where

0V =0"@e =@, .... 6)) (2.95)
with
éJU :é/[-J(e) =¢Njej/(nj —rj). (2.96)
Here, rj = rank X ; and N is the orthogonal projection matrix defined as
Nj=1I, — X,-(ng,-)+x;., (2.97)

where AT denotes the Moore—Penrose generalized inverse of a matrix A. It can be
easily seen by the same arguments as in the restricted GLSE that the unrestricted
GLSE has a finite second moment and is unbiased when L(g) = L(—e¢).

The difference between O% and AV is found through

Proposition 2.7

9% =1yj — X;bI)Ty; — X;b(I)]/n; (2.98)
and
0V =1y; — X;B;1ly; — X;Bj1/(nj — ), (2.99)
where ﬁ j is the OLSE calculated under the submodel y; = X ;8 +¢;:
Bi =X XpTX,y; (j=1.....p). (2.100)
To establish this result, it is convenient to use the following lemma in which
the relation between the OLS residual vector e = (e/l, R ep)’ in (2.83) and the
equation-wise residual vectors
8=y —XjBj=Njyj G=1,....p) (2.101)

are clarified.

Lemma 2.8 The vector e : p x 1 can be decomposed in terms of 3/- 'sand &;’s as
p A A
ej=8; — X;(X'X)"' Y X|Xi(Bi - B)) (2.102)
i=1

Proof. The proof is the calculation: Let M; = X; (X}Xj)+X;. and so I, =
M; + N;. Then we have

ej =y, — X;(X'X)"' X'y

=Vj— Xj(X’X)‘l(Zp:XEyi)

i=1
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P
=Mj+Njpyj— X,i(X/X)fl[ZXl{(Mi + Ni)yi]
i=1

p
= (Xj/éj +§]) — Xj(X/X)_l(ZXI{Xi'él)
i=1

14
=3 — Xj(X’X)*l[ZXf'Xi(ﬁi - Bi)]’

i=1
where the last equality is due to
A p A
Xj,Bj = Xj(X/X)_l |:Z X,/Xz,Bj:| .
i=1
This completes the proof of Lemma 2.8.

Proposition 2.7 readily follows since

Sj = Nje]'.

47

Example 2.7 (SUR model)  Let us consider the p-equation SUR model intro-

duced in Example 2.4, which is described as y = X + ¢ with

i X1 0
y= : nxl, X= . n xk,
Yp 0 X,
Bi &l
B = : kx1, e= : nxl1
,Bp €p

and the covariance structure is given by
Q=%XQ®I, and X = (0;j) € S(p),

where

P
yi:mxl1, X;j:mxkj, n=pm and k=ij.
j=1

(2.103)

(2.104)

As has been seen in Example 2.4, this model is equivalent to the multivariate
linear regression model ¥ = X, B + E, as in (2.31) with prior zero restriction

(2.32) on B.
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To define a GLSE, we assume P(e = 0) =0, where e is the OLS residual
vector, that is,

e=Ny with N=1,-XX'X)"'x". (2.105)
We consider the GLSE of the form
b(E® Iy) = Cle)y (2.106)
with
Cle)=[X'E @ L)XIT'X'(E" @ In).

where ¥ = $(e) is an estimator of % depending only on e. The typical GLSEs
introduced here are the restricted Zellner estimator (RZE) and the unrestricted
Zellner estimator (UZE)(Zellner, 1962, 1963). To describe these estimators, let the
OLS residual vector e be decomposed as

e=(ep,...,ey)" with e;:mx1. (2.107)

Here, the structure of the regressor matrix X in (2.103) enables us to rewrite e;
simply as

ej=Njy; with Nj=1I,—X;X;X)™' X}, (2.108)

which is the OLS residual obtained from the jth regression model y; = X;8; + ¢;.
The RZE is defined as a GLSE b(f) ® I;) with

3 = S(e) = (e}ej/m). (2.109)

Note that e; ej/m is an estimator of o;; based on the OLS residual vector in (2.108).
Since X (e) is a continuous function of e such that

S(e) = S(—e)
and
f)(ae) = a2f3(e) for any a > 0, (2.110)

by the same arguments as in Example 2.6, the RZE has a finite second moment
and is unbiased when L(g) = L(—¢). A A
On the other hand, the UZE is a GLSE b(X ® I,,) with ¥ = §/¢, where
S = S(e) = (e;N*ej),
Ny = Iy — X*(X;X*)+X;,
r=rankX, and g =m —r. (2.111)
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Here, the m x k matrix X, is defined in (2.31). Note that e;N*ej/q is an estimator

of o;; based on the multivariate OLS residual E= N.Y in the model Y = X, B +
E.. In fact, S can be rewritten as

S=FEE=Y'N,Y = E.N,E, (2.112)

(see Problem 2.4.5). The term “unrestricted” is used because o;; is estimated from
the multivariate regression model by ignoring the zero restrictions on B in (2.32),
while the term “restricted” is used because the estimator 3 in (2.109) utilizes the
restriction. Using the scale-invariance property in (2.80), we see that

b((S/9) @ In) = b(S @ ). (2.113)

Throughout this book, we use the right-hand side of (2.113) as the definition of
the UZE, since it is simpler than the expression on the left-hand side. The UZE
b(S ® I,) also has a finite second moment and is unbiased when L(g) = L(—e¢).

Note also that when the error term ¢ is normally distributed: £(¢) = N, (0, £ ®
I,), the matrix S has the Wishart distribution W, (X, ¢) with mean ¢ X and degrees
of freedom g¢:

L(S) = Wy(Z,q). (2.114)

2.5 Empirical Example: CO, Emission Data

This section demonstrates with real data an example of GLSEs in an AR(1) error
model and Anderson model. The analysis here is in line with Nawata (2001) where
a causal relation between GNP (gross national product) and CO; (carbon dioxide)
emission is discussed from various points of view. We use the same data set given
in his book. For practical techniques required in regression analysis, consult, for
example, Sen and Srivastava (1990).

COg2 emission and GNP. Table 2.1 gives the data on the volume of CO, emission
in million ton, and the GNP in trillion yen (deflated by 1990 price) in Japan from
1970 to 1996. Of course, variations in the GNP are here regarded as a causal
variable of those in the CO, emission volume.

We specify the relation as

CO; = a1 (GNP)*2. (2.115)
In this relation, the quantity «p can be understood as being the elasticity of CO;

relative to GNP as in Figure 2.1. In general, when a relation between two variables
x and y is expressed as y = f(x), the elasticity of y relative to x is defined by

ﬂx+A%—ﬂﬂ}/{@+ﬁﬂ—x}

f) x

elasticity = lim {
A—0

_ [l
fx) -

(2.116)
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Table 2.1 CO; emission data of Japan.

Year GNP Volume of CO,  Year GNP Volume of CO,
Emission Emission
1970 187 739 1984 329 934
1971 196 765 1985 344 909
1972 213 822 1986 354 907
1973 230 916 1987 370 897
1974 227 892 1988 393 984
1975 234 854 1989 412 1013
1976 244 875 1990 433 1071
1977 254 919 1991 449 1093
1978 268 916 1992 455 1105
1979 283 951 1993 456 1080
1980 290 920 1994 459 1131
1981 299 903 1995 466 1137
1982 309 879 1996 485 1168
1983 316 866
Trillion yen Million ton Trillion yen Million ton

Source: Nawata (2001) with permission.
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Figure 2.1 Scatter plot of (GNP, CO,) for Japanese data (in log-scale).

Therefore, the elasticity measures percentage change of y for 1% change of x. In
(2.115), this is equal to oz as f(x) = o1x*2. The model in (2.115) is a model with
constant elasticity. The equation (2.115) is clearly equivalent to

10g(CO2) = B1 + B2 log(GNP), (2.117)
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where 81 = log(a) and B> = a. Hence, this model is expressed as a linear regres-
sion model:

y=XB+¢ (2.118)
with X :nxk,n=27 k=2,
log(CO2;) log(739)
y= : = : 127 x 1,
log(CO2,7) log(1168)
1 log(GNPy) 1 log(187)
X = = 127 x 2,
1 log(GNP,7) 1 log(485)
&1
,3=<’Bl>:2><1, e=|  |:27x1,
B2 :
€27
where CO2; and GNP; denote the values of CO; and GNP at year 1969 + j(j =
1,...,27) respectively. (We do not use the notation CO,; for simplicity.)

The model is estimated by the OLSE
b(ly) = (X'X)'X'y
as
log(CO») = 4.754 + 0.364 1og(GNP), R*> =0.8142, s = 0.0521.

Thus, the elasticity 8, in question is estimated by 0.364. Here, the quantity R? is
a measure for goodness of fit defined by

/

R>=1-

. ~1
T No with No = Iy — 1a7(15;127) 7 135,

and s denotes the standard error of regression:

where e is the OLS residual vector
ey
e=| : [=-Xx&XX)""Xy.
€27
The statistics s and s2 are measures of variation of the error term &. In fact, s2 is
the uniformly minimum variance unbiased estimator of o2, if the error terms & j’s

are independently and identically distributed as the normal distribution N (0, o'2),
that is,

L(e) = N27(0, 02 I7). (2.119)
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GLSE in an AR(1) error model. Although computing the OLSE is a basic
procedure to take in the analysis of data, the OLSE may not be efficient, as will
be discussed in Chapters 3, 4 and 5 of this book. As a diagnostic checking for the
assumption of error terms, it is often the case that the Durbin—Watson test statistic
is computed for time-series data. The Durbin—Watson test statistic DW is in our
case calculated as

27
Yilaej —ejo1)?
27 2
Zj:l ¢

which suggests the presence of positive serial correlation of AR(1) type among the
error terms ¢;’s. Hence, we specify that ¢;’s follow an AR(1) process

e; =0gj_1 +& with |0] <1, (2.120)

where &;’s are supposed to be independently and identically distributed as N (0, 2).
In this specification, the distribution of the error term ¢ is expressed as L(g) =
N27(0, 0234(8)), where

2
2 _ ‘C
T a—er
(0" = Ly + A0)C + ¥ (9)B (2.121)
with
A0) = L d 0) = i
V=g M VO =1y

See Example 2.1 for the definitions of the matrices C and B. A typical estimator
of 6 is given by

: (2.122)

which is calculated as 6 = 0.7001. This value also suggests an application of the
GLSE for the estimation of 8, and the GLSE

b(Zx(6) = (X'Z.@) X0 X'Tu@) "y (2.123)
is b(E*(é)) = (4.398, 0.425)". Hence, the model is estimated as
log(COy) = 4.398 + 0.425 log(GNP).

The estimate suggests that 1% increase in GNP causes 0.425% increase in CO»
emission. The quantities A(f) and ¥ (0) are also evaluated by

1) =7.7814 and ¥ (9) = 2.3340.
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GLSE in Anderson model. On the other hand, the Anderson model, which is
the model with 1 (0) in (2.121) replaced by zero, may be a possible model for this
data. Hence, assume that £(¢) = N27(0, 62X (0)), where

o’ = 7#
1-6)?%
2O)" ! = Ly + A0)C. (2.124)
Under this model, the GLSE b(E(é)) is calculated as
b(E@) =X'=O) ') X'TO)y
= (4.521,0.404), (2.125)
from which we obtain

log(COy) = 4.521 4+ 0.404 log(GNP). (2.126)

Thus, the elasticity of CO, relative to GNP in this model is evaluated by 0.404,
which is slightly lower than the case of AR(1) error model. An interesting result is
found here. In the Anderson model, in Figure 2.2, the GLSE b(X% (é)) and the OLSE
b(I>7) satisfy

1 o
ﬁ1/27xb(2(9)) = 6.8495 (2.127)
and
1
ﬁ1’27Xb(127) = 6.8495, (2.128)

where the right-hand sides of the two equations are equal to

1 27
V=5 Z}y,- = 6.8495.
j:

r r rrt 1 1 1. 1 1t [ 1. T T ] T T T]

6.9

6.8

6.7

\

L8 T TN TN [N T T T YT T [N TN T S AN N S

2 5.4 5.6 5.8 6 6

6.6

QT T T T[T T T T[T T T T TT T [TT
ol brv o by b g bty

Figure 2.2 Two regression lines: the line obtained from the OLSE and the one
from the GLSE in the Anderson model (in dotted line).
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The results inA (2.127) and (2.128) show that the distribution of the difference
between b(X(0)) and b(I7) is degenerate. This fact will be fully investigated in
Section 8.4 of Chapter 8.

Multiple linear regression models. As is well known, a serial correlation prob-
lem is often solved by adding some appropriate explanatory variables. In Nawata
(2001), various models including polynomial regression models such as

10g(CO2) = B1 + B2 1og(GNP) + B3[log(GNP)]* 4 B4[log(GNP)]?,

and the models with dummy variables such as

10g(CO2) = B + 2D + 3 10g(GNP) + 4D log(GNP),

are estimated and compared in terms of AIC (Akaike Information Criterion). Here,

D=(,..

. ,dr7) is a dummy variable defined by

d,-:{o (G=1,...,11)

1 (G=12,...,27),

which detects whether the intercept and/or the slope of regression line has changed
after the year 1980. The models mentioned above will be treated again in Section

4.6 in Chapter 4 in the context of estimation of the SUR model.

Table 2.2 CO; emission data of USA.

Year GNP Volume of CO, Year GNP Volume of CO,
Emission Emission

1970 3494 4221 1984 5050 4356
1971 3597 4247 1985 5201 4426
1972 3782 4440 1986 5342 4511
1973 3987 4614 1987 5481 4631
1974 3976 4451 1988 5691 4895
1975 3951 4267 1989 5878 4921
1976 4148 4559 1990 5954 4824
1977 4328 4575 1991 5889 4799
1978 4541 4654 1992 6050 4856
1979 4670 4671 1993 6204 5023
1980 4642 4575 1994 6423 5137
1981 4712 4414 1995 6585 5162
1982 4611 4196 1996 6817 5301
1983 4767 4211

Billion dollars

Million ton

Billion dollars

Million ton

Source: Nawata (2001) with permission.
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In Table 2.2, the data on the amount of CO, emission and the GNP in the USA
is also shown. Readers may try to analyze the data by using the GLS estimation
procedure (see Problem 2.5.1).

2.6 Empirical Example: Bond Price Data

In this section, as an example of empirical analysis with GLSEs, we treat a linear
regression model y = XB + ¢ that models the cross-sectional relation between
the prices yi, ..., y, of n bonds observed in the market. The covariance matrix
Cov(e) = 02X(6) of the error term ¢ is supposed to be a function of the unknown
one-dimensional parameter 6 € (—1, 1). The matrix ¥ (0) models a heteroscedatic
and serially correlated structure that is caused by different timepoints of cash flows
and different maturity of bonds. The model is estimated by a GLSE b(E(é)),
which is obtained as a solution of minimization of the function ¥ (8, 60) = (y —
XBY=(O) ' (y — XB).

Covariance structurewith one-dimensional parameter. We begin by providing
a rough sketch of the model considered in this section. A complete description of
the model will be given later.

The model considered here is, in short, a general linear regression model y =
XpB + e with covariance structure

Cov(e) = 62X(0),
where X (0) = (0;;(9)) and

aii fii (i =J)

Oaij fij (0 # ).

Here, 6 is an unknown one-dimensional parameter of interest such that —1 < 6 <
1, and g;;’s and f;;’s are the quantities that can be calculated from the attributes
or characteristics of the n bonds in question. As will be explained below, the
definition of the quantities a;;’s and f;;’s is based on the nature of heteroscedas-
ticity and correlation shared by the prices of n bonds that are simultaneously and
stochastically determined in the bonds market.

Although 6 is one-dimensional, we cannot diagonalize the matrix X since
an orthogonal matrix diagonalizing ¥ in general depends on 6. Furthermore, we
cannot form an estimator 6 of 0 through an intuitive or constructive approach as
in the specific models treated in the previous sections. Hence, in estimating the
model, we need to obtain a GLSE b(E(é)) by minimizing

V(B0 =0 -Xp'TO (v - Xp)
with respect to 8 and 6, or equivalently, by minimizing
V(0) = ¥ (b(20)),0) = (y — Xb(Z(0)'2O) ' (v — Xb(T(6)))
with respect to 6. See Problem 2.2.1.

0ij(0) = {
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Basic nature of bonds and discount function. To fix the idea, let P be the
present price (at time 0) of a bond that generates the cash flow C(s) at a (future)
timepoint s. C(-) is called a cash flow function as a function of s. Suppose there
exist M timepoints (0<)s; < --- < sp at which the cash flows are generated.
Thus, the cash flows are given by C(s1),..., C(spy). The last timepoint sp; is
called maturity.

However, it does not hold that the present value of the bond is equal to

M
P =Y C(s)).
j=1

since C(s;)s are generated in future timepoints. Instead, each cash flow C(s;)
should be discounted according to the time interval |s; — O] = s;. In other words,
the present value (at 0) of the cash flow occurring at s; is discounted by a discount
factor D(s;) as C(s;) D(s;). Hence, the value of a bond with cash flow {C(s;) | j =
1,..., M} is equal to

M
P =Y C(s;,)D(s)).

j=1

where D(-) is called a discount function as a function of a timepoint --.

Usually, the discount function D(-) is regarded as an unobservable random
quantity that depends on characteristics (attributes), say Z, of the bond as well as
the current state of the market. It is noted that the random variables {D(s;) | j =
1,..., M} given by D(-) are correlated in general. Hence, to obtain a model for
P, such conditions should be taken into the structure of the model.

Furthermore, there exist many bonds in a market and these prices are simul-
taneously and stochastically determined in the market. This implies that possible
correlation among the prices of bonds should also be embedded into the structure
of X.

Background of the model. Kariya (1993) introduced a bond pricing model for
individual coupon bonds with different cash flows and different attributes. A main
feature of the model is that a random realization of each individual price is viewed
as equivalent to a random realization of the random discount function discounting
cash flows from each individual bond, where individual attributes are included
in the modeling. This feature differentiates this model from a traditional model
such as in McCulloch (1971, 1975) where the discount function for cash flows is
common to all the bonds.

To describe the model, suppose that there are n bonds to be modeled at 7, so
that these n bond prices are observed at t. Without loss of generality, let t = 0.
The ith bond is then characterized as (C;(-), Z;, P;), where C;(-) is the cash flow
function known at 0, Z; is the set of attributes and P; is its price at 0. Let

0<s@i) <s@) <---<s(mm (2.129)
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be the timepoints in future at which the ith bond generates the cash flows (coupons
and principal). In other words, the cash flow function C;(s) is zero except for these
points s = s(i); (j =1,..., M(i)) and the values of the cash flows are

(Cis@) 1 j=1,..., M@} (2.130)

If the ith bond is a typical bond such as a government bond, C(s(i)um()) = 100
(principal). Considering bonds with no default such as government bonds, we take

Z;1 = coupon rate of ith bond,

Zip = term to maturity s(i) ) of ith bond (2.131)

as attributes for each bond, though attributes such as default risk, and so on, can
be included.

All the prices of n bonds are realized stochastically and simultaneously in
the market with the attributes being taken into account. The prices thus formed
in the market are the discounted present values of the future cash flows that are
stochastically discounted. Thus, let

Di(s): 0<s <s(Dmau (2.132)
represent the stochastic discount function of the ith bond so that the price is

identified with

M)
Pi= Cis@)DGs()))- (2.133)

j=1

In this expression, the M (i) discount factors {D(s(i);)} are unobservable ran-
dom variables, while the cash flows {C;(s(i);)} are known at 0.
In specifying D;(s), we need to consider

(1) heteroscedastic property of the prices {P;|i = 1, ..., n} that the shorter the
maturity of a bond is, the smaller the variance tends to be;

(2) separation of market variations common to all the bond prices from individual
variations specific to each individual bond;

(3) correlations among discounts {D(s(i);)}’s at different timepoints with each
bond and correlations among different bond prices;

(4) parsimonious parameterization.

Bond pricing model. To give a model pricing, with all the bonds with these points
taken into account, let

0<s41 <Sg2 <+ < SaMm (2.134)
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with
M =max{M@)li =1,...,n} and sup =max{sy;li =1,...,n}

denote all the combined timepoints at which cash flows are generated at least by
one of the n bonds. In this notation, the ith bond price is expressed as

M
P =" Ci(saj) D(sa)), (2.135)
j=1

where C;(sqj) = 0 unless s,; is a timepoint for one of the cash flows of the ith
bond. For the stochastic discount function, the mean function is assumed to be
specified as a polynomial with coefficients depending on the bond attributes:

wi(s) = E[Di()] = 14 81(zi)s + - - - + 8ps?, (2.136)
where
8j(zi) = 8j1zi1 + -+ + 8jq42iq- (2.137)

Here, note that §;’s are common parameters to all the bonds. The random deviations
of the discount function from the mean

vi(s) = Di(s) — pi(s), se{sqjlj=1,..., M} (2.138)

are in general correlated not only within those of the ith bonds but also among
those of different bonds. Considering the above four points, Kariya (1993) specified
them as

Cov(vi(sqj), Vi(sar)) = AikPik.jr (2.139)
with
ik jr = exp(—|saj — Sarl)s
ik = { Q‘Zi"k ((i’ ; :))’ (2.140)
where
ajx = exp(—Ispm@) — Smw)- (2.141)

Using these specifications for the random discounts, the whole model for n
bond prices is expressed as a general linear regression model

y=XB+¢e with L(g) € Py(0,0°%), (2.142)
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where
Y1 M
y = :nx1 with y; = P; — Zci(saj)»
Yn j=t
81 51‘1
B=1 : |:pgx1 with § = iq x 1,
(Sp Siq

and the matrix X of explanatory variables are defined by

X
X = : 1n X pq
X,
with
Uil Uilr
X = : :pg x 1 and u; = : 1g x 1.
Uip Uigr

The quantity u;y, is defined by

M
wikr = Y _ 2ikS;Ci(5j).

j=1
As for the error term ¢, let
€1
e = : tnx 1
&n
and let
. . N oaifi =4k
Y = (ojx) :n xn with o = { Oai fix (i % k),
where

fik = C{®iCr.
Here, ®;; is an M x M matrix with the (j, r)th element being ¢;x_j,:

Dik = (Pikjr) : M x M
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and the vector C; is defined by

Ci (Sq1)
C; = : M x 1.
Ci (sam)

In other words, in the pricing model in (2.142), the covariance structure is ex-
pressed as

Y=3X() with —1<06 <1,
where 6 is an unknown parameter in ¥. Hence, the GLSE
b(EO) =X'zO ' X)Xz Yy (2.143)
is obtained as the estimator minimizing
Y(B,6)=(y—XB'Z©O) " (y — XB) (2.144)

with respect to (8, 6). In this specification, the points (1) through (4) made before
have been taken care of as follows. First of all, the covariances of v;’s in (2.139)
are those of D;(s4)’s and the covariance structure determines that of the bond
prices P;’s through (2.135), which is the covariance structure of &;’s in (2.142).
The covariance matrix in (2.142) is heteroscedastic as well as correlated, because
the variances and covariances of y;’s depend not only on those of D;(s4;)’s but also
on the cash flows C;(s4;)’s. Point (1) is reflected in the specification of (2.141),
which is an expression of the fact that the shorter the maturity of a bond is, the
smaller the variance tends to be, because a bond with shorter maturity generates
less cash flow, leading to a smaller variance. The second point (2) is taken care of
by the mean structure that the parameters common to all the bonds are separated
from the attributes of individual bonds. Point (3) is clear from the specification of
the covariances of D;(sq;) and Dy (sq,) in (2.139). Finally, a parameterization was
carried out in the specification of the model because there are only five parameters
for more than 100 bond prices.

Empirical result. In Kariya and Tsuda (1994), the Japanese Government bonds
are priced by the above model, which they call the cross-sectional model (CSM).
The model is cross-sectionally fitted with data of monthly individual bond prices
(at the end of each month).

As attributes, coupon rate and term to maturity are taken for z;; and z;p. The
sample size of each model varies from 33 to 85. The model seems to perform very
well. In fact, almost all the residual standard deviations of the 120 CSMs over
the period from 1983.1 to 1992.12 are less than 1 yen where the face value of a
Japanese Government bond is 100 yen and the initial life of each bond is 10 years.
In addition, in each model, the residuals of the individual bond prices are less than
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Table 2.3 Standard deviations for the CSM (yen).

Date  Number of 6 311 821 312 822 Standard
Bonds (t-value) (t-value) (t-value) (t-value) Deviation

84.12 49 0.30 -0.007073 0.001516 —0.012829 0.000333 0.668
(—3.086) (2.563) (—=2.162) (0.696)

85.01 50 0.44 —0.006452 0.001326 —0.013181 0.000472 0.854
(—=2.041) (1.868) (—1.640) (0.733)

89.12 70 0.33  —0.007219 0.001060 —0.008762 0.000344 0.338
(—6.414) (3.652) (—4.944) (1.995)

90.01 70 0.10 —0.007564 0.001236 —0.011002 0.000469 0.312

(—=9.102) (4.793) (=7.721) (3.783)

1 yen except for a few prices. In the analysis, the polynomial of the mean discount
function is chosen as

Di(s) = 1+ (8112i1 + 8122i2)s + (821201 + S2zi2)s%. (2.145)

Table 2.3 gives the standard deviations of the CSMs and the five parameters
involved in each CSM. All the standard deviations of the models are smaller than
1 yen and hence, less than 1% relative to the face value 100. Hence, the model
shows accuracy and will be useful. In fact, it has been used by the Nissay Life
Co., where the model is extended to a dynamic model.

To check the validity of the CSM as a pricing model for individual bonds, we
draw in Figure 2.3 the two graphs of the realized individual prices and their estimated
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Figure 2.3 Realized individual prices and their estimated values in the 85.1 and
90.1 models.
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Figure 2.3 continued
Table 2.4 Price of bonds, coupon rate and term to maturity.
Data Coupon Term to Price of  Data coupon Term to Price of
Number Rate Maturity Bond  Number Rate  Maturity Bond
1 7.7 0.05 100.05 36 6.0 5.88 98.20
2 8.0 0.05 100.06 37 6.5 5.88 100.34
3 8.7 0.30 100.59 38 6.1 5.97 98.61
4 8.5 0.55 100.95 39 5.7 5.97 96.43
5 8.5 0.80 101.37 40 6.1 6.39 98.55
6 8.0 0.80 100.99 41 6.0 6.39 98.09
7 8.0 1.05 101.33 42 5.7 6.39 96.26
8 7.6 1.05 100.93 43 5.1 6.39 92.51
9 8.0 1.30 101.61 44 5.1 6.47 92.44
10 7.6 1.30 101.13 45 5.1 6.89 92.20
11 8.0 1.55 101.99 46 54 6.89 94.05
12 8.0 1.80 102.28 47 5.3 6.89 93.35
13 7.7 2.05 102.02 48 5.0 6.97 91.16
14 7.5 2.39 101.89 49 5.3 7.38 93.17
15 7.5 2.47 102.03 50 5.0 7.38 91.06
16 8.0 2.47 103.10 51 4.7 7.38 89.34
17 8.0 2.89 103.54 52 4.0 7.38 85.35
18 7.7 2.89 102.94 53 3.9 7.38 84.78
19 7.5 2.97 102.51 54 4.3 7.64 86.83
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Table 2.4 continued

Data Coupon Term to Price of Data  coupon Term to Price of

Number  Rate  Maturity Bond  Number Rate  Maturity Bond
20 7.5 3.38 102.80 55 4.6 7.64 88.58
21 7.5 3.47 102.85 56 4.9 7.64 90.35
22 7.5 3.88 103.13 57 5.0 7.88 90.78
23 7.3 3.88 102.51 58 4.9 8.13 89.98
24 7.3 3.97 102.55 59 4.8 8.13 89.36
25 7.0 4.38 101.74 60 4.8 8.38 89.17
26 7.3 4.47 102.80 61 4.6 8.38 88.05
27 7.1 4.47 102.11 62 5.0 8.64 90.35
28 7.1 4.88 102.26 63 5.0 8.88 90.17
29 6.8 4.88 101.41 64 4.8 8.88 88.84
30 6.5 4.97 100.30 65 4.7 8.88 88.17
31 6.8 4.97 101.43 66 4.7 9.13 87.99
32 6.8 5.38 101.52 67 4.8 9.13 88.67
33 6.5 5.38 100.32 68 4.7 9.38 87.79
34 6.5 5.47 100.32 69 4.8 9.38 89.07
35 6.2 5.47 99.10 70 4.9 9.38 89.21

values in the 85.1 model with 6g5.; = 0.854 and the 90.1 model with 699 1 = 0.312.
The horizontal axis of Figure 2.3 denotes the maturities of individual bonds. The
graphs show that the individual model values are rather close to the observed bond
prices. From these observations, it may be concluded that the CSM is a good model
for pricing individual Japanese Government bonds and for bond trading in practice.
In the Table 2.4, the data used in the estimation of bond pricing model at 90.1 is
summarized.

2.7 Problems

2.2.1 In a general linear regression model y = X8 + ¢ with X : n x k and rank
X = k, show that

(1) The OLSE b(1,) = (X’X)~' X’y minimizes
SB) = —XB)'(y— XB)
with respect to 8 € R¥;
(2) The GLSE b(¥) = (X'W~'X)"1X'w~1y with ¥ € S(n) minimizes
S(B; W) = (v — XB) ¥~ (v — XB)

with respect to 8 € R¥.
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(3) Let £(0) € S(n) be a differentiable function of 8 € RY with d < n. Show
that the function

S(B.0) = (y = XBYE©O) "' (v — XB)
is minimized by
(8.0) = (b(2(0)).6).
where 6 is a solution of minimization of
T(©0) =S (b()),0) = (v — Xb(Z(0) TO)' (v — Xb(2(0))).

Note that the above results hold without distinction of the distribution of the error
term &.

2.2.2 Show that ®~! in (2.9) is in fact the inverse matrix of ®.

2.2.3 Verify (2.12). The answer will be found in Theorem 6.5.4 of Anderson
(1971), in which the latent roots of the matrix

11 0
1 0 1
1
C*:E
0
0 11
are derived as
j — 1
C08<u> (G=1,...,n).
n

The latent roots of C in question is readily obtained from
C =21, — 2C,.
The latent vectors are also given there.
2.2.4 Prove the following statements:
(1) The latent roots of 1,1/, are 0 (with multiplicity n — 1) and n;
(2) The matrix I, + «1,1), is positive definite if and only if & > —1/n;

(3) The matrix (1 — 6)1I, + 61,1, is positive definite if and only if 6 € (—1/(n —
D), 1);

@ (I +al, 1)) =1, — 1% 1,1, for @ > —1/n. n’

2.2.5 Verity (2.25).
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2.2.6 Establish the following formulas:
(1) (A® B)(C® D) = AC ® BD;
(2 (A®B)=A"® B
(3) (A® By"! = A~' ® B~! when A and B are nonsingular;
(4) vec(ABC) = (C' @ A)vec(B).
See Section 2.2 of Muirhead (1982).

2.3.1 Show that the class Cp is actually the class of linear unbiased estimator of
B, that is, an estimator of the form Cy is unbiased if and only if CX = I;.

2.3.2 Show that the two terms of the right-hand side of (2.39) are mutually uncor-
related. That is,

(X’E_IX)_lX’E_lE(ee’)[C — (X’E_IX)_IX’E_I]/ =0.
2.3.3 For the log-likelihood equation in (2.60):
(1) By using the identity y = Xb(XZ(0)) + [y — Xb(X(6))], show that
LB, 0% 0) <L [b(E(@)), o2, 9] = L(62,0)

for any B € Rk, 62>0and @ e Rd;
(2) By differentiating L with respect to o2, show that
Li(0%,6) < L1(6°(6), 6)
for any 62>0and 9 € RY;
(3) Confirm that L1(6%(6), 6) = Q).

24.1 By using the Cauchy—Schwarz inequality (2.70), show that the estimator
f(e) in (2.66) is in (—1, 1) for any e € R".

2.4.2 The Anderson model with covariance matrix (2.11) is an approximation
to a regression model with covariance matrix (2.8) for AR(1) errors. Hence, in
application, a GLSE under the AR(1) structure is preferred. To obtain a GLSE
in this case, assume L(g) = N, (0, 72 (0)) with ®(0) in (2.8) and derive the
estimating equation in (2.62) for the MLE. Show that the MLE has a finite second
moment.
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2.4.3 Consider the heteroscedastic model in Example 2.6. Let
b=, ....0,)

be an estimator of . Show that the GLSE b(fZ) with = Q(é) is rewritten as a
weighted sum of j;’s:

A l -1 4 .
b = (072X, x;) Y 67X,y
j=1 j=1

2.4.4 In the heteroscedastic model in Example 2.6,

(1) Show that the statistic (,31, e ,31,; £1,...,&p) is a minimal sufficient statis-
tic if £(g) = N, (0, ).

(2) Let p =2 for simplicity. Show that or = (éR, GAZR)/ can be rewritten as a
function of the above-mentioned minimal sufficient statistic as

of = {éﬁﬁl + (B — B OB — 31)]/”1
with Q = (X5X2)(X'X) "' X/ X1(X'X)~" (X} X2). Here, OF is obtained by
interchanging the suffix.
(3) Evaluate E(éf).

Some related results will be found in Section 5.4. For the definition of minimal
sufficiency, see, for example, Lehmann (1983).

2.4.5 Establish (2.112).

2.4.6 (Moore—Penrose generalized inverse) The Moore—Penrose generalized in-
verse matrix A" :n x m of a matrix A : m x n is defined as the unique matrix
satisfying AATA = A, ATAAT = AT, (AAT) = AAT and (ATA) = ATA.

(1) Show that (AT = (AT), (A’A)T = AT(AT), rank A = rank AT = rank
(AAT) and (AA1)2 = AAT.

(2) Show that A™ is unique.
(3) Give an explicit form of AT when A is symmetric.

See, for example, Rao and Mitra (1971).

2.5.1 For the CO; emission data in Table 2.2, fit the model with AR(1) error and
the Anderson model, and estimate the models by the GLSEs treated in Section 2.5.
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Nonlinear Versions of the
Gauss—Markov Theorem

3.1 Overview

In Chapter 2, we discussed some fundamental aspects of generalized least squares
estimators (GLSEs) in the general linear regression model
y=XB+e. (3.1)

In this chapter, we treat a prediction problem in regression and establish a nonlinear
version of the Gauss—Markov theorem in both prediction and estimation.

First, to formulate a prediction problem, which includes an estimation problem
as its special case, we generalize the model (3.1) to

<yyo>:(§o>ﬂ+<é)>’ (3.2)

and consider the problem of predicting a future value of yg. Here it is assumed

H(2)-)
wl()-(2 )

In (3.2), the following three quantities

and

D. (3.3)

y:nx1l, X:nxk and Xo:m xk

Generalized Least Squares Takeaki Kariya and Hiroshi Kurata
© 2004 John Wiley & Sons, Ltd ISBN: 0-470-86697-7 (PPC)
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are observable variables, and
yo:m x 1
is to be predicted. It is further assumed that
rankX =k and X € S(n),

where S(n) denotes the set of n x n positive definite matrices. Clearly, X is an
m X m nonnegative definite matrix, o2>0and A :m x n.

In this setup, the problem of estimating 8 in (3.1) is embedded into the problem
of predicting yp in (3.2). In fact, letting

m=k Xo=1I, A=0 and To=0 (3.4)

yields yo = B and hence, when (3.4) holds, predicting yo in (3.2) is equivalent to
estimating 8 in (3.1).

Typical models for (3.1) and (3.2) include serial correlation models, heteroscedas-
tic models, equi-correlated models, seemingly unrelated regression (SUR) models
and so on, which have been discussed in Chapter 2. Furthermore, in the model (3.2),
the problem of estimating missing observations can be treated by regarding yg as a
missing observation vector. In this case, the matrix ® in (3.3) is usually assumed to
be positive definite.

Under the model (3.2), we establish a nonlinear version of the Gauss—Markov
theorem for generalized least squares predictors (GLSPs) in a prediction problem,
a particular case of which gives a nonlinear version of the Gauss—Markov theorem
in estimation. More specifically, the organization of this chapter is as follows:

3.2 Generalized Least Squares Predictors

3.3 A Nonlinear Version of the Gauss—Markov Theorem in Prediction
3.4 A Nonlinear Version of the Gauss—Markov Theorem in Estimation
3.5 An Application to GLSEs with Iterated Residuals.

In Section 3.2, we first define a GLSP under the model (3.2) and then describe its
basic properties. Section 3.3 is devoted to establishing a nonlinear version of the
Gauss—Markov theorem in prediction, which states that the risk matrix of a GLSP
is bounded below by that of the Gauss—Markov predictor (GMP). The results are
applied to the estimation problem in Section 3.4, and a lower bound for the risk
matrices of the GLSE:s is obtained. In Section 3.5, a further application to iterated
GLSEs is presented.

3.2 Generalized Least Squares Predictors

In this section, we define a GLSP and describe its fundamental properties.
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The Gauss—Markov theorem in prediction. To begin with, by transforming
t=¢ and =A% leteg

in (3.2), the model is rewritten as

Y\ _ (X I, 0 €
()= (i) (ain 2) (5) e

#((2))=(5)
()= (55 S )=n 6o

Thus, we can discuss the model in terms of (¢, g)’. To state the distributional
assumption on the error term in a compact form, let P = £(-) denote the distribu-
tion of - and let

with

Rn+m

Prtm (e, ¥) = the set of distributions on with mean u

and covariance matrix W. 3.7

Thus, the assumption (3.6) on the vector (&', &))" is simply denoted by

€
P=C << £ )) € Putm (0, ). (3.8)

With this preparation, let us first establish the Gauss—Markov theorem in pre-
diction in model (3.5). A predictor

Yo =Yo(y) : R* - R"

of yp is a vector-valued function defined on R", the space of the observable vec-
tor y, to R™, the space of the predicted vector yp. A predictor yp is said to be
unbiased if

Ep(yo) = Ep(yo) (= XoB), (3.9)

where the suffix P denotes the distribution under which the expectation is taken,
and is omitted when no confusion is caused. A predictor yy is called linear if it
takes the form

Yo =Cy,

where C is an m x n nonrandom matrix. Further, a predictor is called linear unbi-
ased if it is linear and unbiased. As is easily seen, a linear predictor yp = Cy is
unbiased (i.e., Yo is linear unbiased) if and only if the matrix C satisfies

CX = Xp.
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See Problem 3.2.1. Thus, the class Co(X¢) of linear unbiased predictor of yq is
described as

Co(X9) = {yo = Cy | C is an m x n matrix such that CX = Xg}. (3.10)

In this section, the efficiency of a GLSP yy of yg is measured by the risk matrix
defined by

Rp (Yo, yo) = Ep[(Yo — y0) (o — y0)'l. (3.11)
Goldberger (1962) extended the Gauss—Markov theorem to the case in prediction.

Theorem 3.1 (Gauss—Markov theorem in prediction) Suppose that the matrices
Y and A are known. The predictor of the form

Y0(Z, A) = Xob(2) + AT~ [y — Xb(D)] (3.12)
is the best linear unbiased predictor (BLUP) of yq in the sense that
R(Yo(Z, A), yo) < R(¥o, yo) (3.13)

holds for any yo € Cy(Xo). Here, the quantity b(Z) in (3.12) is the Gauss—Markov
estimator (GME) of B:

b(E) = X'z 'x)" X'y,
Proof. To see that yp(X, A) is a linear unbiased predictor, rewrite it as
Yo(X, A) = Cyy (3.14)
with
Ci = Xo(X'27'x)"1x'x"!
+AT L —xxX's' )" x's .

Then the matrix C, clearly satisfies Cx X = Xj.
Next, to establish the inequality (3.13), fix yo = Cy € Co(Xp) arbitrarily, and
decompose it as

Yo — yo = [Yo(Z, A) — yol + [Yo — yo(Z, A)]
=Y+ Y, (say). (3.15)
Then, the two terms in the right-hand side of (3.15) are written as

=Xo— AT ' X)X X)) IX's e — g (3.16)
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and
Y2 = yo — yo(Z, A)
=(C—-AZHIL - xX'= ') X' e
respectively. Let
Vij = E(YiYJ/') (i,j=12).
Then
R(yo(Z, M), yo) =Vu
and
R(Yo, yo) = Vi1 + Via + Va1 + Vao.
Here, it is shown by direct calculation that
Vi =0=1V;,.
See Problem 3.2.2. Hence, we obtain
R(Yo, yo) = Vi1 + Va2 = Vi1 = R(Go(Z, A), o).
Here, V11 and V5, are given by
Vil =0 [(Xo— AT ' X)X’ =7 ') M (X — AZ I XY
+(Zg— ATIAN)]
and
Voo =02(C — AT H[Z - xX'=7' )7 1X'1(C — AZ7YY,

respectively. This completes the proof.

71

(3.17)

(3.18)

(3.19)

We call the predictor yo(X, A) in (3.12) the Gauss—Markov predictor (GMP).
Note that the Gauss—Markov theorem in estimation established in Chapter
2 is a special case of this result. In fact, when the condition (3.4) holds, the
predictand yg becomes 8 and the GMP yy(%, A) in (3.12) reduces to the GME
b(X). Correspondingly, the class Co()fo) = Co(I,) reduces to the class Cy of linear

unbiased estimators. Hence, for any 8 € C,

R(B.B)=ELB—BB—-PB)]
> E[(b(Z) = B)(B(D) — B)]
= R(b(X), B) = Cov(b(X))
=X’z 'x)"L.

(3.20)
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Generalized least squares predictors. Next let us consider GLSPs. When ¥ and
A are unknown, a natural way of defining a predictor of Y0 is to replace the
unknown X and A in the GMP yo(X, A) by their estimators, 3 and A. This leads
to the definition of a generalized least squares predictor or GLSP.

More specifically, a predictor of the form

Y0(2, A) = Xob(2) + AS 7y — Xb(2)] (3.21)

is called a GLSP if the estimators > and A are functions of the ordinary least
squares (OLS) residual vector:

e=Ny with N=1I,—XX'X)"'x’, (3.22)

where b(X) in (3.21) is a GLSE of 8:

b(E) = X' X)7 X'y (3.23)
A GLSP )70(5), A) is clearly rewritten as

Jo(E, A) = C(e)y
by letting
Cle) = Xo(X'21x)"1x's-!
+AS L - x XS xS (3.24)

The function C(e) satisfies C(e)X = Xo. This property characterizes the class of
the GLSPs. More precisely,

Proposition 3.2 Let C1(Xq) be the class of GLSPs (3.21). Then it is expressed as
C1(Xp) = {yo = C(e)y | C(-) is an m x n matrix-valued measurable
function satisfying C(-)X = Xo}. (3.25)

Proof. For any yo = C(e)y satisfying C(e)X = X, choose f](e) and A(e)
such that

A)Z(@)™ =C(e). (3.26)
(A possible choice is $(e) = I, and A(e) = C(e).) Then for such ¥ and A,
yo(2, A) becomes
Vo2, A) = XX’ x)"1x's 7y
+C)L, — XX ') ' x's 1y
= C(e)y, (3.27)

since C(e)X = Xo. This completes the proof.
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It readily follows from (3.10) and (3.25) that
Co(Xo) C C1(Xo),

that is, any linear unbiased predictor of yy is a GLSP in our sense.
When ¥ and A are functions of unknown parameter 6, say ¥ = X(0) and
A = A(0), the GLSP of the form

J0(5, A) = Xob(£) + AS ™[y — Xb(2)] (3.28)
is usually used, where
L =30, A=A®)

and ) =6 (e) is an estimator of 6 based on the OLS residual vector e. Obviously,
such a GLSP also belongs to the class C(Xp).

Conditions for unbiasedness and finiteness of moments. The results stated in
Proposition 2.6 can be extended to the prediction problems as

Proposition 3.3 Let yo be a GLSP of the form yy = C(e)y satisfying C(e)X = X.

(1) Suppose that L(g) = L(—e¢) and that C(e) is an even function of e, then the
predictor yy = C(e)y is unbiased as long as the expectation is finite.

(2) Suppose that the function C(e) is continuous and satisfies C(ae) = C(e) for
any a > 0, then the predictor Yo = C(e)y has a finite second moment.

Proof. The proof is quite similar to that of Proposition 2.6 and omitted.

Since ¥ and A are estimated, it is conjectured that the GLSP y})(fl, A) is less
efficient than the GMP yo(X, A), that is, for any GLSP yp(X, A) in C;(Xp), the
risk matrix R(yp(X, A), yo) is expected to be bounded below by that of the GMP
Yo(X, A):

R(G(T, A), yo) < RGo(E, A), o). (3.29)

The discussion in the next section concerns the inequality (3.29). We will establish
a nonlinear version of the Gauss—Markov theorem under a mild assumption on the
distribution of (&', &)". To do so, let B be the set of all predictors of g with finite
second moment under P, (0, 2), and redefine

C1(X9) ={yo=C(e)y € B| C(-) is an m x n matrix-valued measurable

function satisfying C(-)X = Xp}.

3.3 A Nonlinear Version of the Gauss—Markov
Theorem in Prediction

This section is devoted to establishing a nonlinear version of the Gauss—Markov
theorem in prediction. An application to an AR(1) error model is also given.



74 NONLINEAR VERSIONS OF THE GAUSS-MARKOV THEOREM

Decomposition of a GLSP. To state the theorems, we first make a decomposition
of a GLSP in the model

Yy _ (X I, 0 e
()= ) (as ) ()
E(( ¢ )) € Pugm (0, ), (3.30)
€0
where 2 is of the form

> 0
Q=gz( > EO—AEIA’>’ (331)

and X : n x k is assumed to be of full rank.
Let Z be an n x (n — k) matrix satisfying

with

p

N=2ZZ and Z'Z=1,, (3.32)
where N = I, — X(X’X)~'X’. The OLS residual vector e is clearly expressed as
e=27'y=27c. (3.33)

In the sequel, the following matrix identity is often used (see Problem 3.3.1):
L=xXz'x'xs "'+ x2z@'s2)""'7, (3.34)

where X (X’E71X)"1X’2 ! is the projection matrix onto L(X) whose null space
is L(XZ). Here, L(-) denotes the linear subspace spanned by the column vectors
of matrix -. By using the identity (3.34), the vector ¢ is decomposed as

e=XXT2'X)'X'2 e+ 22(Z'22)7 1 Z'e

= XA uy + 2B luy, (3.35)
where
A=X'S7"'XeSk), B=2Z'3ZecSn—k) (3.36)
and
up=X'Sekx1, uy=2s:(n—k) x1. (3.37)

Since the distribution of (&', &)" is given by (3.30), and since
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the distribution of u, up and &g is described as

u 0 A0 0
Ll u €EPum|l O], 6?2l 0B 0 . (3.38)
€0 0 00 Zg— A=A

and hence u1, up and gy are mutually uncorrelated. Note here that u; and u, are
in one-to-one correspondence with b(X) — B and e respectively, since

b(Z)—B=A"'u (3.39)
and
e = Zu,, orequivalently up; = Z'e. (3.40)
Lemma 3.4 A GLSP yy = C(e)y € C1(Xy) is decomposed as
Yo — Yo = [Yo(E. A) — yo] + [Yo — Yo(E. A)]
={(Xo—AX'X)A Uy — &g}
+HIC(Zur) — AXN=ZB uy)
=Y, +Y, (say). (3.41)

Here the two vectors Y7 and Y> depend only on (u1, &p) and u» respectively. It is
essential for the analysis below that Y] is a linear function of (u1, &¢).

A nonlinear version of the Gauss—Markov theorem in prediction. Now let us
establish a nonlinear version of the Gauss—Markov theorem in prediction. Let

Vij=EY:Y) (i, j=1,2). (3.42)
Then, from Lemma 3.4, it is easy to see that
R(Yo, yo) = Vi1 + Via + Va1 + Vaa, (3.43)
where
Vii = E(Y))
= E[(Jo(Z, A) = y0) (50(Z, A) — y0)'] (3.44)
Vo = E(Y2Y,)
= E[(Yo — Yo(Z, A) (Yo — Yo(Z, A))'] (3.45)
and

Via = E(Y1Y3)
= E[(Jo(Z, A) — yo) (Yo — Yo(T, A))']
=V, (3.46)
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If Vi» = 0, then it follows from (3.43) that

R(Yo, y0) = Vi1 + Va2 = Vi1 = R(5o(Z, A), yo). (3.47)
A sufficient condition for Vi3 = 0 is the following:

Ep(uilup) =0 and Ep(gg|lur) =0 a.s. (3.48)
In fact, when the condition (3.48) holds, we have
Vi = E[E(Y1|u2) Y;]

= E[(Xo — AXT'X)A™! E(uiluz) Y; — E(eoluz) Y3

—0. (3.49)
Thus, by defining

Qnim (0, Q) ={P € Pyym (0, 2) | (3.48) holds}, (3.50)

the following theorem holds, which was originally established by Kariya and Toy-
ooka (1985) and Eaton (1985).

Theorem 3.5 Suppose that L ((¢', €))') € Quim (0, Q). Then, for any GLSP , €
C1(Xyp), its conditional risk matrix is decomposed into two parts:

R0, yoluz) = R(yo(Z, A), yo)
+(o — Yo (2, A) (o — Yo(E, A)), (3.51)

where
R0, yoluz) = E[(Yo — y0) (Yo — yo)'luz]. (3.52)

Noting that the second term of (3.51) is nonnegative definite, we obtain a nonlinear
version of the Gauss—Markov theorem in prediction.

Corollary 3.6 For any yy € C1(Xo), the conditional risk matrix is bounded below
by the risk (covariance) matrix of the GMP:

R(Yo(Z, A), y0) < R(¥o, yoluz), (3.53)
and thus unconditionally
R(o(Z, A), yo) = R(o, o) (3.54)

The class Q4+, (0, ) is a broad one and contains several interesting classes of
distributions. A typical example is a class of elliptically symmetric distributions,
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which has been introduced in Section 1.3 of Chapter 1 and includes the normal
distribution. To see this, suppose

&
£((2)) ctrmon

Then we have from Proposition 1.17 of Chapter 1 that

ui 0 AO 0
L] u €e&m|l O], 62l 0 B 0 , (3.55)
€0 0 00 Zp—AxZ 1A

since (u}, u}, &))" is given by a linear transformation of (&', £()’. Hence, from
Proposition 1.19, the condition (3.48) holds, or equivalently,

Entm (0, ) C Qnym (0, ). (3.56)

Thus, Theorem 3.5 and its corollary are valid under the class &,4,, (0, 2).

Further decomposition of a GLSP under elliptical symmetry. The quantity
Y1 =yo(2,A) — o
=Xo— A ' X)A uy — g

can be decomposed into u-part and gp-part. This suggests a further decomposition.
Decompose Y7 as

YiI=Yu+Ynp
with
Yii = (Xo— AT X)A uy, (3.57)
Yo = —¢o. (3.58)

Here, of course, the following equalities hold:
Ri1 = E(Y11Y])
=02(Xo— AT ' X)A (X0 — AT X)), (3.59)
and
Riz = E(Y12Y7,)
=0%(Zy)— AZIA). (3.60)
Note here that under the condition £ ((¢/, &))") € Ey4m (0, ), it holds that

E(uigjluz) =0 a.s. (3.61)
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in addition to (3.48). In fact, by Proposition 1.19,

(k) con(()- (5w amn))

where L(a|b) denotes the conditional distribution of @ given b. From this, Theorem
3.5 can be refined as

Theorem 3.7 Suppose that L ((8/, 86)’) € En1m(0, Q). Then, for any yo € C1(Xo),
its conditional risk matrix, given us, is decomposed into three parts:

R(o, yoluz) = Rt + Riz + (o — Yo(Z, A) (o — Yo(E, A))'.  (3.62)

Consequently, by this theorem, the unconditional risk matrix of yy is decom-
posed as

R(Yo,y0) = Ri1 + Ri2+ R> (3.63)
with

Ry = E(Y2Y}) = R(Yo, Yo(Z, A)).

Implications of Theorem 3.7. Let us consider the implications of this risk decom-
position.

The first term Rj; in (3.63) is the expected loss of the prediction efficiency
associated with estimating 8 by the GME b(X). In fact,

Y11 = {Xob(2) + AT [y — Xb(D)]} — (XoB + AZ [y — XB1}.

However, from (3.59), the closer Xo — A !X is to zero, the smaller the first
term is. Here, the matrix AX ™! is interpreted as a regression coefficient of the
model in which Xy is regressed on X. If X — AY~1X =0, then the risk matrix is
zero and the uq-part of (3.57) vanishes. On the other hand, in the model with A = 0
(or equivalently, AT = 0), the first term attains its maximum as a function of
A. In other words, when y and yg are uncorrelated, no reduction of risk is obtained
from the Rp;-part. Consequently,

0 < Ri1 < 0°XoA™' X, (3.64)

Models with A = 0 include a heteroscedastic model and an SUR model (see
Chapter 2). We will treat a serial correlation model as an example of the model
with A #£ 0.

The second term Rj> of (3.63) depends on the correlation between ¢ and .
The vector Y1, in question is expressed as

Yi2 = {XoB + AZ [y — XBl} — yo = —(¢ — AT ().
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The third term R» of (3.63) is of the most importance, since it reflects the loss
of the prediction efficiency caused by estimating unknown A and X:

Y2 = (2, A) — yo(Z, A).

The evaluation of this quantity will be treated in the subsequent chapters in esti-
mation setup where it is supposed that A = 0.

Example 3.1 (AR(1) error model) An example of the model in which A # 0
holds is a linear regression model with AR(1) error. This model is obtained by
letting

¢=(1,..., %) and g = (TS §n+m)/
in the model (3.2), and assuming that ¢;’s are generated by
(i =0¢-1+§&; with |0] < 1.

Here, &;’s are uncorrelated with mean O and variance o2, Then the matrix ® €
S(n 4+ m) in (3.3) is expressed as

2 02 )
O =0 ,9)=m(e'l N (m+m)x (n+m) (3.65)

(see Example 2.1).
For simplicity, let us consider the case of a one-period-ahead prediction, that

is, m = 1. In this case,
o (T N
=0 <A 20>’

=30 = ﬁ(eli—ﬂ) € S(n),

where

A:A(@):l 92(9",...,9):1xn and (3.66)
1
hold. Hence, we have
1 —6 0
-6 14+6% -0
Ax ! = ! ©" 0)
—g2 @
L1467 -6

0 -0 1

©, ..., 0, 0):1xn.
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Let Xo = x{,: 1 x k and x} : 1 x k be the jth row vector of X. Then the matrices
R11 and Rp; are expressed as

Ri1 = 0% (xp — 0x,) A7 (x0 — 6x)

and

Ry = o2

To define a GLSP, suppose that P(e = 0) =0 and £ ((8’, 80)’) € Q,+1(0, D)
(see (3.51)). A typical estimator of 6 is

b =6(e) = 2’;1278’6]2_1 (3.67)
2j=1
Since 6 satisfies é(ae) = é(e) for any a > 0, the GLSP
Jo(2, A) = Xob(2) + ATy — Xb(2)]
(= x0b(2) + 0lyn — x,b(2)])
=Cl(e)y (3.68)

satisfies C(ae) = C(e) for any a > 0, and hence it belongs to C;(Xg), where
Y =X(), A= A(0) and

Cle)=Xo X' ') xS T+ Ax7 L, - x( X'~ ' x)~'x'=71).
Thus, by Corollary 3.6, we obtain
RGO(E, A), yo) = RGO(T, A), yo). (3.69)

Furthermore, the GLSP is unbiased as long as L(g) = L(—¢), since 0 is an even
function of e.

For applications to other linear models, see, for example, Harville and Jeske
(1992) in which a mixed-effects linear model is considered. See also the references
given there.

An identity between two estimators in a missing data problem. Next, we con-
sider the problem of estimating 8 when the vector yg is missing in the model (3.2),
where ® € S(n + m) is assumed. While a GLSE

b(E) = X'S7IX)7Ix's 7y (3.70)

is a natural estimator of 8 in this setup, it is often suggested to use the following
two-stage estimator of . First, by estimating the missing observation yp by the
GLSP:

Yo(2, A) = Xob(2) + A7y — Xb(D)], (3.71)
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then substituting yb(f], A) into the model (3.2), and thirdly forming a “ GLSE ”
from the estimated model with yg replaced by yo(X, A):

B(d) =X 'X) X oy, (3.72)

A 3 A y X
(I): A A = ~ A ~ X= . .
(A Eo>’ y (yo(E,A)) and <Xo> (3-73)

The following theorem due to Kariya (1988) states that the two-stage estimator
B(®) thus defined makes no change on the one-stage estimator b(X), implying
that no efficiency is obtained from the two-stage procedure. More specifically,

with

Theorem 3.8 The equality B(Ci)) =b(2) holds for any y € R".
Proof. From the definition of the (n + m) x 1 vector y in (3.73), the estimator

,3 (43) is rewritten as

B(d) =X 'X)'x'd! < 2’; ) y, (3.74)

where
H=XoX's'x)"'x'£!
+AT N1, - xxX's7' )7 IxX's . (3.75)

Replacing I, in (3.74) and (3.75) by the right-hand side of the following matrix
identity

L=XX2'x)'xs'v+szzsz2)"'7 (3.76)
yields

L\ _ ( XXe'x) ' xS '+ 222’5277
H) \XoX'S'x)"'x'S-'+Azz's$2)"' 7

A

=XX'S'x) x4 ( E ) VAVAD VARV A (3.77)

Now, substituting this into (3.74), we obtain

A

B(d) =b(E)+ X d'X) "X P! ( i ) VAVAD VARV A (3.78)

0
vanishes. This completes the proof.

Here using < E ) =& ( L ) and X'Z = 0, the second term of the above equality
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3.4 A Nonlinear Version of the Gauss—Markov
Theorem in Estimation

In this section, the results obtained in the previous sections are applied to the
estimation problem of 8, which leads to a nonlinear version of the Gauss—Markov
theorem. Some relevant topics, including a characterization of elliptical symmetry,
are also discussed.

Main theorem with examples. To begin with, we reproduce the general linear
regression model considered in this section:

y=XB+e¢ with L(g) € Py(0,0°%), (3.79)

where y isann x 1 vector, X isann x k known matrix of full rank, and P, (0, 022)
denotes the class of distributions on R" with mean 0 and covariance matrix o2% as
in (3.7). This model is obtained by letting

m=k, Xo=1Ix, A=0 and Xy=0 (3.80)

in the model (3.2). The class Cy(Xo) = Co(Ix) of linear unbiased predictors of yg
considered in the previous section clearly reduces to the class Cy of linear unbiased
estimators of 8 in the model (3.79), where

Co = {/§ = Cy | C is a k x n matrix such that CX = I}. (3.81)

Similarly, the class C;(Xo) = C;(Ix) of GLSPs becomes the class C; of GLSEs,
where

Ci={B=C(e)y € B| C(-)is ak x n matrix-valued measurable
function satisfying C(-)X = Ii}. (3.82)

Here, B is the set of all estimators of S with a finite second moment under
P, (0, 022), and e is the OLS residual vector given by

e=Ny with N=1I,—-XX'X)"'x" (3.83)
A GLSE ,é = C(e)y € C; can be decomposed as

B—B=1[b(Z)—Bl+I[B—b(D)]
=X ') u+CTZ2(Z’22) uy, (3.84)

where

) =Xz x's" 1y
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is the GME of 8 and

u =X e kx1, un=2:(n—k) x1.
The two terms in (3.84) are uncorrelated under the assumption that
L(e) € ©u(0.0°), (3.85)
where
0,(0,06%%) = (P € P,(0,0%%)|Ep(uijuz) =0 as.}, (3.86)

the class of distributions in P, (0, 02X) with conditional mean of u given uy
being zero. In fact, by using e = Zuy,

E[X'27' X)) uub(Z2'22)712'2C(e)]
= E[X'27'X) uuh(Z2'22) 1 2/ 2 C(Zuy)
= E[(X'27'X) 7" E(ui|up) ub(Z'£2)7'2'SC(Zuz)']
=0.
Thus, the following theorem obtains

Theorem 3.9 Suppose that L(e) € Q,(0, 02%). Then, for any GLSE f = C(e)y €
Cy, the conditional risk matrix is decomposed into two parts:

R, pluz) = ROE), )+ (5 —b(D) (B - b(2)
— UZ(X/E_IX)_l
+C(Zu)2Z(Z'2Z)  uguy(2'£2)7' 2/ C(Zuy)'.  (3.87)

Consequently, the risk matrix of a GLSE in Cy is bounded below by that of the GME,
that is,

R(B, B) = R((T), B) = Cov(b(2)) = oc*(X'T7' X)7". (3.88)

This result is due to Kariya (1985a), Kariya and Toyooka (1985) and Eaton
(1985). This theorem demonstrates one direction of extension of the original (linear)
Gauss—Markov theorem by enlarging the class of estimators to C; from Cp on which
the original Gauss—Markov theorem is based. A further extension of this theorem
will be given in Chapter 7. On the other hand, some other extension from different
standpoints may be possible. For example, one may adopt concentration probability
as a criterion for comparison of estimators. This problem has been investigated by,
for example, Hwang (1985), Kuritsyn (1986), Andrews and Phillips (1987), Eaton
(1986, 1988), Berk and Hwang (1989), Ali and Ponnapalli (1990) and Jensen
(1996), some of which will be reviewed in Section 8.2 of Chapter 8.
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As applications of Theorem 3.9, we present two examples.

Example 3.2 (Heteroscedastic model)  Suppose that the model (3.79) is of the
heteroscedastic structure with p distinct variances, that is,

| X
y = : nxl, X= : n xk,
Yp Xp
&1
&= nxl1, (3.89)
€p
011y, 0
QO) = e Sn) (3.90)
0 Opln,
and
9:(91,...,6p)/:px1, (3.91)

where y; :nj x1, Xj:nj xk,gj:njx1andn = Z;’zlnj (see Example 2.3).
In this model, the GME is given by

b(Q) = X'Q ' X)7'X'Q7 'y with @ =Q(©), (3.92)

which is not feasible in the case in which 6 is unknown. .
Theorem 3.9 guarantees that when L(¢) € Q,(0, 2(0)), any GLSE 8 = C(e)y
€ C; satisfies

R(B, B) = R((RQ), B) = Cov(b(Q)) = (X'Q'x)7 !, (3.93)

where e = [I, — X(X’X)~'X']y. Typical examples are the GLSEs of the form

b(Q) = C(e)y (3.94)
with
Cle)=X'Q ') 'Xx'Q" and Q= Q@é(e)),
where 6(e) = (1 (e), ... ,0,(e)) : p x 1 is an estimator of & such that Q(f(e)) €
S(n) a.s. and

0j(ae) = a*bj(e) forany a>0 (j=1,...,p). (3.95)

Such GLSEs clearly include the restricted GLSE and the unrestricted GLSE dis-
cussed in Example 2.6.
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Example 3.3 (SUR model) Let us consider the p-equation SUR model

Y1 X 0
y=| : nxl1l, X= . nxk,
p 0 Xp
B1 €1
B = : kx1, &= : nx1 (3.96)
Bp €p

with covariance structure
Q=XY®Il, and X = (0j;) € S(p), (3.97)

where

P
yi:mxl1, Xj:mxkj, g :mx1, n=pm and k=2kj.
j=1
The GME for this model is given by
bE® L) =X'E '@ L)X) ' X' (57 ® L)y (3.98)

As an application of Theorem 3.9, we see that the risk matrix of a GLSE B =
C(e)y € Cy is bounded below by the covariance matrix of the GME b(X ® I,,):

R(B.B) = RI(E ® Iy), B)
= Cov(b(E ® In))
=X'E'eL)x)7 !, (3.99)

where e is the OLS residual vector. Typical examples are the GLSEs of the form
b(E® Iy) = Cle)y (3.100)
with
ClO=XE" LX) X' E @1,
where 3 = f](e) is an estimator of X satisfying ﬁ](e) € S(p) a.s. and
S(ae) =a’S(e) forany a > 0. (3.101)

Such GLSEs include the restricted Zellner estimator (RZE) and the unrestricted
Zellner estimator (UZE). See Example 2.7.
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A characterization of elliptical symmetry. Next, we return to the general model
(3.79) and discuss the condition

E(uiluz) =0 as., (3.102)

which defines the class Q,(0, ¢2%). While the class Q,(0, 6>X) is much larger
than the class &, (0, 0>X) of elliptically symmetric distributions, it depends on the
regressor matrix X through u; and u>. The fact that the class Q, (0, 02X) depends
on X is not consistent with our setting in which X is known (and hence X is
independent of the error term ¢).

This leads to the problem of characterizing the class of distributions that satisfy
the following condition:

E(uiluz) =0 a.s. holds for any X : n x k of full rank. (3.103)

Interestingly, the class of distributions satisfying (3.103) is shown to be a class of
elliptically symmetric distributions. This fact follows from Eaton’s (1986) theorem
in which a characterization of spherically symmetric distribution is given. To state
his theorem, it is convenient to enlarge the classes P, (0, 022), Q,(0, 022) and
£,(0,0%%) to

Pu(0, %) = [ Pul0,07%),
02>0
0,(0,.%) = [ 2u(0,07%),
02>0
£:0.3) = | &(0.0%%) (3.104)
02>0
respectively, and rewrite the condition (3.102) as
E(Pse|Qxe) =0 a.s., (3.105)
where
Py =XX'z'x)"1x'=!
and
Os=1,—Ps=3xZ(Z'x2)"'7.

Here, Py is the projection matrix onto L(X) whose null space is L(XZ). Equiv-
alence between the conditions (3.102) and (3.105) follows since u; and Qyxe are
in one-to-one correspondence.

For notational simplicity, let us further rewrite the condition (3.105) in terms of

§=x"12, (3.106)
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This clearly satisfies

L(E) € £,(0,0°1,) C &,(0, I). (3.107)
The condition (3.105) is equivalent to

E(Mxé&|Nxg) =0 as., (3.108)
where the matrix
My =37 12pe w12 = 3= 12x(x's~1x)" ' x5 1/2
is the orthogonal projection matrix onto L(X~!/2X), and
Ny =1, — Ms.

Equivalence between (3.105) and (3.108) is shown by the one-to-one correspon-
dence between Oye and Nyé.
Eaton’s characterization theorem is given below.

Theorem 3.10 Suppose that an n-dimensional random vector v has a mean vector.
Then it satisfies

L(Tv)=LW) forany ' € O(n), (3.109)
if and only if
E(x'v|Z'v) =0 a.s. (3.110)
for any x,z € R" — {0} such that x'z = 0.

Proof. Suppose that v satisfies (3.109). For each x, z € R™ — {0} such that
x'z =0, there exists an n x n orthogonal matrix I" of the form

. (n
r=\|y»
Iy
with
i =x/llxll, y2=2z/lzl and T'3:nx (n —2).
Let
B YV U1
v=Tv=| pv | =| 02
Fév U3

Then it holds that

L) = L(D).
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Hence, by Proposition 1.17, the marginal distribution of a subvector (71, 73)" : 2 X
1 of v is also spherically symmetric. Therefore, by Proposition 1.19, it holds that
the conditional distribution of v; given vy is also spherically symmetric. From this,

E[@1]vp) =0 as.

is obtained. The above equality is equivalent to (3.110), since correspondence
between 7, and z’v is one-to-one.

Conversely, suppose that (3.110) holds. Let &£(¢) be the characteristic function
of v:

£(t) = Elexp(it'v)] (t =(t1,...,t,) € R").
It is sufficient to show that
E()=&['t) forany I' € O(n). (3.111)
By using (3.110), observe that for any x, z € R” — {0} such that x’z = 0,
x'E[vexp(iz'v)] = E[x'vexp(iz'v)]
= E[E(x'v|z'v) exp(iz'v)]
=0.

This can be restated in terms of £(¢) as
x'VE(z) =0. (3.112)

Here,

9 9 '
VE(t) = (a—tlg(z),... , 875@)) nx 1

denotes the gradient of £(7), which is rewritten by
VE(t) = iE[vexp(it'v)].
Fix t € R" and T € O(n). Then the vector I't lies in the sphere
Uns NIl = {u € R" | flull = llz]}.
Hence, there exists a differentiable function
c: (0, 1) — Uus; izl

such that c(a;) =t and c(ap) = I't for some ay, ap € (0, 1). Since c(a) c(a) =
REES any « € (0, 1), differentiating both sides with respect to « yields

¢(a) c(@) =0 for any a € (0, 1),
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where ¢(a) = %c(oz) :n x 1. Hence, by letting x = ¢(«) and z = c(«) in (3.112),
we have

¢(a) VE(c(a)) =0 for any a € (0, 1). (3.113)

The left-hand side of this equality is equal to %g(c (@)). Thus, &(c(a)) is constant
as a function of @ on (0, 1). Hence,

§(I't) = &(C(az)) = &(Cla1)) = &(1).
This completes the proof.

The above theorem is an extension of Cambanis, Huang and Simons (1981).
Some related results are found in Fang, Kotz and Ng (1990). Let us apply this
theorem to our setting.

Theorem 3.11 Fix ¥ € S(n) and suppose that ¢ satisfies L(e) € Pn 0, ). Then
the condition (3.103) holds if and only if L(¢) € £,(0, X).

Proof. The condition (3.103) is equivalent to
E(Mxg|Nxg) =0 (3.114)

for any X : n x k such that rankX = k. Here, the matrices My, and Ny are viewed
as functions of X. Let M be the set of all n x n orthogonal projection matrices
of rank k:

={M:nxn|M=M =M?* rankM = k). (3.115)
Then the matrix My clearly belongs to the set M. Moreover, the set M is shown
to be equivalent to
M=E2x X2 'X)'X'S V2| X :n xk, rankX = k). (3.116)
Therefore, we can see that the condition (3.114) is equivalent to

E(Mg|N&) =0 a.s. forany M € M, (3.117)

where N = I, — M. It is clear that this condition holds if £(8) € &,(0, I,,), or
equivalently L(e) € £,(0, £). Thus the “if” part of the theorem is proved.

Next, we establish the “only if” part. Since for any x, z € R" — {0} such that
x'z = 0 there exists an orthogonal projection matrix M € M satisfying Mx = x
and Nz = z,

E(x'8|7'8) = E(x’M&|7 M&)
= E[x'E(ME|N%)|7 N&]
=0, (3.118)

where the second equality follows since z’N¢& is a function of N&. Thus, from
Theorem 3.10, we obtain L£() € &,(0, I,,), which is equivalent to L(¢) € £,(0, D).
This completes the proof.
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In addition to the papers introduced above, Berk (1986) and Bischoff, Cremers
and Fieger (1991) are important. Berk (1986) obtained a characterization of normal-
ity assumption in the spherically symmetric distributions. Bischoff, Cremers and
Fieger (1991) also discussed this problem and clarified the relation between an opti-
mality of the ordinary least squares estimator (OLSE) and normality assumption.
See also Bischoff (2000).

3.5 An Application to GLSEs with Iterated Residuals

In some models, one may use iterated residuals in forming a GLSE. Typical
examples are the iterated versions of the Cochrane—Orcutt estimator and the Prais—
Winsten estimator in an AR(1) error model (see e.g., Judge et al., 1985). The
MLE for this model is also obtained from the iterated procedure (see Beach and
MacKinnon, 1978). In this section, we derive the lower bound for the risk matrices
of such iterated estimators by applying Theorem 3.9. The main results are due to
Toyooka (1987). Furthermore, as a similar result to Theorem 3.8, we also discuss
the case in which the use of iterated residuals makes no change on the one with
no iteration.

GLSE with iterated residuals. Let us consider the model
y=XB+¢e with L(g) € Py(0,0°%), (3.119)

where y is an n x 1 vector and X is an n X k known matrix of full rank. Suppose
that the matrix X is given by a function of an unknown vector 6:

T = X(0), (3.120)

where its functional form is supposed to be known.
To define a GLSE with iterated residuals, or simply, an iterated GLSE, let

eq =y — Xb(Il,) = Ny with N=1I,-XX'X)"'x' (3.121)
be the first-step OLS residual vector. A first-step GLSE is defined as
By =bEn) = XI5 07 XSy (3.122)
with
Sy = @),

where 6 = é(e[l]) is an estimator of 6. The first-step GLSE is nothing but the
usual GLSE (without iteration) that we have considered so far. Next, we define the
second-step residual vector as

ep1 =y — XBuy = U, — X(X’i[j]lX)—lx/i[—l]l]y (3.123)
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and construct the second-step estimator of 6 by é(em). Here we note that the
functional form of 6 is fixed throughout the iteration procedure. This leads to the
second-step iterated GLSE

Bri = b(Ep) = X5 07 X'S5ly (3.124)
with

) = Z(@(ep).
Similarly, we can formulate the ith step iterated GLSE as

B = b = (XS 07 XSy (3.125)

with

S = @),
where

el =y— X,3A|i71| =, - XX'2;!

[i—l]X)_lX/iﬁll]]y (3.126)

is the ith step residual vector.

Here let us confirm that what we called the “iterated GLSE” above is in fact a
GLSE in our sense, or equivalently, that is, we must prove that the iterated GLSE
Bii is rewritten as

A

Bii1 = Ci(e)y

for some function C;(e) such that C;(e)X = I;, where e = ¢[j}. To do so, it is
sufficient to show that the ith step residual vector e[;] depends only on the first-step
residual vector e[y;. Let

Qi1 =2nZ(Z'%732)"'2" (i=1) and Qo =N, (3.127)
where Z is an n x (n — k) matrix satisfying
N=2ZZ and Z'Z=1,_.
Then, from the matrix identify
L-XX2'x)'xs'=2zz'22)"'7,
we can see that for i > 1,
efi] = -1 Z(Z'S-112)"' Z'y
=3 nZ(Z'Si-n2)"'2'22'y
=i nZ(Z' S-n2Z2) " Z ey
= Ori-11€[1]> (3.128)
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where the second equality follows from Z'Z = I, and the third from e[;) = Z’y.
This equality shows that ef;; depends only on e[qj. In fact, the matrix Qp;—1j in
(3.128) is a function of ef;_1j. Substituting i =2 into (3.128) shows that e[y
depends only on e[1]. And successive substitution yields that the ith step residual
vector e[;] is a function of efq;.

Thus, we have the following result due to Toyooka (1987).

Proposition 3.12 The ith step iterated GLSE ,él,'] in (3.125) can be rewritten as

~

Bii1 = Ci(er1y)y for some function C; such that C;(er11)X = I.

Hence, all the results that have been proved for class C; are applicable. For
example, if an iterated GLSE B = C(e[1])y satisfies

C(aeq)) = C(eq1) forany a > 0, (3.129)

and if the function C is continuous, then the iterated GLSE has a finite second
moment. If £L(g) = L(—¢) and the GLSE satisfies

Clen) = C(—ep)), (3.130)

then it is unbiased as long as the first moment is finite.
Applying Theorem 3.9 with

u =X e kx1 and up=2Z'e:(n—k) x 1
to the above situation yields

Theorem 3.13 Suppose that L(¢) € Q,(0, 0 2%). Then the conditional risk matrix
of the ith step iterated GLSE B[;1 = C;(e1))y is decomposed into two parts:
R(Buiy, Bluz) = R(B(E), B) + (Biiy — b(2)) (B — b(E))' (3.131)
=X’z 'x)7!
+Ci(Zu) S Z(Z'2Z)  uauh(Z2'£2) 1 2' 2 Ci (Zua)',
where b(2) = (X'27'X)"1X'S"1y is the GME of B. Thus, the risk matrix is
bounded below by that of the GME:
R(Biit, B) = R(6(2), B) = Cov(b(%))
=X’z 'x)"L. (3.132)
The MLE derived under normal distribution is given as a solution of the esti-

mating equations, and it is usually approximated by an iterated GLSE because it
is regarded as the limit of iteration.
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An identity between iterated GLSEs. It is not trivial whether an iterated GLSE
is superior to a GLSE with no iteration. In fact, in an AR(1) error model, Magee,
Ullah and Srivastava (1987), Magee (1985), Kobayashi (1985) and Toyooka (1987)
obtained asymptotic expansions of the risk matrices of a typical GLSE and its
iterated version, and pointed out that there is no difference in asymptotic efficiency
among them up to the second order. In an SUR model, Srivastava and Giles (1987)
reported that higher steps iterated GLSEs are generally inferior to the first or second
step GLSE. In this section, we discuss the case in which the iterated GLSE makes
no change on the one with no iteration. For notational simplicity, we write the first
step residual e[1) as e without suffix.

Proposition 3.14 [f an estimator 6 = 6(e) satisfies the following invariance prop-
erty

é(e + Xg) = é(e) for any g € RK, (3.133)
then, for any iterated residuals ef;) (i > 2), the following identity holds:
6(epi) =0 (e). (3.134)

Thus, for any i > 2, the ith step iterated GLSE is the same as the one with no
iteration.

Proof. For any i > 2, there exists a function v;(e) satisfying
eri] = e+ Xv;(e), (3.135)
because from (3.128), we obtain
Z'ejiy = Z'e. (3.136)

Hence, we have é(e[i]) = é(e + Xvi(e)) = é(e). This completes the proof.

Examples of the estimator 6 satisfying (3.133) are the unrestricted GLSE in a
heteroscedastic model and the UZE in an SUR model.

Example 3.4 (Heteroscedastic model) In the heteroscedastic model in Exam-
ple 3.2, decompose the OLS residual vector e as

e:y—Xb(I,,):(e’l,...,e;)/ with e;:nj x 1. (3.137)
Then, for any g € R¥, the vector ¢ + X g is written as

e1 +Xi1g
e+ Xg= : . (3.138)
ep+ Xpg
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The unrestricted GLSE is a GLSE b(2(9)) with

0
6 = é(e) = pxl1,
0)
where
0j="0j(c) =€ Njej/(nj —rj), (3.139)
ri =rankX;,
Nj =1, = X;(X;X))"X).
Since N;X; =0 holds for j =1,..., p, we obtain from (3.138) that

Oj(e+Xg) = (ej + X,;8)'Nj(ej + Xj8)/(nj —r))
= e/ijej/(nj - rj)
— (e, (3.140)

and hence é(e + Xg) = é(e) for any g € R¥. Thus, from Proposition 3.14, the
iterated versions of the unrestricted GLSE are the same as the one with no iteration.

Example 3.5 (SUR model) In the p-equation SUR model in Example 3.3, the
OLS residual vector is given by

e=y—Xb(l,®Iy) =(},....e,) with e;:mx1. (3.141)

For any g = (g},...,g,) € R* with g; : k; x 1, the vector e + Xg is written as
e1 + X181

e+ Xg = : . (3.142)
ep+Xpgp

The UZE is a GLSE »(2 ® I,,) with
3 = S(e) = (¢} Nue)), (3.143)

where Ny = I, — X, (X, X.) "X, and X = (X1, ..., X,) : m x k. Since N, X; =
0 holds for j =1, ..., p, we have from (3.142) that

S(e+ Xg) = ((e; + X&) Ni(ej + X g;)) = (e;Nyej) = S(e). (3.144)

Hence, from Proposition 3.14, the iterated versions of the UZE are the same as the
one with no iteration.
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3.6 Problems

3.1.1 Verify that ® in (3.3) is equal to
L 0Ng( I O '
AL g, Az~ g,

3.2.1 Show that the unbiasedness of a linear predictor yp = Cy is equivalent to
CX = Xop.

with Q in (3.6).

3.2.2 Complete the proof of Theorem 3.1 by showing (3.16), (3.17) and
Vip =0.
3.2.3 Establish Proposition 3.3.

3.3.1 Establish the following four matrix identities:
) = V2xx'e- iy xs- 12y sW2zz’s )l 7z72V 2 =
Q XXz ')y Xe '+ 22(222)7'72 = 1;
Q) ' xx='x)y ' xs'+z(zx2)7 'z =271
@ XX ' X)X +x2z2(Z2'22)7' 7y = =,
3.3.2 Verify Lemma 3.4.

3.4.1 Modify Eaton’s characterization theorem (Theorem 3.10) to the case in which
v may not have a finite first moment. The answer will be found in Eaton (1986).

3.4.2 By modifying Lemma 3.1 (and its proof) of Bischoff, Cremers and Fieger
(1991) to the setup treated in Section 3.4, prove the following statement, which can
be understood as the converse of the nonlinear Gauss—Markov theorem in Section
3.4: Let P = L(¢) € P, (0, 02%). If the GME b(X) satisfies

Covp(b(X)) < Rp(B. B)
for any B € Cy, then P belongs to the class Q,(0, 2X).

3.4.3 In the two-equation heteroscedastic model (which is obtained by letting p =
2 in Example 3.2), suppose that the error term ¢ is normally distributed: L(¢) =
Ny (0, 2).

(1) Show that ,3]- = (X;.Xj)’lX;.yj isin C; (j = 1, 2), that is, the OLSE cal-
culated from each homoscedastic model is a GLSE.
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2) FinAd a sufficient condition for which the restricted and unrestricted GLSEs
b(£2) in Example 2.6 satisfies

Cov(b(2)) < Cov(B)).

(3) Evaluate the exact covariance matrix of the unrestricted GLSE.

See Khatri and Shah (1974) in which various results on the efficiency of the GLSEs
are derived. See also Taylor (1977, 1978), Swamy and Mehta (1979) and Kubokawa
(1998). In Kubokawa (1998), several GLSEs that improve the unrestricted GLSE
are obtained.

3.4.4 Consider the two-equation SUR model (which is obtained by letting p = 2
in Example 3.3).

(1) Show that when the regressor matrix X, of the second equation satisfies
X, = (X1, G) for some G : m x (ko — k1), the GME

) with b;(S® L) 1 kj x 1

satisfies
bi(EQIn) =bi1(L® Iy) (=X X)) ' X)y1).

(2) Extend the result above to the case in which L(X{) C L(X>).

(3) Show that
b(XQ1Iy) =b(I2® In)
holds if and only if L(X1) = L(X>).
See Revankar (1974, 1976), Kariya (1981b) and Srivastava and Giles (1987).

3.4.5 In the two-equation SUR model, suppose that the error term ¢ is normally
distributed: L£(¢) = N,(0, £ ® I;).

(1) Derive the exact covariance matrix of the UZE under the assumption X /1 X, =
0.

(2) Derive the exact covariance matrix of the UZE for general X.

For (2), see Kunitomo (1977) and Mehta and Swamy (1976).
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Efficiency of GLSE
with Applications to SUR
and Heteroscedastic Models

4.1 Overview

In Chapter 3, it was shown that the risk matrix of a generalized least squares estima-
tor (GLSE) is bounded below by the risk (covariance) matrix of the Gauss—Markov
estimator (GME) under a certain condition. The difference between the two risk
matrices reflects the loss of efficiency caused by estimating the unknown parameters
in the covariance matrix of the error term. In this chapter, we consider the problem
of evaluating the efficiency of a GLSE by deriving an effective upper bound for
its risk matrix relative to that of the GME. The upper bound thus derived serves
as a measure of the efficiency of a GLSE.
To describe the problem precisely, let the general linear regression model be

y=XB+e, “4.1)
where y is an n x 1 vector and X is an n X k known matrix of full rank. Let
P, (0, 2) be the set of distributions on R" with mean 0 and covariance matrix 2,
and assume that the distribution of the error term ¢ is in P, (0, 2), that is,

L(e) € P,(0,2) with Qe S(n), 4.2)

where as before, £(-) denotes the distribution of - and S(n) the set of n x n
positive definite matrices. In our context, the covariance matrix €2 is supposed to

Generalized Least Squares Takeaki Kariya and Hiroshi Kurata
© 2004 John Wiley & Sons, Ltd ISBN: 0-470-86697-7 (PPC)
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be a function of an unknown but estimable parameter vector 0, say
Q=Q@0), 4.3)

where the functional form of (-) is known.
In this model, the GME of g is given by

b(Q) = X'Q ' x)"Ix'Q Yy, (4.4)
which is not feasible in application. A feasible estimator of B is a GLSE of the form
b(2) = (X'Q7' X)) X'Q Yy, (4.5)

where € is defined by
Q=90 (4.6)

and 6 = O (e) is an estimator of 6 based on the ordinary least squares (OLS) residual
vector

e=Ny with N=1,—XX'X)"'x". 4.7
Then clearly, b(fZ) belongs to the class
C = {B = C(e)y | C(-) is a k x n matrix-valued function
on R" satisfying C(-)X = I}, (4.8)

since b(2) is written as b(Q) = C(e)y by letting C(e) = (X'Q™1X)"'1 X', The
risk matrix of a GLSE b(S2) is given by

R(B(Q), B) = E{(b(X) — pY(B(Q) — B)'}.
Let Z be any n x (n — k) matrix satisfying
7Z’X=0,2'Z=1I,_t and ZZ' =N 4.9)

and will be fixed for a given X throughout this chapter. When L(¢) belongs to the
class Q,(0, 2), where

n(0,2) ={P € Pu(0,) | Ep(uiluz) =0 as.}
with
ui=XQ le:kx1 and up=2's:(n—k) x 1,

the risk matrix of a GLSE b() is bounded below by the covariance matrix of
the GME:

R(b(Q), B) > Cov(b(R)) = (X'Q'x)~ L. (4.10)



SUR AND HETEROSCEDASTIC MODELS 99

(See Theorem 3.9.) Recall that the class 9,,(0, ) contains the class &,(0, ) of
elliptically symmetric distribution, which in turn contains the normal distribution
N, (0, Q).

By this inequality, finite sample efficiency of a GLSE can be measured by such
quantities as

81 = R(B(Q), B) — Cov(b(RQ)), @.11)

82 = |[R((S2), B)I/ICov(b())], (4.12)
1 )

8 = ir {R(b(Q), 8) [Cov(b(sz))]*l}, (4.13)

where |A| denotes the determinant of matrix A. However, since the GLSE b(fZ)
is in general nonlinear in y, it is difficult to evaluate these é’s in an explicit form.
In fact, the risk matrices of the GLSEs introduced in the previous chapters have
not been analytically derived except for several simple cases. Furthermore, even
in such simple cases, the quantities §’s are quite complicated functions of 6§ and
X in general, and hence, these §’s cannot be tractable measures for the efficiency
of a GLSE.

To overcome this difficulty, we formulate the problem as that of finding an
effective upper bound for the risk matrix R(b(ﬁ), B) of the form

R(B(Q), B) < a(b(£2)) Cov(b(Q)), (4.14)

and adopt the quantity oz(b(fZ)) as an alternative measure of the efficiency of b(fZ)
instead of the above §8’s. Here o = a(b(Q)) is a nonrandom real-valued func-
tion associated with a GLSE b(2). This function usually takes a much simpler
form than §’s take, and is expected to be a tractable measure of the efficiency.
Since Ighe inequality (4.14) is based on the matrix ordering, it holds that for any
a € R*,

Var(a'b(R2)) < R(a'b($2), d'B) < a(b()) Var(a'b(RQ))
with
R@b(S), d'B) = E{[a'b(Q) —d'B1*} = a'R(B(Q), Bla.

In particular, for each element bj(Q) of b() = (bl(fZ), . ,bk(ﬁ))/, it holds
that

Var(h; () < R(b;(Q), B;j) < a(b(Q)) Var(b; ().

To get a clearer idea of our concept of efficiency and of its usefulness, we
demonstrate without proofs an example of the inequality (4.14) for the unrestricted
Zellner estimator (UZE) in a two-equation seemingly unrelated regression (SUR)
model. A detailed discussion will be given in subsequent sections.
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Example 4.1 (Two-equation SUR model) The two-equation SUR model is
given by
V1 X1 0
= nx1, X= n xk, 4.15
=(3) (v %) w19

,3=<g;>:kxl, 8=<;>:nxl,

yi:mx1, Xj:mxk;j, n=2m and k =ki +k>.

where

We assume that the error term is distributed as the normal distribution N, (0, €2)
with Q = ¥ ® [, and ¥ = (0;;) € S(2).

As is discussed in Examples 2.7 and 3.3, the UZE for this model is a GLSE
b(E ® I,) with & = S:

bES® L) = X' @ LX) X'(S7' ® L)y,
where
S=Y'[l,— X.(X.X)"TX]Y, (4.16)
X = (X1, Xp) :m xk,
Y =(y1,y2) :m x 2.

The UZE is an unbiased GLSE with a finite second moment, and the matrix S is
distributed as W»(X, q), the Wishart distribution with mean ¢¥ and degrees of
freedom ¢, where

q=m—rankX,.
In Section 4.3, it is shown that the UZE satisfies
X'(E7' @ LX) < Cov(b(S ® In))
<abS® L)) X'E L)X @17)

with

oc(b(S®Im))=E|: = 1+i, (4.18)
where w; < wy denotes the latent roots of the matrix W = X ~1/2§5-1/2 and the
matrix (X' (27" ® I,,)X)~! is the covariance matrix of the GME b(X ® I,,). In
view of this inequality, it is reasonable to adopt the upper bound o = oty = a(b(S ®
I,)) in (4.18) as a measure of the efficiency of the UZE b(S ® I,,) relative to the
GME. In fact, we can see that whatever X may be, the covariance matrix of the
UZE is not greater than [1 4 2/(g — 3)] (X'(2~! ® I,,)X)~!. This clearly shows
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that the UZE can be almost as efficient as the GME when the sample size is large,
since the upper bound is a monotonically decreasing function of ¢ and satisfies

lim o, = 1.
q—>0

Furthermore, as for §’s in (4.11), (4.12) and (4.13), we can obtain the following:
(1) Bound for §;:

2
0<é =-— X'E'eLmx) (4.19)
=
(2) Bound for §;:
2 k
<6< [1 n —} : (4.20)
qg—3
(3) Bound for §3:
2
I<&<14—. 4.21)
qg—3

Also, it follows immediately from (4.17) that for each subvector b;(S ® 1) :
kj x 1 (j =1,2) of the UZE, the following inequality holds:

Cov(h;j (X Q@ Im)) = Cov(b;(S ® In))

< {1 + q—iS} Cov(bj(E ® In)). 4.22)

The results of this example will be established in the p-equation model in Sec-
tion 4.4. Example 4.1 ends here.

In this book, the problem of deriving an upper bound of the form (4.14) will
be called an upper bound problem.

Chapters 4 and 5 will be devoted to the description of various aspects of this
problem. In these two chapters, the problem is first formulated in a general frame-
work and an effective upper bound is derived when the model satisfies some
appropriate assumptions. More precisely, for a GLSE b(Q) in (4.5), the upper
bound oc(b(ﬁ)) in (4.14) will be derived when either of the following two condi-
tions is satisfied:

(1) The conditional mean and covariance matrix of b(Q) given Q are of the
following form:

EbE)IQI =8 and Cov(b(Q)|Q) = H(S, Q), (4.23)
where the function H : S(n) x S(n) — S(k) is defined by
H=H(Q, Q)
=X'Q ') 'xee ' x(x'Q )L (4.24)

We call the structure of H simple covariance structure in the sequel;
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(2) The covariance matrix Q = Q (61, 6;) takes the form
Q=062(%) (4.25)
with
X)) ' =1, + () C and 6, € O,

where C is an n X n known symmetric matrix, ® is a set in R I and Anis a
continuous real-valued function on ®.

Although the condition (4.23) with (4.24) may seem to be quite restrictive, as
will be seen soon, some important GLSEs satisfy this condition when X and Q
have certain structures. Typical examples are the UZE in an SUR model and the
unrestricted GLSE in a heteroscedastic model. On the other hand, the covariance
structure in (4.25) has already been introduced in the previous chapters. Typically,
the Anderson model, an equi-correlated model and a two-equation heteroscedastic
model satisfy (4.25), which will be treated in Chapter 5.

With this overview, this chapter develops a theory on the basis of the following
sections:

4.2 GLSEs with a Simple Covariance Structure

4.3 Upper Bound for the Covariance Matrix of a GLSE

4.4 Upper Bound Problem for the UZE in an SUR Model

4.5 Upper Bound Problem for a GLSE in a Heteroscedastic Model
4.6 Empirical Example: CO, Emission Data.

In Section 4.2, some fundamental properties of the GLSEs will be studied. In
Section 4.3, an upper bound of the form (4.14) for the covariance matrix of a
GLSE will be obtained under a general setting. The results are applied to typical
GLSEs in the SUR model and the heteroscedastic model in Sections 4.4 and 4.5
respectively. In Section 4.6, an empirical example on CO, emission data is given.

4.2 GLSEs with a Simple Covariance Structure

In this section, we define a class of GLSEs that have simple covariance structure
and investigate its fundamental properties.

A nonlinear version of the Gauss—Markov theorem. The following general
linear regression model

y=XB+¢ (4.26)
with

L(e) € Py(0,Q) and Q = Q(6) € S(n)
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is studied, where y : n x 1 and X : n X k is a known matrix of full rank. Let C3
be a class of GLSEs of the form (4.5) having the simple covariance structure in
(4.23) with (4.24), that is,

={b(Q) € C1| E[b(£)|2] =B and Cov(b(Q)|Q) = H(Q, Q)}.  (4.27)

A GLASEAb(Q) in C3 is unbiased, since taking the expectations of both sides of
E(b(2)|2) = B clearly implies

E[b()] = B.
Hence, the conditional covariance matrix H (fZ, ) is written as
H(Q, Q) = E{(b(Q) — B)(B(Q) — B,

which in turn implies that the (unconditional) covariance matrix is given by the
expected value of H (€2, Q2):

Cov(b(Q)) = E[H (£, Q)]. (4.28)

The reason the conditional covariance matrix H (Q, Q) is called simple lies in
the fact that this property is shared by all the linear unbiased estimators, that is,
Co C C3 holds, where

Co={B=Cy | Cisak x n matrix such that CX = I} (4.29)

is the class of linear unbiased estlmators To see this, note first that a linear unbiased
estimator ,3 Cy is a GLSE b(Qo) with Qo =[C'C + N1~} (see Proposmon 2. 3)
Since the matrix €2 is nonrandom, the conditional distribution of b(Q) given Qo
is the same as the unconditional one. Hence, we have

EbQo)|Q] =B and Cov(b(Q0)I0) = H(Qo, Q), (4.30)

implying Cp C C3. Note that this holds without distinction of the structure of X
and Q. Typical examples are the GME b(£2) with covariance matrix

H(Q, Q) =XQ 'x)™, (4.31)
and the OLSE b(1,) = (X’X)~'X’y with covariance matrix
H(,, Q) =XX)"'xXexx'x)"". (4.32)

The covariance matrix (4.28) of a GLSE in the class C3 is bounded below by
that of the GME b(£2):

Theorem 4.1 For any GLSE b(Q) € C3, the following inequality holds:
H(Q,Q) <HK Q) as. (4.33)
And thus,
Cov (b(2)) < Cov(b(Q)). (4.34)
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Proof. Using the matrix identity
L=XXQ ') 'x'Q '+Qzzez) 'z (4.35)
yields
HE, Q) =XQ ') ' xe 'L 'x(x'Q ' x)™!
=X'Q ') ' Xe ' xx'Q ' ) x'Q ! + Qz(ZQz)" 1 7]
x QO I xX'Q ' x)!
=x'Q 'x)"!
+X'Q ')\ XQQzZ'en) ' 27 x (X' x) ! (4.36)
> (x'e'x)7!
= H(Q,Q),

where the inequality follows since the second term of (4.36) is nonnegative definite.
This completes the proof.

This theorem is due to Kariya (1981a).

Examples of GLSEs. The class C3 contains several typical GLSEs including the
unrestricted GLSE in a heteroscedastic model and the UZE in the SUR model.

Example 4.2 (Heteroscedastic model) In this example, it is shown that the
unrestricted GLSE in a heteroscedastic model belongs to the class C3, when the
distribution of the error term is normal. The heteroscedastic model considered here
is given by

V1 X1
y= : nxl1l, X= : nxk,
Yp Xp
€l
&= nxl,
€p
011y, 0
Q=Q0) = e S(n), 4.37)
0 Opln,

wheren:Zlenj,yj:njxl, Xj:njxk,ej:njx1and
01
0= : :p x 1.
Op
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We assume that the error term ¢ is normally distributed:
L(e) = N, (0, Q).
The unrestricted GLSE is a GLSE b(Q) with = Q(s), where
s=(.....50 1 px1, (4.38)
and
7=l — X;(X; X)X 1y, /q;
=&l — X;(X;X)) "X 1ej/q;, (4.39)
qj =nj —rankX;.
The conditional mean of b(fZ) given €2 is calculated as follows:
EGIQ) =+ X'Q' )T EX'Q 6|
=B+ X' Q' X)TEX'Q els), (4.40)

where the last equality is due to one-to-one correspondence between < and s. By
using the structure of the matrix €2 and the independence between X/e;’s and sjz.’s
(Problem 4.2.1), we obtain

EX'Q els) =

Mw

sj—zE(X;.s, Is)
1

~.
I

[
M”s

)
y E(X;-Ej)

j=1
=0,
proving
E[b(Q)|0)] = B. (4.41)
Similarly, it can be easily proved that
EX'Q e QX1 = X'Q7'eQ 7' X, (4.42)
which implies that
Cov(b(£)|) = H(Q, Q). (4.43)

Thus, from (4.41) and (4.43), we see that the unrestricted GLSE b(ﬁ) belongs to
C3, where

C3=(b() €C | EB()|Q) = B, Cov(b()|2) = H(S, Q). (4.44)
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Hence, by Theorem 4.1, the following two inequalities are obtained:
Cov(h(Q) = X'Q'X) ' =H(EQ, Q)
< H(, Q) = Cov(b(Q)|Q) (4.45)
and
Cov(b(R2)) < Cov(b(R)), (4.46)

where the latter follows by taking the expectations of both sides of (4.45).
Finally, it is earmarked for later discussion that the conditional distribution of
the unrestricted GLSE b(£2) is normal, that is,

LBE)Q) = Ni(B, H(Q, Q). (4.47)

Example 4.3 (SUR model) This example shows that the UZE in an SUR model
belongs to the class C3 under the assumption that the error term is normally dis-
tributed. The SUR model treated here is given by

Y1 X1 0
y=| : |:nax1, X= in xk,
Yp 0 X,
B1 €1
B=| : | :kx1l, e=| : nxl,
Bp €p
Q=XQI, and X = (0;j) € S(p), (4.48)
where
P
yi:mxl1, X;j:mxkj, n=pm and k:ij.
j=1

It is assumed that the error term is normally distributed:
L(E) = Nuy(0, 2 ® Ip).

The UZE is a GLSE b(Q) with @ = ¥ ® I, and £ = S, where the matrix S
is defined as

S=Y'N,Y =U'N,U. (4.49)
Here,
Y=01,...,yp) :m X p,
U= (e1,...,&p) :m xp,

Ne =TI — Xo(X.X)TX, :m x m,
Xe=X1,...,Xp) :m x k. (4.50)
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Recall that
L(S)=W,(Z,q) with g =m —rankX,, (4.51)
where W, (X, q) denotes the Wishart distribution with mean g% and degrees of

freedom gq.
To calculate the conditional mean of the UZE, note firstly that

X;-N*=O forany j=1,...,p (4.52)

holds and therefore the statistic S is independent of X l’ €;’s (Problem 4.2.2). Hence,
in a similar way as in Example 4.2, we obtain
EX'Q 7 'e|Q) = E[X'(S7' @ In)e|S]
L sYEX{gjlS)
= : with §7! = (s%)
Zle stE(X;,ejIS)

Y sYEX]e))

j’:] sPTE(X),€)
=0, (4.53)

establishing the conditional unbiasedness of the UZE, where the first equality fol-
lows from the one-to-one correspondence between 2 and S and the third from the
independence between X/¢;’s and S.

Similarly, it is easy to show that

EIX'ST'Q@Lyes' (ST @ L)X|S]1= X' (S7'=s7 '@ 1,)X. (4.54)
This implies that
Cov(b(SQ® In)|S) = H(S® Iy, X ® I). (4.55)
Thus, the UZE is also in the class C3, where
C3 = {b(Q) €C | EB(Q)IQ) = B, Cov(b(Q)IQ) = H(Q, Q). (4.56)
The two inequalities corresponding to (4.45) and (4.46) are given respectively as
Covib(EQRI,) =X '@ L)X) ' =HE® L, T ® I,)
<HS®ILy, 2®I,) =Cov(b(S® I1,)|S) (4.57)
and
Cov(b(2 ® Iy)) < Cov(b(S ® Ip)). (4.58)
Again, observe that the conditional distribution of the UZE is normal, that is,

LOBS @ In)|S) = Ni(B, H(S Q@ I, T ® In)). (4.59)
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4.3 Upper Bound for the Covariance Matrix
of a GLSE
This section is devoted to deriving an effective upper bound a(b(fZ)) of the form
Cov(b(RQ)) < a(b()) Cov(b(R)) (4.60)

for a GLSE b(2) in the class C3 in a general setup.
To begin with, we fix the model

y=XB+¢ (4.61)
with
L(e) € P,(0,2) and Q = Q) € Sn),

where y : n x 1 and X : n x k is of full rank. For a GLSE b(fZ) € C3, one way of
obtaining an upper bound in (4.60) is deriving an upper bound for the conditional
covariance matrix

Cov(b(£)I) = H(Q, Q)
relative to the covariance matrix of the GME b(£2)
Cov(h(Q) = H(Q, Q) = X'Q 'x)~ L.
In fact, suppose that a real-valued random function
L2, Q) :S(n) x S(n) — [0, 00)
of © and € satisfies the following inequality:
H(, Q) <L, Q) H(Q,Q) as. (4.62)

For any L satisfying (4.62), the expected value of L($2, Q) is one of the upper
bounds in the sense of (4.60), since taking the expectations of both sides of (4.62)
yields

Cov(b(£2)) < a(b(£2)) Cov(b()) (4.63)
with
a(b(Q) = E{L(Q2, Q)}.

Clearly, a(b(Q)) thus derived is a nonrandom positive function associated with a
GLSE b(£2). Thus, the problem is to find an effective one among the upper bounds
L(S2, Q)s that satisfy (4.62).
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Such a function L always exists. A possible choice of L is the largest latent
root of the matrix

HQ, Q2 H, Q) HQ, Q) /2, (4.64)
because the inequality (4.62) is equivalent to
HEQ, Q2 HEGQ Q HQ, Q' <L, Q) I. (4.65)

Although this is a natural choice of L, we do not use this since it generally depends
on the regressor matrix X in a complicated way and hence it cannot be a tractable
measure of the efficiency of a GLSE.

Reduction of variables. To avoid this difficulty, we first reduce the variables as
follows:

A=X'Q7'X e Swk),
X=Q 12xA7V2 .y xk,
P=PQ Q) =02QQ "% cSwn). (4.66)

Here, the regressor matrix X is transformed to the n x k matrix X, which takes a
value in the compact subset F, ; of R™ | where

Fox={U:nxk|UU=I. (4.67)

The matrices H (2, ) and H (fz, 2) in question are rewritten in terms of X, A
and P as

HQ,Q)=A4"", (4.68)
HE, Q) =A"2X P X P2XX P'X) 14712, (4.69)
respectively. Thus, the left-hand side of the inequality (4.65) becomes
X, P)=X P ' X)X P XX P 'X). (4.70)
As a tractable upper bound, we aim to derive a function
lo(P) : S(n) — [0, 00)
that depends only on P and satisfies
®(X, P) <lp(P)I as. forany X € F . 4.71)

Since lo(P) is free from X as well as X, it is expected to take a simple form. For
convenience, we often write the function [y(P) as a function of Q and €2, that is,

Io(P) = Lo(Q2, Q). (4.72)



110 SUR AND HETEROSCEDASTIC MODELS

The inequality (4.71) is rewritten as
H(, Q) < Lo(2, Q) HQ, Q) as. (4.73)
and this holds for any X : n x k of full rank. From this, we obtain
Cov(b(Q)) < ap(b(R)) Cov(b()) (4.74)
with
a0(b(2)) = E[Lo(Q2, )] = Ello(P)]. (4.75)

Thus, the problem is formulated as one of obtaining LO(Q, Q) = lp(P), as described
in (4.72).

Derivation of [y (P). The following inequality, known as the Kantorovich inequal-
ity is useful for our purpose.

Lemma 4.2 For any n x 1 vector u with w'u = 1 and any A € S(n),

2
< ()\1 + An)

l<uAuu/'AVu <
YNy

(4.76)

holds, where 0 < A1 < --- < A, are the latent roots of A.

Proof. The left-hand side of (4.76) is an easy consequence of Cauchy—Schwarz
inequality in (2.70).

To show the right-hand side, note that the matrix A can be set as a diagonal
matrix. In fact, let I' € O(n) be an orthogonal matrix that diagonalizes A:

A 0
A =TAI" with A = ,
0 An

where O(n) is the group of n x n orthogonal matrices. And let U(n) = {u €
R™ | |lul]l = 1}. Then

sup w'Au' A" 'u = sup w'TAT uu'TA™'Tu
u'u=1 ueld (n)

= sup u'Auu'A"u,
ueld (n)

where the second equality follows since the group O(n) acts transitively on U (n)
via the group action u — I''u (see Example 1.2). For each u = (uy,...,u,) €
U(n), let W = W(u) be a discrete random variable such that

PW=2xr)=u5 (j=1,....n).
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Then we can write
w' Aun' A u = E(W)E(W_l).
On the other hand, for any A € [A1, A,], the following inequality holds:
0=A =200 —2)
= A1+ An — MDA — XAy,

from which
l - AM+A— A
AT MAn
follows. Since the random variable W satisfies P(W € [A1, A,]) = 1,

A+ Ay — E(W)

Ew™h <
)\I)Vn
holds, and hence

E(W)E(W_l) < {)tl + An — E(W)}E(W)

AlAy
—_ 1 {E(W)_Al‘l‘)\n }2 ()V1+)\iz)2
MAn 2 Al Ay
2
_Ga+?
AX 1 Ap

Here, the extreme right-hand side of the above inequality is free from u. This
completes the proof.

Note that the upper bound in (4.76) is attainable. In fact, let n; be the latent
vector corresponding to A ;. Then by letting

1
u= E(nl + 7711)7

we can see that u/ Auu’ A" u = (A1 + Ap)/4h1 Ay,

The Kantorovich inequality has been used and expanded as an important tool
for evaluating the efficiency of the OLSE relative to the GME. In Chapter 14 of
Rao and Rao (1998), several extensions of this inequality are summarized.

The following lemma derives [o(P) described above. The proof here is from
Kurata and Kariya (1996). The result can also be obtained from Wang and Shao
(1992) in which a matrix version of the Kantorovich inequality is derived. Wang
and Ip (1999) established a matrix version of the Wielandt inequality, which is
closely related to the Kantorovich inequality.
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Lemma 4.3 Let
T =< =Ty
be the latent roots of P = P (2, Q). Then the Jfollowing inequality holds:
O (X, P) <Ip(P) I forany X € Fx,

where
2
lo(P) = T )" 4.77)
47y,
Proof. Note first that
O(XA) =ANDPX)A (4.78)

holds for any k x k orthogonal matrix A, which implies that the latent roots of
®(X) are invariant under the transformation X — XA. For a given X, choose
a k x k orthogonal matrix A; such that A'X P~'X A is diagonal and let V =
(v1,...,v) = XA1. Then V is clearly in Fn.k, and ®(X) and ®(V) have the
same latent roots. The function ® (V) is written as

o(V)=w'prP vy lvp2viv'ply)T!
—1

viP’lvl 0 v/lezvl v/lP’zvk
0 v,’cP_lvk v,’cP_zvl v,’cP_zvk
v/lP_lvl 0 !
X .
0 v,’(P_lvk
v’lP_zvl v’lP_2vk
(v} P~1vy)? vy P~y v P~y
v,’cszvl v,’cP’zvk
v Pl v] Py (v P~1up)?
= (¢ij) (say) 4.79)
with
vlfP_zvj
¢ij = ¢ (vi, vj) = (4.80)

Ip—l,,. o/ p—1,.°
v; P~y ij Vj

Next, choose a k x k orthogonal matrix such that A’2<I>(V)A2 = ®(VA,) is diag-
onal. Then the matrix ®(U) with U = (uy, ... ,ux) = VA € Fp  is a diagonal
matrix with diagonal elements ¢ (u;,u;) (j =1,...,k).
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Therefore, to find the least upper bound /o(P) that satisfies ®(U) < lo(P) I,
it suffices to maximize ¢ (u;, u;) under u/ju j = 1. Hence, we have

(u/jP_Zuj)(u/juj)

(uﬂ’l.Pfluj)2

sup @(uj,uj) = sup

PP -
ujuj_l ujuj_l

(u’jP_zuj)(u’juj)

sup —
weri—y P ~up)?

s P~ u ) 'y Pu )

= sup
u;€Rk—{0) (“/j“j)z

= /sup (u/jP_luj)(u/quj)

u
J

uj=l

_ (1 + 7711)2

4.81
4m 7, ( )

where the first equality follows from u’ju j =1, the second from the invariance
under the transformation u; — au; for a > 0, the third from transforming u; —
P2y ;j and the last from Lemma 4.2. This completes the proof.

The next theorem is due to Kurata and Kariya (1996).

Theorem 4.4 For any GLSE b(Q) in C3, let P = P(Q, Q) = Q~'2QQ~1/? and
Lo(Q, Q) = lo(P) = (w1 + 7,)? /4mi 7, where w1 < --- < 7, are the latent roots
of P. Then the following inequality holds:

Cov(b(Q)) < ap(b(R)) Cov(b(R)) (4.82)
with
a0 (b($2)) = E[Lo(2, )] = E [lo(P)]. (4.83)

Combining it with Theorem 4.1, a bound for the covariance matrix of a GLSE
b(L2) is obtained as

Cov(b(R2)) < Cov(b(£2)) < ag(b(£2)) Cov(h(R)), (4.84)

from which the bounds for the §’s in (4.11) to (4.13) are also obtained.

An interpretation of [y(P) = Lo(fl, ). The upper bound lp(P) = Lo(fz, ) can
be viewed as a loss function for choosing an estimator 2 in a GLSE b(2). To
explain this more precisely, let x = 7,/ (>1) and rewrite /o(P) as a function
of x:

(1 +x)?

lo(P) = yra (4.85)
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Obviously, lo(P) is a monotonically increasing function of x such that f(x) > 1,
and the minimum is attained when x = 1, or equivalently, when

P =yl, forsomey >0, (4.86)

where P = P(Q, Q) = Q1/2QQ~1/2. Therefore, lo(P) is regarded as a measure
of the sphericity of the matrix P: as P becomes more and more spherical, lo(P)
becomes closer and closer to its minimum. Since the condition (4.86) is nothing but

A

Q=yQ forsome y > 0, (4.87)

the smaller the upper bound Lo(Q, Q) is, the better the estimation efficiency of Q
for 2 becomes. Note that the GLSE b(£2) that satisfies (4.87) is the GME b(2),
since

b(y2) = b(2) for any y > 0.

In this sense, the upper bound /p(P) = LO(Q, 2) can be viewed as a loss function,
and the problem of finding an efficient GLSE b(fZ) via lp(P) is equivalent to
the problem of deriving an optimal estimator €2 for the covariance matrix Q with
respect to the loss function Lo(fz, Q).

Invariance properties of LO(Q, ?) as a loss function. As a loss function for
estimating the covariance matrix €2, the upper bound L (€2, 2) has the following
two invariance properties (see Problem 4.3.1):

(i) Invariance under the transformation (fz, Q) — (Q_l, Q1.

Lo($2, ) = Lo(@71, @7h; (4.88)

(i1) Invariance under the transformation (fz, Q) — (afz, bQ) for a,b > 0:

Lo, bQ) = Lo(Q2, Q) for any a, b > 0. (4.89)

We make a brief comment on the implication of the invariance property (i), which
is called the symmetric inverse property by Bilodeau (1990) in the context of the
two-equation heteroscedastic model. This means that the loss function Lo equally
penalizes the overestimates and the underestimates of €2. Thus, in constructing a
GLSE b(), choosing an optimal estimator €2 of © with respect to the loss function
L is equivalent to choosing an optimal one W of ¥ = Q. Further investigation
of this topic will be given in Problem 4.3.2, Sections 4.4, 4.5 and Chapter 5. In
Problem 4.3.2, we consider this property in a simple setting in which the variance
of the normal distribution is estimated.
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Upper bound for the OLSE. Next, let us apply Theorem 4.4 to the OLSE b(1,).

Corollary 4.5 Let

be the latent roots of Q2. Then the following inequality holds:

Cov(b()) < Cov(b(I)) < ao(b(ly)) Cov(b(<) (4.90)
with
2
ao(b(l,)) = ("’jﬁi‘”)
wiwy,

Proof. Since P = P(I,, ) = Q7' the upper bound «g(b(1,)) is obtained as

ao(b(Ip) = lp(27Y) = Lo(Iy, Q)
= Lo(I,, Q7Y = 1h(Q), (4.91)

where the third equality is due to (4.88).

The upper bound «g(b(l,)) is available when the ratio w,/w; of the latent
roots of 2 is known. Hillier and King (1987) treated this situation and obtained
bounds for linear combinations of the GME and the OLSE b(1,,).

A greater but simpler upper bound. Although the general expression (4.83) of
the upper bound ao(b()) is quite simple, it is not easy to evaluate it explicitly
except for some simple cases as in Corollary 4.5. The difficulty lies in the fact that
the distribution of the extreme latent roots of a random matrix usually takes a very
complicated form. Hence, we derive an alternative upper bound. While the upper
bound derived below is greater than «y, it is quite simple and is still effective as
well as useful.

Lemma 4.6 For any positive definite matrix P € S(n) with latent roots 1) < - -+ <
T, the following inequality holds:

lo(P) < 11 (P), (4.92)
where
n n "
. 1 - 1/n . (trP)?
1,(P) = ;;_l:n,/j_lnj = T (4.93)

The equality holds if and only if

Ty ==y = (1 + 7a) /2.
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Proof. Fix m; < m, and let

1 n n " 1 n n n
_ . Un | _ | 2 . )
flra, ..., my—1) = ;Zn]/nnj = nZ]T] /Hnj
j=1 j=1 j=1 j=1
as a function of w5, ... , m,_. Differentiating f with respecttow; (i =2,... ,n —
1) yields
1 Z" T =l 1 ~n
3 f( ) n j=1 J ﬂi—ﬁzj:]nj
— 2y eve 3 Tp—1) = .
371’,' " nl}zl T T
Here, %f =0@G=2,...,n—1) implies mp = --- = m,_1. Hence, to find the
minimum of f, we can set
2=+ =Tp-1=C
without loss of generality. Let
glc)=f(,...,0)
n
{4 1w+ 70 + (= 2c1
- T2 '

By differentiating g with respect to ¢, we can easily see that g(c) takes its (unique)
minimum at ¢ = (7 + 7,)/2 and

. <ﬂ1 +7Tn) (1 +m)?

2 4,

This completes the proof.
Setting P = P(Q, Q) = Q~1/2QQ 12 in ;(P) yields

[rr(QQ~ )"

- =L,(Q, Q), (4.94)
nt Q9

h(P) =

which implies the following result due to Kurata and Kariya (1996).

Theorem 4.7 For any GLSE b(fl) € Cs,

Cov(b(2)) < ag(b(£2)) Cov(b(2))
< al(b(ﬁ)) Cov(b(R2)) (4.95)

with

a1(b()) = E{L1(Q, Q)} = E{(P)}. (4.96)
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The upper bound «; = E(L1) is much more easily evaluated than o, as will
be shown in an SUR model and a heteroscedastic model.

As well as L, the function Ll(fz, Q) =11 (P) also reflects the efficiency of
estimating €2 by an estimator €2, and therefore, it can be viewed as a loss function
for choosing an estimator < in b($2). In application, it is often the case that Q2 is
structured and then the distinct latent roots of P are reduced to the case of a lower
dimension. For example, in the two-equation SUR model, P = o125 y-1/2 ®
I, where ¥ € S(2). In such a case, the following proposition will be useful.

Proposition 4.8 For any W € S(2),
L(W) =lo(V) 4.97)
holds.

4.4 Upper Bound Problem for the UZE
in an SUR Model

In this section, we treat the SUR model and evaluate the upper bounds for the
covariance matrices of various typical GLSEs including the UZE and the OLSE.
The following two problems of practical importance are studied:

(1) To clarify the condition under which the UZE is more efficient than the
OLSE;

(2) To derive a GLSE whose upper bound is smaller than that of the UZE.

Preliminaries. The SUR model considered in this section is the one given in
Example 4.3, where it was shown that the UZE

bS®Ly) = X' (S @L)X) ' X' (ST ® L)y

defined in (4.49) belongs to the class C3 in (4.56). To treat the two problems
described in the above paragraph, we first note the following result:

Proposition 4.9 For any GLSE of the form
bERL)=XE" L)X XS ® Iy,
if S is a measurable function of the matrix S, say
3= 3(8), (4.98)
then the GLSE b(fl ® I,) belongs to the class Cs, that is,
E[b(E ® I)|2] = B,
Covib(E Q@ In)|E) = H(E Q Iy, = ® Ly). (4.99)
Proof. See Problem 4.4.1.
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The UZE and the OLSE are particular cases obtained by letting $(S) =S and
2 (8) = I, respectively, where the latter is a constant function. Thus, the results
in the previous two sections are applicable to the GLSEs b(E R I).

Derivation of upper bound. For a GLSE b(f) ® I,) in C3, let
P=PE®IL,X®I,)=x""2x12g1, (4.100)

and let 7y < --- < 7, be the latent roots of the matrix »~1/25:%-1/2 Then the
latent roots of P are given by m; (with multiplicity m), > (with multiplicity m),

, T, (with multiplicity m). Hence, the upper bound ao(b(fl ® I,,)) is obtained
by Theorem 4.4 as

a0 (b(E ® I) = E{Lo(%, T)} (4.101)
with
2
Lo(5.5) = lo(=- 1255 -1/2) = T H )" (4.102)
dmymp
Here we used the following equality:
2
Lo(S @ I, £® 1) = lp(2~ 255712 @ ) = TLET0)
dmymp
=(Z7PE1) = Lo(2, %) (4.103)

Furthermore, applying Lemma 4.6 and Theorem 4.7 to Lo( %) yields the greater
upper bound

a1(b(E ® In)) = E{L1 (%, 2)), (4.104)
where

. (trP)?  [tr(ZZHP
Li(Z,X)=L(P)= = _ . (4.105)
pPIP| pPIZE

The results given above are summarized as follows: for any b(fl ® I,) € Cs,
Cov(b(Z ® In)) < Cov(b(E ® In))
< ao(b(E ® In)) Cov(b(E ® In))
=< ot1(b(f) ® I,)) Cov(b(Z ® I,)). (4.106)

Note that the function LO(E Y) as well as Ll(E Y¥) can be understood as a
loss function for choosing an estimator T of ¥ in the GLSE b(E ® I,) € Cs.
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When the model consists of two equations, that is, when p = 2, Proposition 4.8
guarantees that

Lo(2,2) = Li(2, %). (4.107)

The upper bounds o and « for the covariance matrices of the UZE b(S ® I,,)
and the OLSE b({, ® I,,) are obtained by letting ¥ = § and X = I, respectively.
As for the UZE, it is clear that

2
0o (b(S ® I,)) = Ello(W)] with lo(W) = LT %) (4.108)
4wiwp
and
a1 (b(S ® Ip)) = E[LL(W)] with [ (W) = w, (4.109)
pPIW|
where
W =P, x)=x"125x"1/2, (4.110)
and

are the latent roots of the matrix W. The matrix W is distributed as the Wishart
distribution W, (1p, q) with mean g, and degrees of freedom

q =m — rank X,

where X, = (X1,...,Xp) :m x k.
On the other hand, in the case of the OLSE b(/, ® I,,), it is readily seen that
A+ Ap)?
ag(b(y, ® Iy)) =1p(X) with  [p(X) = M, 4.111)
401y
and
. (trx)?
a1(b(y ® Iny)) =11(X) with [1(X) = sl 4.112)
p

where A} < --- < A, are the latent roots of X. We used
Lo(Ip, 2) =1p(Z7") = 1o(2) = Lo, =7H).

The two upper bounds (4.111) and (4.112) can be viewed as measures of the
sphericity of the matrix X. When X = y I, for some y > 0, the two bounds are 1.
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Efficiency comparison between the UZE and the OLSE. As will be seen below,
the upper bound ap(b(S ® I,,)) takes quite a complicated form. Hence, we first
evaluate the greater upper bound o1 (b(S ® I,)).

Theorem 4.10 Suppose that g > p + 1. Then, for the UZE:
(1) The greater upper bound « is given by

p—1 .
(r—2 +2
arbS@ L)) =]](1+ [ /,p]] : (4.113)
j=1 q—Jj—2
(2) Moreover,
lim a1 (b(S® In)) = 1; 4.114)
g—> 00
(3) In particular, when p = 2 and q > 3, it holds that
2
ag(b(S ® Iy)) = a1 (b(S ® In) =1+ ﬁ (4115)
Proof. The greater upper bound is given by
) tr(W)J?
a1(b(S ® Iy)) = Eg{li(W)}  with [{(W) = %, (4.116)

where the suffix g denotes the expectation under the Wishart distribution W, (1,, q)
with degrees of freedom ¢g. The probability density function (pdf) of W is given by

trw
d(q) W] 4=P=D/2 exp <—FT) @.117)

with

_ 1

- 2M2T)(q/2)]

which is positive on the set S(p) of p x p positive definite matrices. By absorbing
the denominator |W| of /{(W) into the pdf (4.117), we have

1 d
Eq[ll(W)] = _& X Eq_z[(lrW)p]

pPd(qg—2)

1 d) 2”F(”(qT_D+P>
Tprdq-2 r (292

d(q)

(4.118)

From this, (4.113) is readily obtained, since
Fr'x+n)=x(x+1...x+n—-DHI'Kx).

On the right-hand side of (4.118), we used the fact that W is distributed as the
x? distribution with degrees of freedom p(g — 2) (see Proposition 1.7 in Chapter 1
and Problem 4.4.2). Thus, (1) is proved, (2) is obvious, and (3) is due to (4.107).
This completes the proof.
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The above theorem is due to Kurata and Kariya (1996). The paper is an exten-
sion of Kariya (1981a) in which the case of p =2 is dealt with. Note that these
upper bounds are free from unknown parameters and from X.

Corollary 4.11 Forany p > 2,
lim ap(b(S ® I,)) = 1. (4.119)
g—>o0

Proof. 1t is obvious from (2) of the above theorem that
I <aoB(S® In)) <a1(b(S® 1)) —> 1 as g — oo.

It is interesting to see that the quantity /(W) coincides with the reciprocal of
the likelihood ratio test statistic for testing the sphericity of the covariance matrix
of a multivariate normal distribution. See, for example, Section 8.3 of Muirhead
(1982) and Khatri and Srivastava (1971).

By comparing the upper bounds derived above, the upper bound for the covari-
ance matrix of the OLSE can be smaller than that of the UZE when the cor-
relation coefficients p;; = o0j;/ (O’i,'O’jj)l/ 2 are close to zero and/or the degrees
of freedom ¢ is small. When p =2, the condition pjp =0 is clearly equiva-
lent (under the normality condition) to the independence of the two submodels
yj =X;B;j +¢j (j =1,2). For testing the null hypothesis H : 012 = 0, one can
use the locally optimal test derived by Kariya (1981b). See also Kariya, Fujikoshi
and Krishnaiah (1984, 1987) and Davis (1989) in which some multivariate exten-
sion of Kariya (1981b) is given. When the model consists of p(> 2) equations,
the Lagrange multiplier test for H : 0;; =0 (i # j; i,j =1,...p) derived by
Breusch and Pagan (1980) is widely used.

Expression of oo (b(S ® I,,)) when p > 3. Kurata and Kariya (1996) gave an
explicit evaluation of the upper bound oo (b(S ® I,,)) for the covariance matrix
of the UZE for general p. However, the expression is quite complicated and it
involves the zonal polynomials when p > 4. Hence, only the result for p =3 is
presented here without proof.

Theorem 4.12 Let p = 3 and suppose that q > 4, then the following equality holds:

T(3q/2 +k Pk+j+5
ao(b(S ® Iy)) = (q)Z e Z “IT( FusuE

3kk! q/2+k+j+3)

’

. i(k)l“(s+2) i (—q/2+2) (k+j+5) (s+2)

(4.120)

5=

where (ag, a1, ay) = (4, —4, 1) and
79T (q/2—2)
4 x 334/2T3(3/2)T'3(q/2)

c(q) =
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Derivation of the ‘“optimal” GLSE. Ir} the case in which p = 2, we treat the
problem of finding an optimal GLSE b(Xp ® I,,) in the sense that it satisfies

ao(b(Ep ® 1)) < ao(b(E @ Iy)) (4.121)

for any GLSE b(E ® I,,) that belongs to an appropriate subclass of Cs.
To this end, consideration is limited to a GLSE b(E ® I,;) such that Y is a
function of S, say

= 3(S).
The matrix § is distributed as the Wishart distribution:
L(S) = Wa(Z, q).
Since b(f) ® I,,,) with = fJ(S) is in C3, the upper bound «q is described as
a0 (b(£ ® In)) = E[Lo(%, )], (4.122)
where

. . [tr(E=—H2
Lo, X)=L1(%, %)= —5%—".
41£3-1

(See Proposition 4.8.) Therefore, the problem of finding an optimal GLSE b(Sp ®
I,,) is nothing but the problem of deriving the optimal estimator

A

g = 25(S)

of ¥ with respect to the loss function Lg. The results in the sequel are due to
Bilodeau (1990).

We begin with describing a reasonable subclass of C3. Let G be the group of
2 x 2 nonsingular lower-triangular matrices:

G=0rQ={L =) €Gt@) | ;; =00 < )}
The group G acts on the space S(2) of S via the group action
S — LSL, (4.123)
where L € G. For relevant definitions, see Section 1.4 of Chapter 1. Since
L(LSL") = Wo(LZL', q)

by Proposition 1.5, the action (4.123) on the space of S induces the following
action on the space S(2) of X:

Y > LYL. (4.124)
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Thus, it is natural to consider the class of GLSEs b(f] ® I,,) that satisfy
S(LSL') = LE(S)L' forany L €G. (4.125)

An estimator 3 with this property is called an equivariant estimator of ¥ with
respect to the group G.
Let F denote the class of equivariant estimators with respect to G.

Lemma 4.13 The class F is characterized by

F= {2(5) =TDT’

_(d 0 . _
D_<0 dz),d,>o,]_1,2}, (4.126)

where the matrix T = (1;;) is the unique 2 x 2 lower-triangular matrix with positive
diagonal elements such that S = TT’, that is, the Cholesky decomposition of S (see
Lemma 1.8 and Proposition 1.9).

Proof. Suppose that (4.125) holds for any L € G. Letting S = > in (4.125)
yields

S(LL) =LY ()L (4.127)

Since this equality holds for all diagonal matrices L with diagonal elements =+1,
and since LL’ = I, we have

() = LY (L)L forany L = (j;l fl ) . (4.128)

This shows that the matrix 3(/») is diagonal, say

i(12)=D=(‘é‘ 6?2)
where d;’s are nonrandom (see Problem 4.4.3). Further, d;’s are positive, since
the matrix X (/) is positive definite. Here put
L=T
in (4.127). This yields

3(S)=TDT . (4.129)

Conversely, an estimator f](S) of the form (4.129) clearly satisfies (4.125).
Thus, (4.126) follows. This completes the proof.

This leads to a reasonable subclass C{ of C3, where
CF=bE)eC | L eF). (4.130)

While the UZE b(S ® I;) is in C‘F, the OLSE b(I> ® I;,) is not.
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In the definition of F, we can set d; = 1 without loss of generality, because
the loss function Ly(X, ¥) has the following invariance property:

Lo(a%, )= Lo(%, %) foranya >0, (4.131)

(see (4.89)). This fact corresponds to the scale-invariance property of GLSEs:
ba¥ ® I,) =b(¥ ® I,,,) (see (2.80)). A
It is easily observed that the loss function Lo(X, X) is also invariant under G:

Lo(LEL,LYL) = Lo(2, ¥) forany L €G. (4.132)

Theorem 4.14 For any ¥(S) = TDT' in F with
10
v=(sa)

R(2, %) = E[Lo(2, )]

the risk function

is evaluated as

N 1 -1 1 2(q — 1 d(g—1
R(E,E)=_[(q Ng+D  2q-1D  dq )] 4.133)
4ldlg=3)q—-2 ¢q-2 q—2
and the minimum risk equivariant estimator P of X is given by
N 1 0
Xp(S) = TDBT/ with Dp = 0 g+1 . (4.134)
93

Proof. We first show that the risk function R(f), ¥) in question is constant as a
function of X. (This fact is valid under a much more general setup where the group
acts transitively (Section 1.4 of Chapter 1) on parameter space. See Chapter 3 of
Lehmann (1983) for general results.) Let L be the lower-triangular matrix with
positive diagonal elements such that ¥ = LL’. Then transforming S = LWL’ and
noting that

LW) = Wa(l2, q)
yields
R(2, %) = Ex{Lo(3(S), )}
= Ep{Lo(S(LWL), LL")}, (4.135)

where Ey and E;, denote the expectation under W» (X, ¢) and W>(l2, q) respec-
tively. By using (4.125) and (4.132), the right-hand side of (4.135) is further
evaluated as

EpL{Lo(LS(W)L', LL")} = EL,{Lo(2(W), L)). (4.136)
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Thus, the risk function does not depend on ¥ and hence, we can assume X = I»
without loss of generality.

Next, to evaluate the risk function, let T = (#;;) be the lower-triangular matrix
with positive diagonal elements such that W = TT’. Then, by Proposition 1.9 of
Chapter 1, all the nonzero elements of 7 are independent,

L) =x7 iy (=12 and L(t3)) = X7
Therefore, we have for any f](W) =TDT' in F,

E{UNTDTNZ}

E|Lo(TDT', I
[Lo€ 2 4TDT|

2 2 212
E [1f, + 13, +d13,]
4d t}13,

1 i ) 213 ) )
=— E Al 2L 4 22 102 4 0g 4042

4d By i m 5% 1
1 3
:_{ 9,
4d |g—-3 (¢—2)(qg—3)
d*(q — 1) 2 2d
2d + ——1¢,
T2 Tyt +q—2}

proving (4.133). Here, we used the following formulas: let W be a random variable
such that L(W) = X,%l, then

E(W?) =m(m +2),
E(W) =m,

E(W_l)—;
T m=2

See Problem 4.4.2. Thus, for example, the term E [té‘l/(tlz1 1222)] is evaluated as
follows: let W;; = tlzj
i 2 -1 —1
E 72 =EW;DEW [ H)EW,)
1122

1 1
=3x X
g—2 [(g-1-=2]
_ 3
g -2@-3)

Minimizing with respect to d yields the result. This completes the proof.
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Consequently, the GLSE b(Ep Q Iy) is optimum in the class Cf , because it
satisfies

ao(b(Sp ® L)) < ap(b(E ® L)) (4.137)

for any b(EQIy) € C3F . The optimal GLSE b(3p) has a smaller upper bound
than the UZE has, because the UZE belongs to the class Cf .
Finally, we note that the function Lo(ﬁ), X)) satisfies

Lo, =7 h =Ly, 2. (4.138)

This means that as a loss function for choosing an estimator f], the function Lg
symmetrically penalizes the underestimate and the overestimate.

4.5 Upper Bound Problems for a GLSE
in a Heteroscedastic Model

In this section, we will treat a heteroscedastic model and evaluate the upper bounds
for the covariance matrices of several typical GLSEs including the unrestricted
GLSE and the OLSE. Since the implications of the results derived here are quite
similar to those of Section 4.4, we often omit the details.

General results. The model considered here is the p-equation heteroscedastic
model treated in Example 4.2, where we have observed that the unrestricted GLSE
defined in (4.38) belongs to the class C3.

To state the results in a general setup, consider a GLSE of the form

b(Q) = X'Q ') X'Q7 !y with Q= Q(b), (4.139)
where 6 is an estimator of 6 = (61, ... , 6,)’, and suppose that 6 depends only on
the statistic

2
51
s = 1pxl
5
in (4.38), say
0 01(s)
6= = : =0(s): px 1. (4.140)
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Then, it is easily seen that a GLSE b(fZ) with 2 = Q(é (s)) belongs to the class
C3, that is,

E[b(Q)|Q] = B,
Cov(b(Q)|) = H(Q, Q), (4.141)
where the function H is defined by
HS Q) =XQ ') ' xQ e 'xx'Q1x)~ L. (4.142)

The results in Section 4.3 yield the upper bound ao(b(f?)) and al(b(fz)) for
the covariance matrix of a GLSE b(Q) € Cs. In fact, the latent roots of the matrix
Q1/2QQ~1/2 are given by m; (with multiplicity n), 7> (with multiplicity n5),
..., p (with multiplicity n,), where

;i =6;/0; G=1,....p).
Let 7(j) be the j-th smallest one:
Ty < S T(p)- (4.143)
Then ao(b(fz)) is obtained from Theorem 4.4 as
Cov(b(R2)) < Cov(b()) < ag(b($2)) Cov(b(R2)) (4.144)

with

(4.145)

2
ap(b(Q) = E {M} '

4T (p)
Here in (4.144),

b)) =X'Q ') Ix'Qly
is the GME and hence

Cov(b(R)) = (X'Q ' x)~".

Further, applying Lemma 4.6 and Theorem 4.7 yields the greater upper bound
a1 (b(£2)):

a0 (b(£2)) < a1 (b())

| P
_ (2 Xm0
- P 1/p
J=170)
LZP T r
j=17T]
_E % , (4.146)
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where the last equality follows from the permutation invariance. Thus, it follows
that for any b(2) € Cs,

Cov(b(R2)) < Cov(b(£))
< ag(b(£2)) Cov(b(R))
< a1 (b(2)) Cov(b(R)). (4.147)

When p = 2, that is, when the model consists of two homoscedastic equations,
Proposition 4.8 guarantees that

a0 (b(£2)) = a1 (b()).

Both the unrestricted GLSE and the OLSE b(I,) = (X'X)™'X'y are special
cases of (4.139). The unrestricted GLSE is a GLSE

b(Q0) = (X2 ' X)Xy
with
S%In1 0
Qo =Q(s) = :
0 s,z,lnp

which is obtained by letting é(s) = s in (4.140). On the other hand, the OLSE is
given by

b(I,) = (X'X)"'X'y,
which is a GLSE 5(2) with

1
b)y=1,=|:|:px1
1
and hence
I, 0
Q=001, = =1I,.
0 I,

Efficiency comparison between the unrestricted GLSE and the OLSE. By
letting 6(s) = s, the two upper bounds for the covariance matrix of the unrestricted
GLSE b(£2p) are obtained as

(4.148)

2
wo(bCo)) = E {M}

4v(1yv(p)



SUR AND HETEROSCEDASTIC MODELS 129

and
i1xr o \?
A p 2aj=1"Y
a1(b(R0) = E — , (4.149)
V4 Ul/p
J=17]
where
V) = = V(p)
are the ordered values of v; = sjz./Qj’s (G=1,...,p).
As for the OLSE b(I, ® I,,), we have the following two equalities:
0 0(p))?
ao(b(l)) = L0 I (4.150)
40(1)0(p)
and
1y g P
p —=j=1"J
ar(b(ly)) = | ——— 4.151)
p_gl/p
J=17]
where
Oy = -+ =0p)
are the ordered values of 61, ... ,6,. When p = 2, the two upper bounds reduce
to
61 +6)*  (1+n)?
b(l,)) = a1 (b(ly)) = = , 4.152
ao(b(In)) = a1 (b(1y)) 40,0 p ( )
where
n=01/0,.

The upper bounds (4.150) and (4.151) can be viewed as measures of the spheric-
ity of the matrix €2. This suggests that the OLSE can be more efficient than the
unrestricted GLSE in the sense of the upper bounds, if the matrix €2 is close to
the identity matrix up to a multiplicative constant. If not, the unrestricted GLSE is
preferable. To see this more precisely, we first evaluate the upper bound o (b(0))
in (4.148) for the case in which p = 2.

The following theorem is due to Kariya (1981a).

Theorem 4.15 Let p =2 and suppose that q; > 2 (j = 1,2). Then the upper
bound for the covariance matrix of the unrestricted GLSE b(S2) is given by

1 1
+ 9
2(q1 —2)  2(gq2-—-2)

ao(b(20) = a1(b(0)) = 1 + (4.153)
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that is,

Cov(b(£2)) < Cov(b(Q))

1 Q). 4.154
5[ +2(q1_2)+2(q2_2)]C0V(b( e G

Proof. This result will be proved as a special case of Theorem 4.16.

The upper bound « (b(2)) is a monotonically decreasing function of the degrees
of freedom g1 and g;. Furthermore, as g;’s go to infinity, it converges to 1:

lim  ao(b($0)) = 1. (4.155)
q1,42—> 00

Comparing ao(b(fzo)) with ag(b(1,)), we see that ag(b(l,)) < ao(b(fzo)) holds if
and only if the variance ratio n = 01/6, satisfies

(I1+2c) =2y/c(1+c) <n=(1+2)+2y/c(+0), (4.156)
where ¢ = ao(b(ﬁo)) — 1. This interval always contains 1 and

(14+2c)x2/c(14+¢c)— 1 as q1,q» — oc.

Thus, we see that the OLSE can be more efficient in terms of the upper bound
than the unrestricted GLSE in the context of the upper bounds when the ratio 7 is
close to 1 and the sample size is small.

Derivation of the optimal GLSE. Next, we derive a GLSE b(Qp) that is optimal
in the sense that

ao(b(2p)) < an(b(2)) (4.157)

holds for any GLSE b() in an appropriate subclass of Cs.
To do so, let p = 2 and consider the GLSE

b(Q) = X'Q ' X)X QY

with € = Q(9), where

A 0, _ 01(s) Al
9_<é2)_(é2(s))_9(s).2x1 (4.158)

and s = (s7, 53)’ is defined in (4.38). It follows from (4.144) that, the GLSE defined
above satisfies

Cov(b(R2)) < Cov(b()) < ap(b(2)) Cov(h(K)) (4.159)
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with

ao(b(£2)) = E[Lo(0,6)] and

) %) 2
Lo@.6) = [01/61) + (92/62)1" (4.160)

4(61/61)(62/62)

Thus, the problem is reduced to that of finding an optimal estimator
O = 0p(s):2x 1
of 8 = (61, 6,)" with respect to the loss function L.

Let G = (0, 00) x (0, 00). The group G acts on the space X = (0, o) x (0, co0)
of s = (s12, s22)’ via the group action

2 2
N 8157 ) _
s = — = gs, 4.161
()= (5nt) = en
where g = (g1, g2) € G. Since
Liqjs;/6) = x5, (=12,

this action induces the following action on the space ® = (0, o) x (0, co) of

0 = (61,62)":
01 816
= — = g6. 4.162
( ) ) < 820> ) & ( )
Hence, it is natural to restrict our consideration to the estimators 6 (s) satisfying
5 01(g5) £161(s) 5
0(gs) = ( A ) = ( A = go(s) (4.163)
7N bes ) T oo ) T8

for any g = (g1, g2) € G. An estimator 6 that satisfies this condition is called an
equivariant estimator of 6 with respect to G. The loss function Lg in (4.160) is
invariant under these transformations:

Lo(g0, g8) = Lo(0,6) for any g € G. (4.164)

As is easily shown (see Problem 4.5.1), the class, say F, of equivariant esti-
mators is characterized by

" 2
f:{e(s)z(;l;jlz) (a,»>o, j=1,2}. (4.165)
2
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This leads to the class C{ of GLSEs, where
CF=b@eC|Q=0@0), 6 € F). (4.166)

While the unrestricted GLSE b(on) is a member of C F , the OLSE is not.

As in the case of the SUR model, we can set ap = 1 in the definition of the
class F without loss of generality, because the loss function L is scale-invariant
in the sense that

Lo(ab,0) = Lo, 0) for any a > 0. (4.167)
This corresponds to the fact that b(afZ) = b(fZ) for any a > 0. The following
theorem due to Bilodeau (1990) derives the best equivariant estimator 6 with

respect to the loss function Ly.

Theorem 4.16 Let p = 2 and suppose q; > 2 (j = 1, 2). Then, for any estimator

of the form
R 2
0= (dszl ) e F,
52

R®,6) = E[Ly(, 0)]

the risk function

is given by
RO,0) =1+ (A ~dy” a” ;4 (4.168)
S 4dd 2 -2 2Aq—-2) '
and it is minimized when
-2
d= q1(q2 —2) _dp
(g1 —2)q2
Thus, the GLSE b(fZB) with Qg = Q(éB) where
R 2
by = <dB§1 ) (4.169)
52

satisfies (4.157) among the subclass Cf .
Proof. For any 0= (dsf, s%)’, let

n=01/6> and = 0,/6,.
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First observe that
A2
Lo@.0)=1+U=1"
4nn

L Ta
=1+—[Q+Z—2}
41n 1
(4.170)

= Lo(i/n),

where
i(;)—1+1 t—i—l 2

=Ty t '
Let x; =¢q jsjz/éj. Then x;’s are independently distributed as ng, and 7n/n is

expressed as

AT Y
I
IS
|
|

from which both
q1

and E (n/f) = d0 2

E (1/n) =d

follow. This yields (4.168). The right-hand side of (4.168) is clearly minimized

when d = dp. This completes the proof.

By using
b(a) = b(2) and Qab) = aQ(6),

another expression of 6p is obtained:
9 2
A q1—2 ST

Op =
B 92 S2
q2—2 2

which of course yields the GLSE b(fz B). The result of Theorem 4.15 follows by

substituting d = 1 in the right-hand side of (4.168).
The loss function Ly(7/n) satisfies the following property
Lo(t) = Lo(1/1), (4.171)

implying that, as a loss function for choosing an estimator 7 of 7, the function Lo

equally penalizes underestimates and overestimates.
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The case in which p > 3. Next, we treat the case in which p > 3 and consider
the efficiency of the unrestricted GLSE b(@o) with Qo = Q(s). The upper bound
ao(b(fzo)) for the covariance matrix of the unrestricted GLSE is given by (4.148).
Although this expression is simple, the evaluation is difficult since the upper bound
ap depends on the extreme values v(1y and v(,). The following result is due to
Kurata and Kariya (1996).

Theorem 4.17 When q; > 2 (j =1, ..., p), the upper bound for the covariance
matrix of the unrestricted GLSE b(0) is given by

@0 (b(20)) < a1(b($20))

1 p! .lﬁ[<2>pj_l T(g;j/2+n;—1)

T pP &~ pil..p, q; T(q;/2)

)

"o

where the sum on the right-hand side carries over p; > 0 and Zle pj = p. Fur-
thermore,

L < a(b(Q0) < a1(b(Q0)) — 1 4.172)
asqi,...,qp —> 0.
Proof. The proof is straightforward and is hence omitted.

The implication of this result is quite similar to that of Section 4.4 and is also
omitted.

4.6 Empirical Example: CO, Emission Data

In this section, by using the GLSEs in a two-equation SUR model, we give an
example of analysis on CO; emission data. The discussion here is a continuation
of Section 2.5 of Chapter 2.

Two-equation SUR model. The data in Tables 2.1 and 2.2 show the volume of
CO; emission and GNP in Japan and the USA from 1970 to 1996. The values of
GNP are deflated by the 1990 prices.

Let us consider the following SUR model consisting of two simple linear
regression equations:

y=XB+¢ (4.173)
withn=mp,m =27, p=2,k =k + ko, kf = ko =2, and

_ (). _ (X1 0.
y_<y2>.nx1, X_<0 X2>.nxk,

B . (e,
(,82>'k><1’ £_<82>.nx1,

B
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where
log(CO2;1)
yj = mx 1,
log(CO2j,,)
1 log(GNP;y)
X;=|": im x kj,
1 log(GNP;,)
&j1
,3./:<§;;>:ij1, gj = / cm x 1.
Eim

Here, the suffix j = 1 denotes Japan and j =2 the USA. So fi; and By, are
understood as the elasticity of CO, relative to the GNP in Japan and the USA,
respectively. Suppose that the error term ¢ is distributed as the normal distribution:

L(s) = Ny(0, £ ® I,,) with & = (07j) € S(2), (4.174)

where S(2) denotes the set of 2 x 2 positive definite matrices.
We begin by estimating the model using the OLSE:

b(h® Iy) = (X'X)"'X'y (4.175)
X X)X )
= kx1,
( (X5X2) "' Xhy2

which of course gives an equivalent result when applying the OLS estimation
procedure to the two equations separately. The estimate of = (8], B) obtained
by the OLSE is

b(L ® I,) = ((4.754, 0.364), (6.102, 0.275)") .
Thus, the models are estimated as

log(CO2¢) = 4.754 + 0.364 log(GNP;) : Japan
log(CO2;) = 6.102 4 0.275 log(GNP,) : USA. (4.176)

The elasticities of CO; in Japan and the USA are estimated at 0.364 and 0.275
respectively.

The estimation procedure above ignores the correlation between the two regres-
sion equations. The matrix X is estimated by

S = (6i) = (elej/m) : 2 x 2 (4.177)

0.002515 0.001456
0.001456 0.001439 )~

(4.178)
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where e is the OLS residual vector defined by
e=[I,— XX'X)"'X'ly

_ (U = X1 (X XD 7 X Iy
[ — X2(X5X2) " X512

€2

= <el ) ‘nx 1. (4.179)

The correlation between the two regression equations is large and hence needs to
be taken into account in the estimation of the coefficients. In fact, the correlation
coefficient

p = o12/(o1102)'?

is estimated as

. G12
P= Gnon)' (150
0.001456
= (0.002515 x 0.001439)1/2
= 0.7656. (4.181)

Let us use this information by the SUR model to improve the efficiency of the
OLSE. In our context, the efficiency may be discussed in terms of the upper bounds.
As is shown in Corollary 4.5, the upper bound «g(b(l2 ® I,)) of the covariance
matrix of the OLSE is given by

(M +12)? ()2

(L ® Iy)) = =
ao(b(l2 ® Inn)) B Tl

, (4.182)

where A1 < X, denotes the latent roots of X. By replacing ¥ in the right-hand side
of the above equality by the estimate X in (4.178), the upper bound oo (b(l> ® I,;,))
is estimated as

$ V)2
(bl @ 1)) = L 5,603,
45|

which is quite large.
On the other hand, the restricted Zellner estimator (RZE) is given by
bE® L) =X'E" QLX) XS ® L)y
= ((4.686, 0.375)", (6.065, 0.279)")". (4.183)
Thus, the model is estimated as
log(CO21) = 4.686 + 0.375 log(GNP;) : Japan
log(CO2;) = 6.065 4 0.279 log(GNP,) : USA. (4.184)
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The UZE is an alternative GLSE for this model. The UZE is a GLSE b(f] Q Iy)
with ¥ = §/q, where

S =YLy — X«(X. X)) X.]Y,. (4.185)
Here, A" denotes the Moore—Penrose generalized inverse of A, and

Y*=(y15y2):m><27 X*=(X15X2):ka’
q=m—rankX, =27 —3 =24.

The matrix X is estimated by =39 /q as

1 (0.06013 0.02925
S/q < )

= 24\ 0.02925 0.02563
0.002505 0.001219
- (0.001219 0.001068> ' (4.186)
From this, the value of the UZE is given by
b(S/qg ® I,) =b(SQ Iy,)
= X' LX) T'X (ST @ L)y
= ((4.673, 0.378)", (6.057, 0.280)"). (4.187)
Hence, the model is estimated by
log(CO21) = 4.673 + 0.378 log(GNP;) : Japan
log(CO2;) = 6.057 4+ 0.280 log(GNP,) : USA. (4.188)

The elasticity of CO; in Japan and the USA is given by 0.378 and 0.280 respec-
tively. The above three estimates commonly indicate that the elasticity of CO; in
Japan is higher than the elasticity of CO; in the USA.

Concerning the efficiency of the UZE, the upper bound o (b(S ® I,,)) for the
covariance matrix Cov(b(S ® I,,)) of the UZE relative to that of the GME »(X ®
I,) is given by

2 2
b(S®I,) =1 =1 = 1.0952. 4.189
Qb ® ) =1+ =5 =1+ 37 (4.189)

Hence, the result obtained by the RZE and the UZE may be more dependable
than that of the OLSE. Consequently, so long as the specification of the model is
accepted, it is better to use the GLSEs.
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Modification of model. The SUR model considered above requires that the mar-
ginal distribution of the error term &; of each regression equation is normal with
covariance matrix o ly:

L)) = Nu(0,0jiL,) (j=1,2). (4.190)

However, as has been observed in Section 2.5, the values of the Durbin—Watson
statistic

Yo (eji —ejio1)?
m_ 2
it i

calculated from each equation may suggest the presence of serial correlation among
the error terms ¢;;’s, where

DW; =

(=12

ej = mx1l (j=12).

In fact, we obtain
DW; =0.5080 and DW,; = 0.4113,

which shows that the assumption (4.190) is inappropriate. Hence, we modify the
model in order to dissolve the serial correlation.

In Nawata (2001), it is shown that the optimal model for Japanese data in terms
of AIC (Akaike Information Criterion) among the following six models is (3):

(1) log(CO2) = B1 + B2 log(GNP),
(2) 10g(COy) = B1 + B2 10og(GNP) + B3[log(GNP)]?,
(3) 10g(COz) = B1 + B210g(GNP) + B3[log(GNP)I* + Ba[log(GNP)T,
(4) 1og(CO»2) = B1 + B2D + B3 1og(GNP),
(5) 1og(COz) = 1 + B210g(GNP) + B3 [ D log(GNP)],
(6) 10g(CO2) = B1 + 2D + B3 10g(GNP) + B4 [ D1og(GNP)]
where D = (dy, ... ,d;) is a dummy variable such that

g0 =11
Tl G=12,....,27(=m))

Arguing in the same way, we can see that the model (6) is optimal for USA
data. Calculation of AIC and several relevant statistics including ¢-values, R2,
Durbin—Watson statistics and so on, is left to the readers (see Problem 4.6.1).
Note that model (6) is rewritten as

log(CO2y;) = B1 + B3log(GNPy;) + e (i =1,...,11)
10g(CO2y) = B + Brlog(GNPy) + &y (i =12,....,27), (4.191)
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where B} = B1 + B2 and B3 = B3 + B4. Here, B2 = 0 (B4 = 0) in the model (6) is
equivalent to 81 = B (B3 = B3) in (4.191).

The newly adopted model is the model (4.173) with ki, k2, k, X1 and X
replaced by ki =4, ky =4, k =k + k=8,

1 1og(GNP;1) [log(GNP;D]* [log(GNPip)]’
Xi=1: : : :
1 10g(GNPy,,) [log(GNPy,)]* [log(GNPy,)]’
: m X kp :Japan
and
1 di log(GNPy;) d;log(GNPy))
Xo=| 1 : :
1 d, 10g(GNPy,,) d, 10g(GNP2,,)
:m x ky : USA.
The model is estimated by the OLSE b(I> ® I,,) in (4.175) as
log(CO2;) = —419.30 + 224.85 1og(GNP;) — 39.549 [log(GNP;)]?
+2.319 [log(GNP})]® : Japan
log(CO2y) = 5.721 — 2.370 D + 0.323 log(GNPy)
+0.268 D1og(GNP,) : USA. (4.192)
The matrix X is estimated by ¥ in (4.177) as

$ = 0.0006597 0.0001202
~1.0.0001202 0.0002989 /’
from which 0 in (4.180) is calculated as

0 = 0.2706.

This suggests high efficiency of the OLSE. In fact, the upper bound «o(b(l2 ® I,))
in (4.182) is estimated by

Sy 2
w0l ® L)) = LLEDT _ o5y,
43|

which is much smaller than that of the previous model.
The RZE b(X ® I,,) in (4.183) estimates the model by
log(CO2;) = —402.77 + 216.15 log(GNP;) — 38.027 [log(GNPl)]2
+2.230 [log(GNPl)]3 : Japan
log(CO2;) =5.910 — 2.456 D 4 0.300 log(GNP3)
+ 0.280 Dlog(GNP,) : USA. (4.193)
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On the other hand, the estimate of X obtained via the matrix S in (4.185) is
given by

$/4 =35\ 0.0042747 0.0073109

0.0006683 0.0002137
0.0002137 0.0003656 /°

where ¢ = m — rankX, = 27 — 7 = 20. The UZE b(S ® I,,) estimates the mod-
el by

1 (0.013365 0.0042747)

log(CO2;) = —388.17 4 208.48 log(GNP;) — 36.683 [log(GNP;)]?
+ 2.152 [log(GNP)]® : Japan
log(CO2;) = 6.079 — 2.538 D + 0.280 log(GNP»)
+0.290 D1og(GNP,) : USA. (4.194)
The upper bound ag(b(S ® I,,)) in (4.189) is given by

2
b(S®I =14 ——=1.1177.
ap(b(S ® In)) + 20_3

Clearly,
ag(Db(S & In)) < ap(b(lr ® L))

holds. In this case, the estimate of p is not so large and hence the efficiency of the
OLSE is expected to be high. However, since the sample size m(= 27) of each
equation is moderate, the upper bound o (b(S ® I,,,)) becomes smaller than that
of the OLSE.

4.7 Problems

4.2.1 In the heteroscedastic model in Example 4.2, show that X/e;’s and sjz’s are
independent (i, j =1, ..., p).

4.2.2 In the SUR model in Example 4.3, show that S and X l’ ¢;’s are independent
i, j=1,...,p).
4.3.1 Verify the two invariance properties of Lo(ﬁ, 2): (4.88) and (4.89).
4.3.2 Suppose that the random variables yy, ... , ¥, are independent with
L(yj) = N(©,0?).

As is well known, the minimum variance unbiased estimator (UMVUE) of o2 in
this setup is given by §? = %Z?:l y?. On the other hand, let £ be a class of
estimators of the form ‘

62 =62%(c) = cS* with ¢ > 0.
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(1) Find the optimal estimator with respect to the loss function
A2
. o
L1(6%,0%) = <—2 — 1)
o
(2) Find the optimal estimator with respect to the loss function

2 o’
Lz(a 0)_(ﬁ_l>

(3) Find the optimal estimator with respect to the following symmetric inverse
loss function

2

in the class £.

2

in the class £.

Lo(6%(c), o2 _! U—2+&—2—2
0 ’ T 4162 o2

in the class £.

4.3.3 Show the following version of Kantorovich inequality: If a function f sat-
isfles 0 <m < f(x) <M ona <x <b, then

b b 1 (m+M)2 5
/af(X)dx./a T O

4.3.4 Consider the efficiency measure 6 in (4.12). When the efficiency of the
OLSE relative to the GME is measured by

82 = |Cov(b(I,))|/ICov(b())| = |X'QX|IX'Q7' X|/|X'X|?,

find a proof for

1<68 < l‘[ (@) +op—j11)?
2= 460]60" j+1 '

where 0 < w; < --- < w, are the latent roots of 2, and n > 2k (thatis,n — k > k)
is assumed. See Bloomfield and Watson (1975) and Knott (1975).

4.4.1 Establish Proposition 4.9.
4.4.2 Let w be a random variable such that L(w) = XL?- Establish the following

equality:

EW') =
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4.4.3 Show that the matrix EAJ(IZ) in (4.128) is diagonal.

4.4.4 As is stated in Bilodeau (1990), an unattractive aspect of the optimal GLSE
b(f) B ® I;;) derived in Theorem 4.14 is that it depends on the coordinate system in
which the matrix § is expressed. Bilodeau (1990) proposes a randomized estimator
of the form b(f) ® I,,) with

3 Sp = PITDpT’'P] with probability 1/2
~ | £p, = P,T DT’ P} with probability 1/2,

where P; and P are the 2 x 2 permutation matrices. Discuss the property of this
estimator. Further, consider the following nonrandomized version of this:

2
Z Xp;-
j=1

See Remarks 2 and 3 of Bilodeau (1990). Some related results in the context
of estimation of covariance matrix will be found in Takemura (1984) and Perron
(1992).

T =

N =

4.5.1 Verify (4.165).

4.6.1 Complement the analysis in Section 4.6 by calculating several relevant statis-
tics including AIC, ¢-values, R2, and so on.
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Efficiency of GLSEs with
Applications to a Serial
Correlation Model

5.1 Overview

In Chapter 4, on the basis of our definition, we evaluated the finite sample efficiency
of various typical generalized least squares estimators (GLSEs) possessing a simple
covariance structure (see (4.24)). However, the structure is not necessarily shared
by GLSEs in the models with serially correlated errors. Hence, in this chapter,
we treat the problem of deriving an upper bound for the risk matrix of a GLSE
in some models with serially correlated errors. We also treat the case of a two-
equation heteroscedastic model. To describe the problem, let the general linear
regression model be

y=XB+e, (5.1)
where
y:nx1, X:nxk, and rank X = k.
We assume that the distribution P = L(¢g) of the error term & satisfies
L(e) € Py(0,0%%) with 02T € S(n), (5.2)

where P, (0, 2) denotes the set of distributions on R" with mean O and covariance
matrix €2, and S(n) the set of n x n positive definite matrices. The matrix X is
assumed to be a continuous function of an unknown one-dimensional parameter 0:

Y =X2(),

Generalized Least Squares Takeaki Kariya and Hiroshi Kurata
© 2004 John Wiley & Sons, Ltd ISBN: 0-470-86697-7 (PPC)
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where
2](8)_1 =1,+1,0)C (0 € ©). (5.3)

Here, C is an n x n known nonnegative definite matrix with latent roots 0 < d; <
- <d,, © is an open interval in R! and A, = A, (0) is a continuous function on
®. The functional form of A, is assumed to be known. Although A, is allowed to
depend on n, we omit the suffix n for notational simplicity.
A GLSE considered here is given by

b(E)=X'S7'x)71X'S7y with £ = =), (5.4)

where =6 (e) is an estimator of # based on the ordinary least squares (OLS)
residual vector

e=Nywith N =1, - X(X'X)"'x". (5.5)

A sufficient condition for which b(f]) has finite second moment is that & (e) is a
continuous scale-invariant function of e:

é(ae) = é(e) for any a > 0. (5.6)
The risk matrix of the GLSE b(3) is given by
R(B(D), B) = E{(B(E) — B)(B(E) — B)'). (5.7)

As is shown in Theorem 3.9, the risk matrix is bounded below by the covariance
matrix of the Gauss—Markov estimator (GME)

h(E)=X'='x)" X'y,

when the distribution P = L(¢) of error term ¢ belongs to the subclass Q, (0, 022)
of P, (0, 022), that is,

R(b(2), B) > Cov(b(2)) =o>(X's7 ' X)L (5.8)

(For definition of the class Q, (0, 02%), see (3.86) or Section 5.2). In this chapter,
we derive an upper bound for the risk matrix of a GLSE b(X) relative to the
covariance matrix of the GME b(X):

R(B(2), B) < yo(b(X)) Cov(b(T)), (5.9)

where yg = yo(b(fl)) is a nonrandom real-valued function associated with b(f]),
and is viewed as a measure of the efficiency of b(X).
To present these results, this chapter has the following composition:

5.2 Upper Bound for the Risk Matrix of a GLSE
5.3 Upper Bound Problem for a GLSE in the Anderson Model
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5.4 Upper Bound Problem for a GLSE in a Two-equation Heteroscedastic Model
5.5 Empirical Example: Automobile Data.

In Section 5.2, an upper bound of the form (5.9) will be obtained under a general
setup. The result is applied to typical GLSEs for two specific models in Sections 5.3
and 5.4. The Anderson model and a two-equation heteroscedastic model will be
treated. Section 5.5 will be devoted to illustrating an empirical analysis on an
automobile data by using the GLSEs in a heteroscedastic model.

Finally, we note that the results in this chapter are applicable to the OLSE

b(l) = (X' X)"' X'y,
since the OLSE is a GLSE with (e) = ¢, where c is a constant determined by

A(c) = 0.

5.2 Upper Bound for the Risk Matrix of a GLSE

This section gives an upper bound of the form (5.9) under a general setup.

Decomposition of a GLSE. We begin by providing a decomposition of the risk
matrix of a GLSE. To do so, as before, let Z be any n x (n — k) matrix such that

Z’X=0,2Z=1,and ZZ' =N,

where N is defined in (5.5). Transform the matrices X and Z to X and Z respec-
tively, via
X=x"12xA7Y2 n xk,

Z=3x2zZB72 . nx n—k), (5.10)
where

A=X'S""'XeSk)and B=2'SZ € S(n — k).

(%)

is an n x n orthogonal matrix. Using this matrix, we define the two uncorrelated
vectors 1 :k x 1 and 2 : (n — k) x 1 by

e (XEY _(m
n—l“e—<7§>—<m), (5.11)

Then the matrix I" defined by
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where
F=x"12,.

Let . R
T =x"12gn"1/2 (5.12)

Then the GLSE b(f)) in (5.4) can be decomposed in terms of 11 and 7 as
() - p=XE'X)IX'S e
—A2X TR T T X0+ Znal
— A V2 4 AT X TSI IXE 2, (5.13)
= [b(Z) — Bl + [b(E) — b(D)],

where the second equality follows by X = 1/2XAY2 and ¢ = =12y, As is
shown in Chapter 3, if the distribution P = L(¢) is in the class

Q,(0,07%) = (P € Py (0,07 %) Ep{niln} = 0 as.},
then the risk matrix R(b(i), B) is decomposed as

R(B(), B) = Cov(b(X)) + E{(b(2) — b(2)(B(E) — b(X))'}
=c?A '+ AT2PE(ANY AT, (5.14)

where
A=XT 'O XT " Zn kx 1. (5.15)
See Problem 5.2.2. Note that the OLS residual vector e is a function of 7, as
e =ZBY?ny,.

The first term of (5.14) is the covariance matrix of the GME and the second term
reflects the loss of efficiency due to estimating 6 in ¥ = X(0). The evaluation of
the second term is our concern.

Derivation of upper bound. To evaluate the quantity E(AA’), decompose the
space R" of y as
R"=B,UB,

with . .
Bi={yeR".>x and B, = {y € R\ < A},

where A = A(0) and

=) = r(0(e)).
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And let

(1 + Ardy,)?

Wi=1, W = = .
(1 + Ad,)?

(5.16)

Let W be an n x n orthogonal matrix such that
d1 0
V'Cy =D= ,
0 dy

where d; < --- < d, are the latent roots of C. Then clearly the matrices ¥ and by
are expressed as

>l =w, + AD)V
1+ Ad 0
=V v
0 1+ Ad,

and

>l =w, + AD)V

1+ idy 0
= \IJ t. . \IJ/,
0 1+ id,
respectively. Hence,
(1+rdy)~'/? 0
w12 _ g v,
0 (1+ dy) ™!/

. | .
from which the matrix X = can be rewritten as

1+4d
1+)\d1 0
T =w v
1+Ad,
0 T+Ard,
B d
1+)1~d1 0
=0 |, +0G—2) '’
dy
L 0 1+Ad,

=1, + (A — M)F (say). (5.17)
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Here, of course,

d
1+)1»d| 0
F=WV v n xn. (5.18)
dy
0 1+1d,

Define
V=XFZ:kx (n —k).

Note that the matrix V' is nonrandom. The following theorem is due to Toyooka
and Kariya (1986).

Theorem 5.1 For an estimator 6 = é(e) of 0, let

G = 2> Wins V'V
T (=12, (5.19)

Gj=XBj o

where x B denotes the indicator function of a set B. Then, for the GLSE b(X) with
S = %), the following inequality holds:

(b(E) = b(E)(B(E) = b(T)) < (G1+ Go)(e*A™h, (5.20)
and thus an upper bound for the risk matrix is given by
R(b(2), B) < yo(b(£))Cov(b(%)) (5.21)
with
Yob() =1+ g1 + g, (5.22)
where g; = E(G;) (j =1,2).
Proof. The vector A is rewritten as
A=0G—-NI"'XFZn,
=G —=0NJ""Vn, (5.23)
where
J=0L+0—MNXFX. (5.24)
By using the Cauchy—Schwarz inequality (2.70), we have, for any a € R,
dANa=[(h—Nd T 'Vl
< =T 2a) V' Vi), (5.25)
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On the set B] = {i > A}, the inequality
J > 1
holds since X FX > 0. Thus, we have
xg,a'J 2a < xp,Wida, (5.26)

where Wi = 1. On the other hand, by noting that the function f(x) = x/(1 +
Ax) (x > 0) is increasing in x for any A, it follows that
d
1+ Ad,

F <

I. (5.27)
This implies that on the set B, = {)A\ < A}, the matrix J is bounded from below
—-1/2
by W, "I, because
J=IL+G-0XFX

>hLi+0—A)—2 1
> I +( )(1+Adn)k

=w; ', (5.28)
where Wa = (1 4 Ady)%/(1 + Ady,)2. This yields
xB,a'J " 2a < xp,Wad'a. (5.29)

Therefore, from (5.25), (5.26) and (5.29), the following inequality is obtained: for
any a € Rk S

a'ANa < (= M) Wixs, + Waxs, )@ a)nh V' Vi), (5.30)
or equivalently,
AN < (o= WP (Wixs, + Waxs,)my V'V I, (5.31)
which is further equivalent to
AN < (G + Gy)o’Ii. (5.32)
Hence, we obtain
ATV2AAATY? < (G + Ga)o?AT,
which is equivalent to (5.20). Further,
o?AT + ATIPAAAT?2 < (1 4+ G + Go)o?A™ L.
This completes the proof.
Combining this result with (5.8), we obtain the following inequality:

Cov(b(%)) < R(b(E), B) < yo(b(£))Cov(b(X)). (5.33)
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Interpretation of the upper bound as a loss function. The upper bound yy =
y0(b(X)) thus derived can be viewed as a loss function for choosing an estimator
6 in the GLSE b(X(0)). To see this, let

Ei=1+xd; (j=1,---,n)

a}nd é‘n =1+ id”. Then & < ... < &, are the latent roots of the matrix >~ ! and
&, is interpreted as an estimator of &,. By noting that the factor 1}, V'V, in (5.20)
is free from é, we rewrite G| + G, as

G1+G2=01 %02 (5.34)
with .
01 = X Wi + Xy W2l — 02/ + Ady)?
| (b — 1)
= X X1 X ——
X{AZA} (1 —l—kd,,)z
N (14 2dy)? (A —1)?
X3 X = X
WM 1 3a)? T (1 + Ady)?
_,, G-e? o G-8)
= X{suzsn}T X{sn<sn}T
= X,z En/En = D7+ X, <) En/En — 1D
= L. &) (say) (5.35)
and
(4 2dy)? V'V
0> = .
2 1/
V'V
_ 5 mVVm "20 - 2 (5.36)

Thus, the first factor Q| = L(én, &,) in the equality (5.34) is viewed as a loss
function for estimating 6 via

& =1+ 1(0)dy.
As a loss function, L satisfies the following symmetric inverse property:
L& &) =LGE, &, (5.37)

which means that L equally penalizes the underestimate and the overestimate of
&,. In the subsequent sections, this property is further investigated in the context
of the heteroscedastic model.
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Greater but simpler upper bound. Unfortunately, it is, in general, difficult to
evaluate the upper bound yy in an explicit way, since in most cases Q1 and Q> in
(5.34) are correlated. Hence, we further assume that the error term & is normally
distributed:

L(g) = N, (0, 02X (9)), (5.38)

and derive a greater but simpler upper bound y;. Note that the condition (5.38) is
restated in terms of n = I ~1/2¢ as

L(n) = Nuy(0, 0%1,).

By applying the Cauchy—Schwarz inequality (2.79) to g;’s, it follows that

gj = E(G))
~ V'V
=E [xBj Wik =% x 2—2}
o
1/2
. V'V \?
< {Elxs,W; (. — )*I}'/? x iE [(ZT> ” ) (5.39)

The second factor of the above inequality can be calculated by using the following
lemma whose proof is fairly straightforward and omitted (Problem 5.2.3).

Lemma 5.2 Suppose that L(v) = Ny, (0, I,). Then for any m x m symmetric
matrix C, the following equality holds:

E{('Cv)?} = [tr(C))? + 2 tr(C?). (5.40)

Applying this lemma to 1y /0 with L(n2/0) = Np— (0, I,—t) yields
/ V/V 2
E {("272"2> } =[r(V'W]P 42 tr[(V'V)2]
o

= 82 (say), (5.41)
which leads to the following theorem due to Toyooka and Kariya (1986).
Theorem 5.3 When L(g) = N,(0, 0> (0)), the inequality
Cov(b(%)) < R(B(), B) < y1(b(%)) Cov(b(X)) (5.42)
holds, where
yi(b(£) =1+ (2, +2)8 (5.43)
with

g =1Exg,W;G - 0" (i =1,2). (5.44)
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An interpretation of the factor §. The factor § in y; (b(f])) defined by (5.41) is
important in the sense that § = 0 implies that

E{(b(E) — b(£))(b(2) — b(2))} =0,

which is clearly equivalent to the identical equality between the GLSE b(%) and
the GME b(X):

b(E) = b(T) as. (5.45)

Here, note that since the quantity »,V’Vn, depends only on X and ¥ and is

free from the estimator @ of 0, & does not reflect the efficiency of 0. Instead,
it is a measure of the deviation of the regression model from the model with
Rao’s covariance structure. As will be investigated in Chapter 8, Rao’s covariance
structure is a relation between X and X under which the OLSE b(1,,)) is identically
equal to the GME b(X). More precisely, the identical equality

b(I,) = b(X) for any y € R" (5.46)
holds if and only if the model satisfies
X'2Z =0. (5.47)

The covariance structure that has the structure (5.47) is called Rao’s covariance
structure. In the case in which

=1, +xC,
the condition (5.47) holds if and only if
=0,
which is in turn equivalent to (5.45).

Proposition 5.4 Under the covariance structure %(0)~' =1, + 1(0)C, § =0
holds if and only if X'Z = 0.

Proof. First note that ¥ = I,, — AF and hence,
» =321, - AF)x!/?
=1, — A X" V2Fxl/2,

From (5.41), § = 0 holds if and only if V =0, where V = X'FZ. Hence, from
the definition of X and Z, the condition V = 0 is equivalent to

X's~1V2Fpxli2z — o,

and this holds if and only if AX'S~1/2Fx1/2Z =0, since A(9) =0 implies
X'x-YV2Fsl27 = (. Now we have

AX'=TV2FER27 = xX'(1, — 227 V2FE1/?)Z
=X'%27Z, (5.48)

where the first equality is due to X’Z = 0. This completes the proof.
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Efficiency of the OLSE. Finally, it is remarked that the results in this section are
applicable to the OLSE b(I,) = (X'X)~ Ix’ v, since the OLSE is a spe01a1 case of
the GLSE in (5.4). To see this, let 6 = Q(e) be a constant function 9(6) = ¢ with
¢ determined by A(c) = 0. Then clearly,

S =30) =L+ rc)C]" =
holds, and therefore, the GLSE b(f)) reduces to the OLSE b(1,). By using
EnyV'Via/o*l =tr(V'V) (5.49)
and by letting A=0in (5.19), the upper bound yy(b(1,)) is calculated as
Y0(b(In) = 1+ 12 [Xp<0) + X0y (1 + Adn)*er (V'V), (5.50)

the second term of which attains zero when A =0 (i.e., ¥ =1,) or V =0 (i.e.,
the model is of Rao’s covariance structure). The greater upper bound y;(b(1,)) is
also obtained from (5.44) as

b)) =1+ 2 xp<op + xp=0 (1 + Ady)*18, (5.51)

the second term of which becomes zero when A = 0 or § = 0. It is noted that the
second terms of the bounds in (5.50) and (5.51) do not necessarily go to 0 even
when n — oo.

5.3 Upper Bound Problem for a GLSE in the Ander-
son Model

In this section, the results developed in the previous sections are applied to the
Anderson model. The upper bound y; in Theorem 5.3 is evaluated under normality
assumption.

The Anderson model and GLSEs. As is introduced in Example 2.1, the Ander-
son model is a model (5.1) with covariance structure
Cov(e) = 0?2 (9)
with
@) =1, + AM6)C (0 € ©), (5.52)

where

62 >0, A=Ar(0) = ®=(-1,1

(1—6)%
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and

.2 =1
0 -1 1

The latent roots di < --- < d, of the matrix C are given by
di =2[1—cos(n(j—D/m)] (j=1,---,n). (5.53)
The matrix X(0) is positive definite on ® since
—%<k(9)<ooandd1:O<d2<---<d,,<4. (5.54)
Here, let us assume that the error term ¢ is normally distributed:
L(e) = Ny (0, 52 (9)).
A GLSE considered here is of the form b(f)) in (5.4) with
> l=%@) ' =1, +AC, (5.55)

where A = A(é) and 0 is an estimator of & based on the OLS residual vector e in
(5.5) satisfying the following conditions:

(1) b(e) € Oa.s.;
2) é(e) is an even function in e, that is, é(e) = é(—e);

3) 9 (e) is a scale-invariant function in the sense that é(ae) = é(e) holds for
any a > 0;
(4) d(e) is continuous in e.

These conditions guarantee that the GLSE b(f)) = b(E(é)) with such 6 is an
unbiased estimator with finite second moment. Under these conditions, the upper
bound

NBE) =14 (3 +52)8

in Theorem 5.3 will be evaluated below. Since it is difficult to obtain an exact
expression of yj, evaluation will be limited to an asymptotic one. To this end, the
following condition is imposed on 6 in addition to the conditions (1) to (4):

(5) V1@ —8) =4 N©O,1—6%),

where —; denotes convergence in distribution.
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EvaluAation of the upper bound. To evaluate y; for a GLSE b(f)) = b(E(é))
with 0 satisfying the conditions (1) to (5), we use the following two lemmas.

Lemma 5.5 For any 6 such that

6—60=0,01/Jn), (5.56)
the quantity Wp = [(1 + Ad,)/(1 + )A\d,,)]2 is evaluated as

Wy =14 0,(1/+/n). (5.57)

Proof. By Taylor’s theorem, there exists a random variable 6* satisfying |6* —
0] <160 — 6] and

A(0) = A(0) + 2 ()0 —6). (5.58)
Here,
VO)=(1+0)/(1-6)°
is continuous in 6, and
0* —, 0 as n — oo,

where — , denotes convergence in probability. Hence, the equation (5.58) is rewrit-
ten as

A(0) = 1(0) + 0,(1//n). (5.59)

Next, by using the following two formulas

b4
cos (71 — —) = cosm cos(ir/n) + sinm sin(w/n)
n

= —cos(/n)
and
_1 x2  x* X
CosSX = —E—i-ﬂ—a—i-“'

=14o0x)(x — 0),

the quantity

is expanded as

dy =4+ o0(1/n). (5.60)



156 SERIAL CORRELATION MODEL
By using (5.59) and (5.60), we obtain
Wr = (1 +);dn>2
1+ X\d,

_[ 1441+ o(1/n) ]2
CLl4+4r+ 0,(1//n)

=[14 0,(1/vn))
=1+ 0,(1/v/n). (5.61)

This completes the proof.

On the other hand, since xp ;< 1,
g; = {Elxs; Wi — 02
<{EW;G - =h; (j=12. (5.62)
This leads to an upper bound
Y2 (b(£)) = 1+ 8(h + ha), (5.63)

which of course satisfies y; (b(f)l) < yz(b(fl)). Using Lemma 5.5 for 6 satisfying
the condition (5), the quantities /4 ;’s are evaluated by the usual delta method with
the following condition:

(6) The remainder terms O, (1/ J/n) in (5.56) and (5.57) satisfy

E[0,(1/v/m)] = O(1/n).

A typical choice for such a 6 is

e'Ke

b
ee

Oo(e) = (5.64)

where K = (k;;) is an n X n symmetric matrix such that k;; = 1/2if |i — j| =1
and k;; = 0 otherwise. (See Examples 2.5 and 3.1).

Lemma 5.6 For any 0 satisfying conditions (1) to (6),

— 1301 +6) .
hj=;W+0(l/n) (=12). (5.65)
Proof. Since

AO) — 1(0) = N (%O — 0)

= 1(0)6 = 0) +0,(1/4/n)
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follows from (5.58), the expansion below is obtained from Lemma 5.5:
WHA®) = 1O)]1* = [W©)@ — O)]* +0p(1/n°) (j = 1,2). (5.66)

Since

(146)3
(1- 9)5)

V@)@ —0) —a NO, VO —0%) =N (0
follows from the condition (5), it holds that
P WFIAO) — (O] —a L(ZY),
where Z is a random variable such that

2y = N( ¢! +9)3>

(1-6)°

Hence, we obtain

(1 +9)3}2

. 2 2 A _ 4 —

from which

V3(1+6)3

205 Ay anl/2 _
{E{W/ [A(B) —A(O)]"}} n(l _9)5

+o(1/n) (5.67)

is established. Here, we used the fact that
E(Z?) =30* when L(Z) = N(0, 6?).
This completes the proof.
Thus, the following theorem due to Toyooka and Kariya (1986) is proved.

Theorem 5.7 The upper bound y» (b(f])) in (5.63) is approximated as

2V3(1 + 6)
146 ————|. 5.68
+ [ TR (5.68)
Here, the quantity § is defined in (5.41). In most cases, § is of O(1).
Corollary 5.8 The result in Theorem 5.7 holds for the GLSE with fo in (5.64 ).

Proof. 1t is easy to see that éo in (5.64) satisfies (1) to (4). The asymptotic
normality (5) of 6y is shown in the Appendix. Through the result, (6) is also
proved there.
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5.4 Upper Bound Problem for a GLSE in a
Two-equation Heteroscedastic Model

In this section, the results obtained in Section 5.2 are applied to typical GLSEs in
a two-equation heteroscedastic model.

The two-equation heteroscedastic model and GLSEs. The model considered
here is a two-equation heteroscedastic model, which is defined as a model

y= Xﬂ + & Wlth E(g) (S Pn(os Q)

with the following structure:
V1 X1
= N X = 5
g < » ) < e )

2
(& _{ oI, 0
e_<82) andQ_< 0 Uzzfnz)’ (5.69)

n=ny+ny, yj:njxl,

where

Xj:njxkandeg;:n; x1(j =1,2).
For simplicity, the matrices X ;’s are assumed to be of full rank:
rank Xj =k; (j =1,2),
and the error term ¢ is normally distributed:
L(e) = N, (0, 572 (9)).
The covariance matrix 2 can be rewritten as (5.3):
Q=023
with
2 '=2@) ' =1, +Arx0)D (0 € 0), (5.70)
where
0’ =0}, ©=(0,0),

0=02/0}e®, LO)=0-1,

0 0
D= <o I ) (5.71)



SERIAL CORRELATION MODEL 159
Let us consider a GLSE of the form
b(E) = X'S7'X)7IX’S7y with £ = (@), (5.72)

where § = é(e) is an estimator of 6 based on the OLS residual vector e in
(5.5). Typical examples are the restricted GLSE and the unrestricted GLSE (see
Example 2.6).

Upper bound yg(b(f))). We first derive the upper bound )y obtained in Theo-
rem 5.1. To do so, note that for any 6 such that 6 € ® a.s., the sets By and B>
and the quantities Wi, W3 in (5.16) and F in (5.18) are calculated as

Bi={yeR"9>6}and B, ={y € R"|f <6},
and
Wi=1, Wo=0%6% F=06"'D, (5.73)
respectively. Also, let
M=Xz'x)""2x'sPEe 12, - x(X's7' )7 X's7Y. (5.74)

Lemma 5.9 For any GLSE b(2) with & = $(0), the following inequality holds:

B(E) = BBE) — ) < (1 +G1 + G (X' =)' x)™! (5.75)
with
Gj=xp,0—0)>W;e'MMe/o? (j =1,2). (5.76)
And thus,
Cov(b(%)) < y0(b(£))Cov(b(X)) (5.77)

holds, where b(X) = (X'S7'X)"'X'2 1y is the GME of B and
Yo (b(E)) = 1+ g1 + g with gj = E(G,).

The quadratic form &’M’Me in (5.76) is the same as 7, V'V, in (5.19) (Problem
54.1).

To give an interpretation of the upper bound yy, it is convenient to rewrite the
GLSE b(X) as a weighted sum of the two OLSEs, say 8;’s, obtained from each
homoscedastic regression model y; = X;8 +¢; (j = 1,2), that is,

b(2) = (X[ X1 4+ 0X5X2) " (X X181 + 0X5X25), (5.78)
where

Bi =X X)) ' Xy; (j=1,2). (5.79)
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Lemma 5.10 The upper bound 1 + G1 + G, in (5.75) is decomposed as
14+Gi+Gy=1+L@6,0) QB1 — po). (5.80)

where the functions L and Q are defined as

L©H,0)=10/0)+ €06/ (5.81)
with
0t = (t — D> xps1y.

and

92

Q(x) = =X’ X X1 (X'S7' X) 7' X)X,

o

x(X'S7IX) T X X (X 27 X)X X x

92

= —zx/Kx (say),

o

respectively.

Proof. Proof is available as an exercise (Problem 5.4.2).

Note that the function Q(ﬂl ﬂg) in (5.80) does not depend on the choice of
6. On the other hand, the function L(@ 0) can be regarded as a loss function for
choosing an estimator of 6, and has the following symmetric inverse property:

L@H,0)=L@O" 0. (5.82)
The unrestricted GLSE. Now, we treat a class of unbiased GLSEs including the

unrestricted GLSE and evaluate the upper bounds for their covariance matrices.
The class treated is a class of GLSEs b(X) = b(X(0)) with 6 defined by

6 =0(e;c) =cS3/S3, ¢ >0, (5.83)
where the statistics Slz.’s are given by

2 AT,
Sj—eije/,

Nj =1l — X;(X;X)7' X/,
e:(ié):nxlwithej:njxl. (5.84)

As is stated in Example 2.6, the statistic sz. coincides with the sum of squared
residuals calculated from the jth equation:

ST=(;—XiB)'(yj — X;B)) (j=1.2), (5.85)
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and hence, sz. /mj with m; =n; — k; is an unbiased estimator of o2. The unre-
stricted GLSE is obtained by letting ¢ = my/mj in (5.83). Since the statistics
,31, ,32, 512 and S% are independent, the two factors L(é ,0) and Q(ﬁl — /§2) in (5.80)
are also independent. Hence, the quantity g; + g> in Lemma 5.9 is evaluated as

g1+ 8 =E(G+Gy)
= E[L@,01E[Q(B1 — p2)]
= p(c;my, ma) E[Q(B1 — B2)] (say), (5.86)

where the last line defines the function p(c; my, my) = E[L(é ,0)]. The quantity
E[Q(B1 — B2)] is further calculated as

E[Q(B1 — B)1 = (6% /5?) tr[K Cov(Bi — B2)]

_ k 97‘1'
(1 460r;)?
i=1
EQ(VIW" 7’7{»0) (Say)s (5'87)
where ry, - - -, ry are the latent roots of (X’lXl)_l/ZX’zXz(X/le)_l/2 (see Problem

5.4.3).
Next, to describe p(c; m1, my), the hypergeometric function defined below is
used:

o0

2Fi(ar, az; a3; 2) =Z

j=0

(a))j(a)j 2/

@, 5

with |
i

(@)j = [J@+i) and (a)o = 1.,
i=0

which converges for |z| < 1 (see, for example, Abramowitz and Stegun, 1972).
The following result is due to Kurata (2001).

Theorem 5.11 Letm; > 4(j =1, 2). Then, forany § = 6(e; ¢) = CS%/S% (c > 0),
the following equality holds:
pi(c;my,my) (0<c<1)
p(c;my,mp) = p2(myp, mo) (c=1 (5.89)
p3(c;my,my) (1 <o)

holds, where p1, py and p3 are given by

p1(c; my, ma) = [B((ma — 4)/2, 3)c™/?

55 %)
x2 F1((m1 +m2)/2, (my — 4)/2; (m2 4+ 2)/2; —c)
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+B((m; —4)/2, 3)sz/2 1+ C)—(m1+in2)/2
X2 F1((m1 +m2)/2,3; (m1 +2)/2; 1+ )™ D], (5.90)

pa(my, my) = [B((m2—4)/2,3)

2(m1+m2)/2 B (%’ %)

xa Fi((my +m2)/2,3; (my +2)/2; 1/2)
+B((m1 —4)/2,3)2F1((m1 +m2)/2, 3; (m1 +2)/2; 1/2)], (5.91)

and
p3(c;my, may) = p1(1/c;ma, my), (5.92)
respectively. Thus, for any GLSE b(2) with & = £(H),
Cov(b(£)) < [1+ p(cim1, ma)q(r1, -+ , r; 0)ICov(b(X))
holds.

Proof. Letv; = sz. /ojz so that L(v;) = X,%lj, where an1 denotes the x?2 distri-
bution with degrees of freedom m. Then, by (5.81), it is obtained that

p(cimy, my) = E[€(cvi/v2)] + E[€(v2/cv1)], (5.93)
from which the equality
p(c;my,ma) = p(l/c;my, my) (5.94)

follows. Letting a = 1/21+M2)/2T (m /2)T" (m,/2), the first term of the right-hand
side of (5.93) is written as

2
El[t(cvi/v2)] = a// (ﬂ _ 1) U’I"I/Z—lv;nz/Z—l
cvp/va>1 \ V2
X exp (—%) dv; dvs.

Making transformation z; = v; and zp = v2/(cvy) with dvidvy = cz1dz1dz and
integrating with respect to z; yields

1
a c'"Z/Zf Z§m2/2—2)—1(1 — 22)?
0

e — 1
5 [f Zmm2-1 (_( +;zz)11) dm} dz,
0

1
—d f 2N )2 (1 4 czp) "M g, (5.95)
0



SERIAL CORRELATION MODEL 163

with

Cm2/2

B(my/2,m2/2)

To evaluate (5.95) in the case in which 0 < ¢ < 1, we use the following well-known
formula

a = a x "P2MAMIRE (m 4+ my)/2) =

1
/ 1271 (1 — B2 — )" dr = B(ay, a3 — a2 Fi(ay, ax; a3: 2), (5.96)
0

which is valid for 0 < ay < a3 and |z| < 1. Applying (5.96) to (5.95) proves the
first term on the right-hand side of (5.90). When 1 < ¢, applying the following
formula

1
/ 1271 — Bl — )T &
0

_ z
= (1 =2 " B(az, a3 — ar)2 Fy <a1, az — az; as; :) , (5.97)

which is valid for 0 < ap < a3 and z < —1, establishes

El[l(cvi/vp)] = %(1 + c)—(m1+mz)/26mz/2

x2F1((my +m2)/2,3; (m2+2)/2;¢/(1 +¢)). (5.98)

Substituting ¢ = 1 into (5.98) yields the first term of (5.91). Next, we consider the
second term on the right-hand side of (5.93). By interchanging m; and mj and
replacing ¢ by 1/c in (5.95), we obtain

1
Ele(vs/cvn)] = a” [ dmA g
0

x (1 4 ¢ lzy)~mHm)/2 4z (5.99)

with a” = 1/¢™/2B(m/2,m>/2). Since 0 < ¢ <1 is equivalent to 1 <c~!,

applying (5.97) to the right-hand side of (5.99) establishes the second term of
(5.90). The second term of (5.91) is obtained by letting ¢ = 1. Thus, (5.90) and
(5.91) are proved. Finally, (5.92) is obtained from (5.94). This completes the proof.

In Table 5.1, we treat the unrestricted GLSE (¢ = m,/m) and summarize
the values of p(my/my; my, my) for my, my =5, 10, 15, 20, 25, 50. The table is
symmetric in m and my, which is a consequence of (5.94). It can be observed
that the upper bound monotonically decreases in m| and m>.

Comparison with the upper bound in Chapter 4. Next, let us consider a relation
between the upper bound

Wb(E)) =1+ p(c;my,ma) q(r1, -, i3 0)
=1+ E[L®#,0)] E[Q(B1 — p2)]
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Table 5.1 Values of p(c; m1, my) with ¢ = mo/m;.

mi

my 5 10 15 20 25 50

5 183875 8.8474 7.7853 7.3423 7.0956 6.6356
10  8.8474 1.8203 1.2826 1.0879 0.9873 0.8138
15 77853 1.2826 0.8156 0.6518 0.5687 0.4288
20 73423 1.0879 0.6518 0.5013 0.4258 0.3001
25 7.0956 0.9873 0.5687 0.4258 0.3544 0.2369
50 6.6356 0.8138 0.4288 0.3001 0.2369 0.1349

Source: Kurata (2001) with permission.

and the upper bound
ap(b(2)) =1+ E[a(@, 0)]
with
5 2
a(é, ) = w
4(0/9)

treated in Chapter 4. The relation between the two upper bounds is indefinite. More
precisely,

(5.100)

Proposition 5.12 The relation between L(é ,0) and a(é ,0) is given by
% x L(O,0) > a®,0). (5.101)
The range of the function q is given by
0<q(r, - ,rs0) < %

and its maximum is attained when r\ = --- = rp = 1/0. As r;0 goes to either 0 or
oo (i=1,---,k), the function q converges to (.

Proof. The inequality (5.101) is proved as
5 5 2 5 2
L(B,0)= (/60 —1) Xi9/6>1) +©/0 - 1) X(6/6>1)

>@M—NXA +w@—NXA
= é/g 6/6>1} Q/é {6/60>1}

@/6 — 1)? /6 —1)?
=" X@go-1y vt 2 X<
6/ 6/6
_ 6017
6/6

=4 xa,0).
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The rest is evident from (5.87). This completes the proof.

The inequality (5.101) clearly implies that

1 A
14+ p(c; my, mp) X 2 > 1+ E[a(d,6)].
However, the factor g(rq, - - - , r¢; 6) can be so small (or large) that
1+ p(cimy,mo)q(ri, -+, ri; 0) < (or >) 1+ E[a(8,0)]

holds. While the upper bound 1+ p(c; my, m2)q(ry, -+, rr; 0) depends on the
regressor matrix X through r;’s, the alternative upper bound 1 + E[a(0, 0)] ignores
the information contained in X.

5.5 Empirical Example: Automobile Data

Table 5.2 shows the famous data on automobile speed (in miles per hour) and
distance (in feet) covered to come to a standstill after braking (Sen and Srivastava,
1990; Ezekiel and Fox, 1959). This section gives an example of analysis on this
data by using the unrestricted GLSE in a two-equation heteroscedastic model.

Two-equation heteroscedastic model. Let speed; and distance;(j =1, -, 62)
be the automobile speed and the distance covered to come to a standstill after
braking. It may be reasonable to assume that the relation between the two variables,
speed and distance, are determined by

distance; = ﬂlspeedj + /fiz(speedj)2 +¢j,

where ¢; is an error term. It can be said that the scatter plot in Figure 5.1 may
support this assumption. However, it can also be observed that the figure indicates
a possible heteroscedasticity among €1, ... , €62. A possible model for this data is
a model with the assumption that the variance of ¢; is a function of speed;:

Var(e;) = o x f(speedj) with 62 > 0.

Here, a typical choice for f is f(x) = x, or x. Sen and Srivastava (1990) analyze
this data from this viewpoint. In this book, in order to apply the results in previous
sections and chapters, we divide the data into two sets and consider a two-equation
heteroscedastic model. Let {(speed;, distancej), ..., (speedss, distancess)} and
{(speeds, distancesg), . . . , (speedg,, distancesp)} be the first and second groups
respectively. Suppose the data of each group is generated by a homoscedas-
tic regression model. This assumption leads to the following two-equation het-
eroscedastic model:

y=XB+e (5.102)
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Table 5.2 Automobile data.

Data Number Speed Distance Data Number Speed Distance

1 4 4 32 18 29

2 5 2 33 18 34

3 5 4 34 18 47

4 5 8 35 19 30

5 5 8 36 20 48

6 7 7 37 21 39

7 7 7 38 21 42

8 8 8 39 21 55

9 8 9 40 24 56

10 8 11 41 25 33

11 8 13 42 25 48

12 9 5 43 25 56

13 9 5 44 25 59

14 9 13 45 26 39

15 10 8 46 26 41

16 10 14 47 27 57

17 10 17 48 27 78

18 12 11 49 28 64

19 12 19 50 28 84
20 12 21 51 29 54
21 13 15 52 29 68
22 13 18 53 30 60
23 13 27 54 30 67
24 14 14 55 30 101
25 14 16 56 31 77
26 15 16 57 35 85
27 16 14 58 35 107
28 16 19 59 36 79
29 16 34 60 39 138
30 17 22 61 40 110
31 17 29 62 40 134

Source: Methods of Correlation and Regression Analysis, Ezekiel and Fox.
1959. © John Wiley & Sons Limited. Reproduced with permission.

with ny =35, np =27, n =n1+n, =62, k =2 and

n X1
= N Xl, X: . Xk,
= () x=(3)
8=<El>:nx1,

&2
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Figure 5.1 Scatter plot of speed and distance.
where
distance; distancesq
y1 = : :35x1, »m= : 127 x 1,
distancess distanceg)
speed; (speed;)?
X = : : 035 x 2,
speedys (speedss)?
speedsq (speedsq)?
X, = 127 x 2.
speedg, (speedg,)’
We assume that
2
L(g) = N,(0, 2) with Q = (Ul I, 20 ) . (5.103)
0 o5l
The matrix Q can be rewritten as
Q=022
with
22(9)*1 =1I,+X0)D (0 € ®), (5.104)
where 02 =02, A(0) =6 — 1, ® = (0, 00) and
0 =ol/o3. (5.105)

The definition of the matrix D is given in (5.71).
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The estimate of 8 = (B1, 82)" by the OLSE
b(I,) = (X'X)"'X'y (5.106)
is given by b(I,) = (0.577,0.0621)’. Hence, we get
distance = 0.577 speed + 0.0621 (speed)z. (5.107)

However, since the estimate of the variance ratio 6 = 012 /022 is close to zero, the
efficiency of the OLSE is expected to be low. In fact, the estimates of 612, 622 and
0 are obtained by

62 = S/my = 29.959, (5.108)
65 = S3/my = 193.373, (5.109)
0 =6%/63 = cS7/S5 = 0.1549, (5.110)

respectively, where ¢ = my/m1, m;y =ny —k =33 and my =nyp —k =25. As is
shown in Section 4.5 of Chapter 4, the upper bound «(b(l,)) is given by

(0l +0)>  (1+06)?

ap(b(Iy)) = gy TR (5.111)
which is estimated as
ap(b(1y)) = a 1_;)2 = (141(2)..1155299)2 = 2.1524. (5.112)
On the other hand, the unrestricted GLSE defined by
H(E®) = XSO ' X)'X'=@) "'y with § in (5.110) (5.113)
estimates the model as
distance = 0.569 speed + 0.0623 (speed)z. (5.114)

The two regression lines obtained from the OLSE and the unrestricted GLSE are
given in Figure 5.2.

The upper bound «g(b(X(6))) is calculated as

1 + 1
2my —2)  2(mp —2)

1 . 1
233-2) 2(25-2)
= 1.0379. (5.115)

ao(b(2(0)) =1+

=1+

Clearly,
ao(b(2(0))) < ao(b(1,))

holds and hence the unrestricted GLSE seems to be reasonable in this case.
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Figure 5.2 Regression lines obtained from the OLSE and the unrestricted GLSE
(in dotted line). The two lines almost lie one upon the other.

Next, let us examine tl}e upper bound yo(b(E(é))) derived in Theorem 5.11.
The upper bound yp(b(X(0))) is of the form

WwB(Z@)) =1+ g1 + g with g; = E(G;)
=14 p(c;my, ma) q(r1,r2:0). (5.116)

For the definition of G; and p(c; m1, m3), see Section 5.4. In this case, the function
g becomes
Or; Ory
+ )
(14+6r)2  (1+6r)?

where r; and rp are latent roots of the matrix (X/lXl)_l/zX’zXz(X/le)_lﬂ. The
latent roots r; and r, are calculated as

q(ri,r2;0) = (5.117)

r1 = 105.9558, r, = 0.4834. (5.118)
From this, the value of the function g (71, r2; 0) is estimated by
R 0 6
qlri,r2; 0) = — 72 (5.119)
1+ 97‘1)2 1+ 9!’2)2
=0.1189.

On the other hand, the function p(c;my, mp) with m; = 33, mp =25 and
c =my/my = 0.7576(< 1) is evaluated as

p(c; my, mp) = p(0.7576; 33, 25) = 0.2937. (5.120)
Thus, from (5.116), we obtain the following estimate of yo(b(Z(é))):
yo(b(E(é))) =1+0.1189 x 0.2937 = 1.0349, (5.121)

which is almost the same as ao(b(E(é))).
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5.6 Problems

5.2.1 Show that the following three conditions are equivalent:
(1) E(uiluz) = 0;
(2 E1ln2) =0;
(3) E[b(X)]e] = B.

5.2.2 Establish (5.14).

5.2.3 Establish Lemma 5.2.

5.2.4 Under the assumption of Proposition 5.4, show that § = 0 is also equivalent
to each of the following two conditions:

1. X271z =0;
2. X's7'sz =0.

5.3.1 In the Anderson model treated in Section 5.3:
1. Find the inverse matrix £ of £~! in (5.52).

2. By using this, find an expression of {¢;} like that of AR(1) process:
gj=0je;1+& (j=1,---,n).

5.3.2 Analyze the CO; emission data given in Section 2.5 by evaluating the upper
bounds for the covariance matrix of the GLSE treated in Section 5.3.

5.4.1 The quadratic form ¢'M’Me in (5.76) is the same as 1, V'V, in (5.19).
5.4.2 Establish Lemma 5.10. See Kurata (2001).

5.4.3 Establish the equality (5.87). See Kurata (2001).
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Bounds for Normal
Approximation to the
Distributions of GL SP
and GL SE

6.1 Overview

In application, the distribution of a generalized least squares predictor (GLSP) is
often approximated by the distribution of the Gauss—Markov predictor (GMP),
which is normal if the error term is normally distributed. Such an approximation is
based on the fact that the GLSPs are asymptotically equivalent to the GMP under
appropriate regularity conditions. In this chapter, we evaluate with a uniform bound,
goodness of the normal approximations to the probability density function (pdf)
and the cumulative distribution function (cdf) of a GLSP. The results are applied to
the case in which the distribution of a generalized least squares estimator (GLSE)
is approximated by that of the Gauss—Markov estimator (GME). To describe the
problem, let a general linear regression model be

(yyo):(?)((())’“(;) (6.1)

where

y:nxl1l, yoomx1, X:nxk, Xo:mxk, rankX =k,

Generalized Least Squares Takeaki Kariya and Hiroshi Kurata
© 2004 John Wiley & Sons, Ltd ISBN: 0-470-86697-7 (PPC)
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and the error term is assumed to be normally distributed:

C << ;50 )) = Ny (0, 02<D> 6.2)

> A
o=(Z2)
Here, ¥ € S(n), o : m x m and A : m x n are unknown, and S(n) denotes the set
of n x n positive definite matrices. The submodel y = X8 + ¢ in (6.1) corresponds
to the observable part of the model, while yo = X8 + ¢o is to be predicted.

As stated in Chapter 3, the problem of estimating f is a particular case of the
prediction problem. In fact, by letting

with

m=k, Xo=1I, A=0 and X9 =0, (6.3)

the predictand yg in (6.1) reduces to yp = . Hence, the problem is clearly equiv-
alent to estimation of 8 in

y=XB+¢ with L) =N,©0,0c°%). (6.4)

By transforming ¢ = ¢ and o = AY e + g in (6.1), the model is rewritten as

yy_ (X I, 0 £
(o) = () (oo ) () ©9
L (( jo )) = Nutm(0, 62Q) (6.6)

by 0
Q_<o zo—Az—lA/)'

When condition (6.3) holds, the reduced model is equivalent to

where

with

y=XB +¢ with L(g) = N,(0,06°%). 6.7)
The GMP y; of yp is given by
Yo =Yo(Z, A) = Xob(2) + AZ [y — Xb(D)], (6.8)
where b(X) is the GME of 8:

b)) =Xz x's . (6.9)
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The GMP is the best linear unbiased predictor when ¥ and A are known (see
Section 3.2 of Chapter 3). The GLSP yjy of y is defined by replacing unknown X
and A by their estimators X and A respectively:

Yo =o(E, &) = Xob(£) + A7 [y — Xb()], (6.10)
where b(%) is a GLSE of B:
b(E) = X2 X)Xy (6.11)
Here, the quantities 3= f](e) and A = A(e) are functions of the ordinary least
squares (OLS) residual vector e:
e=Ny with N=1,—-XX'X)"'x". (6.12)
As stated in Proposition 3.2, the GLSP yj in (6.10) can be rewritten as
Yo =C(e)y with C(e)X = Xo (6.13)
by letting
Cle) = Xo X' ' x) 1x'2!
+AS L - x X277’ (6.14)

Throughout this chapter, we assume that the function C(e) in (6.13) satisfies the
following conditions:

(1) C(e) is continuous in e;
(2) C(e) is scale-invariant in the sense that C(ae) = C(e) for any a > 0;
(3) C(e) is an even function of e, that is, C(—e) = C(e).

These conditions guarantee that the GLSP yy = C(e)y is an unbiased predictor
with a finite second moment (Proposition 3.3).

In this chapter, the distribution of a GLSP yj is approximated by that of the
GMP y;. To describe this approximation, we reproduce the decomposition of a
GLSP described in Section 3.2 of Chapter 3: for a GLSP yj satisfying conditions
(1) to (3), let Y be the prediction error of yy, namely,

Y = yo — Yo,
and decompose Y as
Y=Y1+1, (6.15)
where
Y1 = y5 — yo = Yo(2, A) — Yo,
Y2 = o — y5 = Yo(E, A) — §o(E, A).
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Note that the first term Y7 of Y in (6.15) is the prediction error of the GMP.
Moreover, the two terms Y7 and Y, are independent. To see this, let Z be an
n x (n — k) matrix such that

N=2ZZ7 and Z'Z =1,, (6.16)
and make a transformation
u A-12x'v-1 0
_ —1/2 1 €
uy | = B Z 0 . (6.17)
€0 0 In 0
with
A=X's2"'XeSk) and B=Z7Z'SZ € S(n — k).

Then the distribution of (u, u}, &,)" is obtained as

uj 0 I. O 0
Ll u2 = Nyptm 0,02 0 L« 0 . (6.18)
&0 0 0 0 Tg—AZ A

On the other hand, Y; and Y> in (6.15) are rewritten as
Yi=Yn+Yo,
Y, = [C(ZB"?up) — AX 12 ZB ™ u,, (6.19)
where
Yii=Xo— A ' X)A" 24, and Yip = —e.
It can be observed that the identity
e= ZB1/2u2

is used in (6.19). Thus, Y1, Y12 and Y, are independent and the distribution of
Y1 = Y11 + Y12 is given by

L(Y1) = Ny(0, V1) with Vi = EX 1Y) = Vi1 + Via, (6.20)
where
Vii= E(Y]) =o0%(Xo— A X)A7 (Xo — AZTIX),
Vip = E(Y12Y],) = 0%(So — AT !A)), (6.21)
and the conditional distribution of ¥ = Y; + Y> given Y> is
LY|Y2) = N (Y2, V1). (6.22)

The distribution of Y3 in (6.19) may be complicated. But it follows:
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Lemma 6.1 Under conditions (1) to (3), Y, has a finite second moment and
E(Y2) =0. (6.23)
Proof. Denote
Y2 =Y2(u2)

as a function of us. Then Y>(u») is continuous in uj, since C(-) is continuous by
condition (1). For a moment, let

C=lluzll and Vv =us/[luz|.
By using condition (2), the function Y>(u7) is expressed as
Y2(uz2) = Ya(cv)
=[C(ZB?*(cv)) — A= ZB*(cv)
=cx [C(ZBY*) — Az 2zB 'y
= lluzll x Y2(u2/lluzll).

Here, the quantities C = |u2|| and V = u»/||u>| are independent, £(¢*/o?) = Xffk
and V is distributed as the uniform distribution on the unit sphere U(n — k) = {u €
R"* | |lu|l = 1} (see Proposition 1.4). Hence,

Vo = E(Y2Y))
= E[C’,(V)Y2 (V)]
= E(¢) x E[Y2(\)Y2(V)']
= (n —k)o? x E[Y2(V)Y2(v)']. (6.24)

Since Y>(V) is a continuous function on a compact set U (n — k), it is bounded,
and hence V) is finite.

Next, to show E(Y») = 0, note that the function Y(uy) is an odd function
of us:

Yo(—uz) = —Ya(u2),
since C(-) is an even function. Hence, by using L(u2) = L£(—u3), we obtain
E[Y2(u2)] = E[Y2(—u2)] = —E[Y2(u2)],
from which (6.23) follows. This completes the proof.
Let a pdf of Y = yg — yg be f(x). The function f(x) is approximated by

] _ 1 1,
o (x; Vl)—WCX[)(—Ex Vi x>,

which is a pdf of Y| = yj — yo in (6.20). We are interested in evaluating the
goodness of this approximation by deriving a bound for

sup | f(x) — @ (x; V). (6.25)

xeR™
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We develop the theory in the following order:

6.2 Uniform Bounds for Normal Approximations to the Probability Density
Functions

6.3 Uniform Bounds for Normal Approximations to the Cumulative Distribution
Functions.

In Section 6.2, we obtain a bound for (6.25) under the conditions described above.
The results are applied to typical GLSPs and GLSEs in the AR(1) error model and
a seemingly unrelated regression (SUR) model. Similar analyses are pursued for
the cdf of a GLSP (GLSE) in Section 6.3.

6.2 Uniform Bounds for Normal Approximations
to the Probability Density Functions

In this section, we first discuss a GLSP yg = C(e)y that satisfies conditions (1) to
(3), and evaluate a bound for the quantity in (6.25) under a general setup. As a
particular case of interest, a bound for the pdf of a GLSE b(X) is also obtained.

The main theorem. Let £(¢) be the characteristic function of Y:
£(t) = Elexp(ir’Y)] (t € R™). (6.26)
The function &(¢) is the product of the characteristic functions of ¥; (j =1, 2):
£(1) = &1(D&(0) (6.27)
where &;(t) = E{exp(it’Yj)}, and therefore, &1 (¢) is given by

t/V1t>

s =exp (=

since L(Y1) = N,,(0, V1) (see Problem 1.2.1). By using the inversion formula (see
e.g., Theorem 2.6.3 of Anderson, 1984), the pdf f(x) of Y is expressed as

fx) = f exp(—it'x)&(r)dr. (6.28)
Rm

Q)™

Similarly,

o(x; V) = / exp(—it'x)& (1)dt. (6.29)

(271)}7!

Here is the main theorem.
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Theorem 6.2 Suppose that a GLSP yy = C(e)y in (6.13) satisfies conditions (1) to
(3) in Section 6.1. Then the following inequality holds:

1) —das Vol = T2V (6.30)
su X x; V| < .
xelg” f(zn);n/zlvl|1/2
Proof. By Taylor’s theorem,
%2
cosx =1— cos(@pc); for some 07 € [0, 1],
x2
sinx = x — sin(@pc); for some 6, € [0, 1].
Hence, it follows that
exp(ix) = cosx +isinx
X2
=1+ ix — [cos(O1x) +isin(92x)]7. (6.31)

Therefore, the function &;(¢) is evaluated as

& (1) = Elexp(it'Y2)]

)

y { (t'Y2)? }
=1+4+i'E(Yy) — [cos(01t'Y) + isin(62'Y,)]—=— 5

where 6;’s are random variables such that 6; € [0, 1] a.s. Since E(Y2) =0 (see
Lemma 6.1),

/ 2
bL=1-E [{cos(elt’yz) 1 isin(@r'vy)) L2 }

=14v() (say). (6.32)
This yields &(t) = &1 (¢)[1 + v(¢)], and hence
§(1) —&1(1) = &1 (Nv(D) (6.33)

Now using the inversion formula (6.28) and (6.29) entails

[f(x) =@ (x; VD] =

7)™ /Rm exp(—it'x) [E(t) — &1(1)] dt

(from (6.33))

~ @y /Rm exp(—it'x)&1 (1) v(t)dt

= (2n)m/ ‘exp(—if/X)él(t)v(r)(dt

= Gn )m/ 1w dt, (6.34)
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where | exp(—it'x)| = 1 is used in the last line. Here, the factor |v(z)| is bounded
above by ' Va1 /+/2, since

1
VO] = 5 Ellcos(@i1'Y) +isin(@1'Y2)) (t'Y2)%]

1

=3 E{[cos?(011'Y>) + sin?(621'Y2)]"/?(1'Y2)?}
1

< E[V2(1'Y2)?]

= Lt’E(YzYz’)t,
V2

where cos2(x) + sinz(y) < 21is used in the third line. Hence, the extreme right-hand
side of (6.34) is bounded above by

1 1 1
_ "Vot)dt = —— ——1'V, "Vat)dt.
T3y S E1 () Var)de NS fmeXP< 2t 1t> (" Var)dr

To evaluate this integral, it is convenient to regard ¢ as a normally distributed
random vector such that £(¢) = N,,,(0, U;) with U; = Vfl. In fact,

ﬁ [m exp (—%/Vﬂ) (t' Vot )dt

__ln” x ! (' Vat) ex —lt/U_lt dr
= 20y @ PO R J 2P IPATR
UL/
:WXE{I/VZI}
U, 1/2
:WXZ‘F(VZUl)
tr(Vav;h

V22w |12

Since the extreme right-hand side of the above equality does not depend on x, this
completes the proof.

This theorem is due to Kariya and Toyooka (1992) and Usami and Toyooka
(1997b). In applications, it is often the case that for any a € R™, a’Vya — 0 as
n — o0. Hence, the bound in this theorem will be effective.

Estimation version of Theorem 6.2. As stated in the previous section, the prob-
lem of estimating B is a particular case of prediction problem. Put m =k, Xg = I,
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A = 0and Xy = 0in (6.5) and consider the model (6.7). Then a GLSP yy = C(e)y
with C(e)X = X¢ in (6.13) reduces to a GLSE

B =C(e)y with C(e)X = I,
which is decomposed into two independent parts as
Y=p-p
=[b(2) = B1+[B — b(2)]
= A"y, + c(ZB"?uy)x 2B~ %u,
=Y+ Y, (say). (6.35)

Corollary 6.3 Suppose that a GLSE B = C(e)y satisfies conditions (1) to (3), and
let the pdf of B — B be f(x). Then the following inequality holds:

tr(Vavih
Qu)k/2 (V|12

sup | f(x) —p(x; V)| < 7 (6.36)

x€RK
where
Vi=EX\Y) = E[b(Z) — HBE) - )]
= Cov(b(2)) = 02A~",
Vi = E(Y2Yy) = E[(B — b(Z)(B — b(T))]. (6.37)
and ¢ (x; V1) denotes the pdf of L(Y1) = Ni(0, V).

Proof. The proof is available as an exercise (Problem 6.2.1).

Evaluation by using the upper bounds in Chapters 4 and 5. To evaluate the
bound in the right-hand side of (6.36), we can use the results of Chapters 4 and
5, in which an upper bound for the covariance matrix of a GLSE ,3 = b(f)) is
obtained as

Cov(b(2)) < (1 +y) Cov(b(X)) with y = y(b()). (6.38)
This inequality is rewritten in terms of V| and V; as
Vi+ Vo< (1+p)Vi,
which is in turn equivalent to

v, ZVZVf 1/2

<y. (6.39)

Hence, we obtain
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Qorollary 6.4 For any GLSE B = b(2) satisfying conditions (1) to (3), the pdf of
B — B is approximated by the normal pdf to the extent

r(VaViD kb))

— < — . (6.40)
Qm*2V |12 T 202m)k2 (V|12

sup [f(x) —(x; V)| < 7

xeRk

Practical use of the uniform bounds. Note that the uniform bounds derived in
Theorem 6.2 and its corollaries depend on the units of y and X. This is not curious,
since the values of the functions f(x) and ¢ (x; V1) in the left-hand side of (6.30)
depend on V; and V,. Hence, for practical use of the uniform bounds, we need to
modify the bounds from this viewpoint. For this purpose, we propose to use the
following inequality for practical use:

e For the inequality in (6.30), we divide both sides of (6.30) by

1

PO V) =g V)| = QP

and use the following inequality:

Fw -l feovp < TN
sup X)) —ox; vV V1) = . .
XER™ \/E
Similarly,
e For the inequality (6.36) in Corollary 6.3, we use
— —1
sup [f(x) =p(x: V) [9(0: V) = ——F=——. (6.42)
x€Rk / \/E
e For the inequality (6.40) in Corollary 6.4,
— ——1 A
= - r(VaVy ) _ ky(b(%))
su x)—ox; V) O,V < < . (643
1 () =9 Vol [6(0: V) = =2 7 )

xeRk

Examples. Here are three simple examples.

Example 6.1 (SUR model)  For simplicity, let us consider the two-equation SUR
model. As is proved in (3) of Theorem 4.10, an upper bound for the covariance
matrix of the unrestricted Zellner estimator (UZE) b(S ® I,,) is given by

Cov(b(S® 1)) < [1 + q—i3:| Cov(b(Z ® In)), (6.44)

where L£(S) = W»(X, ¢g), the Wishart distribution with mean gX and degrees of
freedom gq.
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The UZE can be rewritten as
b(S ® Iy) = Ce)y with C(e) = (X'(S™'® L)X) ' X' (7' ® In),

and the function C(e) satisfies conditions (1) to (3). Recall that S is a function of
e. Hence, by letting

2

qg—3
and letting f be the pdf of (S ® I,,) — B, it holds that
_ V2k
su xX)—ox; V| < — , (6.45
e T AP :

where ¢ (x; V1) is the pdf of b(Z ® I,,) — B, namely, the pdf of Ny (0, V). Here

Vi=X'E ' L)x)™h

Example 6.2 (COz emission data) In Section 4.6 of Chapter 4, by using the
UZE b(S ® I,,), we fitted the following two-equation SUR model to the CO;
emission data of Japan and the USA:

log(CO2;1) = 4.673 + 0.378 log(GNP;) : Japan
log(CO2;) = 6.057 4+ 0.280 log(GNP,) : USA. (6.46)

The data is given in Section 2.5 of Chapter 2. When the matrix ¥ € S(2) is esti-
mated by

~ 24\ 0.02925 0.02563

0.002505 0.001219
0.001219 0.001068 )’

1
S/q = < 0.06013 0.02925 )

(6.47)

an estimate of the matrix
Vi=(X'E'@ LX)
is obtained as

Vi=X1S/q) " @ LX)

0.036447 * * *
| —0.0063078 0.0010945 * *
0.039136  —0.0067826 0.076814 * ’

—0.0045964 0.00079751 —0.0090273 0.0010614
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which is a symmetric matrix. From this, it follows
V1| = 8.587 x 10716,

Hence, by letting k = 4 and ¢ = 24, the uniform bound in (6.45) is estimated by

2k
Qm)k2|V1/2(q - 3)

However, since the value depends on the unit of y and X, we use (6.43) and obtain

— — ky (b(3 4x[2/4 -3
sup 1) (5 DI/ 0: V) = ”\é ) _ X[/(ﬁ )l

= 232855.9.

= 0.2694.

Example 6.3 (Anderson model)  In the Anderson model described in Section 5.3
of Chapter 5, Theorem 5.7 shows that if an estimator & = 6 (e) satisfies the conditions
of Theorem 5.7, then the corresponding GLSE b(X) with ¥ = X (6) approximately

satisfies
Cov(b(f))) < :l ) |:2 \/(_(1 —;;05) ]} Cov(b(X)), (6.48)

where the definition of § is given in (5.41). When we rewrite b(f]) as
b(X) = C(e)y with C(e) = (X'S7'X)"'x'S71,

the function C (e) satisfies conditions (1) to (3). Hence, by Corollaries 6.3 and 6.4,
the following approximation is obtained for the pdf f(x) of b(X) — B:

ks 2301 +6)°
sup | f(x) —¢(x; V)| <
xeRk V2Q@uk2vy 2 [ n (1-0)°
where ¢ (x; V1) is the pdf of 5(X) — B, namely, the pdf of Ny (0, V1) with

Vi=ac2X'zO)'x)".

:| , (649

Some complementary results are provided as exercise.

6.3 Uniform Bounds for Normal Approximations
to the Cumulative Distribution Functions
In this section, analyses similar to those of Section 6.2 are pursued for the cdf of a

GLSP yjy. Bounds for the normal approximation to the cdf of a linear combination
of the form

a'(yo — yo) with a € R" (6.50)

are obtained.
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Bound for the pdf of a’(yo — yo). Fix a nonnull vector a € R™. For any GLSP
yo = C(e)y in (6.13) satisfying conditions (1) to (3), consider a linear combination
of the form

w=dY withY = yy — yo. (6.51)
By using the decomposition ¥ = Y7 + Y3 in (6.15), we write w in (6.51) as
w=w; +wy with wi =d'Y; and wy =a'Ys, (6.52)

where the two terms w; and w; are clearly independent. Then it readily follows
from (6.22) that

L(w|wy) = N(wz, v1) with vy =da'Vja, (6.53)

where Vi = E(Y1Y]). The pdf of w is approximated by ¢ (x; v1), which is the pdf
of E(wl) = N(O, vl).

Theorem 6.5 Let h be the pdf of w. Then the following inequality holds:

v
sup [h(x) — ¢ (x: v))| £ ———75, (6:54)
2/mv)

xeR!
where vy = a'Vaa with Vo = E(Y2Y)).

Proof. The proof is essentially the same as that of Theorem 6.2. Let the char-
acteristic functions of w, w; and wy be {(s), ¢1(s) and {2 (s) respectively, where
s € R

¢(s) = Elexp(isw)] = El[exp(is(w1 + w2))] = {1 (s)52(s),
¢i1(s) = Elexp(iswi)] and ¢1(s) = E[exp(iswz)]
Then these functions are written in terms of &, & and &; as
t(s) =&(sa), £1(s) = &i(sa) = exp(—s*v1/2) and 0r(s) = &x(sa),

where £, £ and &, are respectively the characteristic functions of Y, Y| and Y>.
Hence, we obtain from (6.27)

£(s) = £1(5)¢2(s) = exp(—sv1/2) E[exp(iswa)]. (6.55)
Thus, from the proof of Theorem 6.2, the function ¢ is expressed as
£(s) = Ci ()1 +v* )],
where
V*(s) = v(sa) = —E{[cos(f1sw2) + i sin(@2sw2) (sw2)*}/2

(see (6.32)).
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By the inversion formula, the two pdf’s # and ¢ are expressed as
1 o0
h(x) = —/ exp(—isx)¢(s)ds
27 J_ oo

and
1 o
P(x;v1) = —/ exp(—isx)¢y(s)ds
27 J_ oo
respectively. Hence, for any x € R!,

1
lh(x) — @ (x;v))| = ’E /Rl exp(—isx) [£(s) — S1(s)]ds

1
< 2—f £1() 0" (s)]ds
JT RI

< 2| (s)sds
Zﬁn RI
v, @m)l/?
2\/—7_[ 3/2 ’
where
V¥ (s)] < s702/V2
and

o o
/ 52 exp(—s2v1/2)ds = 2/ 52 exp(—s2v1/2)ds = (271/11%)1/2
—0o0 0

are used. This completes the proof.

Arguing in the same way as in Corollary 6.3 yields the following estimation
version of Theorem 6.5 whose proof is available as an exercise (Problem 6.3.1).

Corollary 6.6 For any fixed vector a € RF with a # 0, let g be a 1 pdf of the lin-
ear combination w = a (,3 B), where /3 is a GLSE of the form ,B C(e)y with
C(e)X = Iy. Suppose that the function C(e) satisfies conditions (1) to (3). Then the
following inequality holds:

xeR!

_ v
sup [g(x) —p(x; V)| = ——=75, (6.56)
2 /702
1

where ¢ (x; V1) denotes the pdf of L(w1) = N (0, vy),
w) =d'[b(X) - B,
wy =d'[B - b(D)],
and
U =dVia=E®]) =o%dX'27'X)7!

vy =ad'Voa= E(W%)
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Bounds for the cdf of w = a’(yp — yo). Next, we shall derive a uniform bound
for the approximation to the cdf of w = a’Y = a’(yyp — yo). This result is more
important because it directly evaluates the error of the normal approximation.

To this end, we need the following smoothing lemma in the theory of Fourier
transform (see, for example, Feller, 1966, p 512)).

Lemma 6.7 Let G be a cdf satisfying
[ x dG(x) =0, (6.57)
R!

and let ¥ (s) = f g1 €xp(isx)dG (x) be the characteristic function of G. Let G be
a function such that

Aim [G(x) — Go(0] =0, (6.58)

and that Go has a bounded derivative gy = GE), that is, there exists a positive
constant ¢ > 0 such that

|go(x)| < c for any x € R'. (6.59)

Let g be the Fourier transform of go: ¥o(s) = le exp(isx)go(x)dx. Suppose fur-
ther that g is continuously differentiable and satisfies

Yo(0) =1 and ¥4(0) = 0. (6.60)
Then for all x and T > 0, the inequality

24
ds + 2% 6.61)
T

Y (s) = Yols)

N

T
G(x) — Go(x)] < 1/
T J-T

holds.

Since the left-hand side of the inequality (6.61) is free from 7 > 0, this lemma
implies that

1G(x) — Go(x)] < l/ ‘M ds. 6.62)
T J_ oo s
Let H be the cdf of w, namely,
H(x) = P(w < x), (6.63)

and let
X
<I>(x;v1)=/ ¢ (wy; vy)dwy,
—0o0

which is the cdf of £L(w;) = N(0, v;). Note that (6.58) is trivial when Gy is a cdf.
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To apply Lemma 6.7 to the cdf’s H and ®, we check the conditions (6.57) to
(6.60). Since the GLSP yjp in (6.50) is unbiased, it holds that
(e.¢]
E(w) = / wdH(w) =0,
—00

proving (6.57). Next, the derivative ¢ (x; v1) = ®'(x; vy) is clearly bounded, and
its Fourier transform, which is given by ¢;(s) = exp(—s’v;/2), is continuously
differentiable and satisfies

c1(0) =1 and ¢{(0) = —vysexp(—s?v1/2)[s=0 = O,

proving (6.59) and (6.60). Hence, by Lemma 6.7 and (6.62), we have

|H(x) — ®(x;vp)] < %foo ‘M ds. (6.64)

As shown in the proof of Theorem 6.5, it holds that [£(s) — ¢1(s)| = [v*(s)|S1(s)
and |v*(s)| < s2v2/\/§. Thus, the right-hand side of (6.64) is further bounded
above by

2 / |S|§1(S)d5=£/ s| exp(—s2vy/2)ds

\/571 —00 \/En —00
w2 xzfoo exp(—s2v;/2)d
= S —S5 vV \)
\/En 0 P '
2
= fvz, (6.65)
TV

where the last equality is obtained from fooo s exp(—s2v;/2)ds = 1/v|. Summariz-
ing the results above yields

Theorem 6.8 For any fixed a € R™ with a # 0 and any GLSP yy = C(e)y with
C(e)X = Xy satisfying conditions (1) to (3), the normal approximation of the cdf
H(x) of w = da’ (Yo — yo) is evaluated as

V2u,

TV

sup |H (x) — ®(x; v1)| =
xeR!

(6.66)

Corollary 6.9 For any a € RX with a # 0, let G be the cdf of the linear combina-
tionw = a'(B — B) of a GLSE B = C(e)y with C(e)X = Iy, and suppose that the
function C(e) satisfies conditions (1) to (3). Then the following inequality holds:

-
\/—_vz , (6.67)
TV

sup |G(x) — P(x;vp)| <

xeR!

where v and vy are defined in Corollary 6.6.
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As done in the previous section, we evaluate the bound obtained above by
using the results of Chapters 4 and 5. If an upper bound for the covariance matrix
of a GLSE b(X) is given by

Cov(b(£)) < (1+y) Cov(b(%)) with y = y(b(3)), (6.68)
then clearly
2 <y (6.69)
follows, since
Cov(b(£)) =V i+ Va, Cov(b(£) =V, and ¥; =d'Via (i =1,2).

Thus, we obtain

V2, - V2y

sup |G(x) — D(x; vp)| < (6.70)

xeR! TV b4

Example 6.4 (SUR model) Let us consider the UZE b(S ® I,,) in the SUR
model discussed in Example 6.1. Let G be the cdf of a'[b(S ® I,;) — B]. Then
from (6.44), we obtain

from which

sup |G(x) — @(x; V)| < 27‘/5 (6.71)
xeR! (g —3)

follows.

Example 6.5 (Anderson model) Consider the Anderson model described in
Example 6.3. For a GLSE b(X) with ¥ = X () treated there, let G be the cdf of
a’'[b(X) — B]. Then, by (6.48) and (6.69), an approximation

vy <4 [%%} v, (6.72)
is obtained, where
7 =02d (X'TO)'X) a.
Hence, by Corollary 6.9, we obtain the following approximation:
sup (6 — 057 < 2 (% Ji“_;;?}). 6.73)
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Numerical studies. Usami and Toyooka (1997b) numerically evaluated the uni-
form bounds given above by using a Monte Carlo simulation. The model considered
by them is the following:

yi=Bi+hjt+e (G=1,--,n)

&j =98j71+§j, (6.74)
where |6] < 1, and &;’s are identically and independently distributed as the normal
distribution N (0, 0%). In this model, one-step-ahead prediction of y, | is made.
Hence, this model is written by the model (6.1) with m = 1, k = 2,

11
12
X=1]. . |:nx2,

1 n
Xo=U,n+1):1x2,
yo = yn+1 (The predictand is y,4+1)

and

> A

where

=30 = ﬁ(@"“”) e Sn),

A=A®B) = @, 0" ... 0): 1 xn,

1—62

Yo = Xo(0) =

1-02
The GMP and GLSP are given by

Vil = Int1(T,A) = Xob(2) + AT [y — Xb(E)]
and

Futt = Fur1(3, A) = Xob(2) + AS [y — Xb(2)]
respectively, where 3= E(é), A= A(é) and

Yaejej

I=00 =53
J=1"J
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and
b)) = X' Ix)"Ix's 1.

In this model, the uniform bound obtained in Theorem 6.2 is given by

UBose ) tr(VaVih
df )=
P A v 172
Va
—y (6.75)
27V,
where Vi = E[(yi, — yor1)*] and Vo = E[(ny1 — ¥}, )?]. Let
. bi(3)
h(S) = < = ).
by (%)
Corresponding to Corollaries 6.3 and 6.6, we define
— —1
A tr(VaVy)
UBpar(b(2)) = —=———.
P 2327 | V|12
~ V2 .
UBpar(bi (%)) = ——=5 (=1,2), (6.76)
P 272

respectively. The latter is obtained by letting
a= (1,0, 0,1

in Corollary 6.6. Similarly, let UBcgr(Pn+1) and UBcdf(bi(fJ)) (i =1,2) be the
uniform bounds for the cdf’s of y,4; and b;(¥) (i = 1, 2) respectively. By using
Theorem 6.8 and Corollary 6.9, these quantities are written by

V2u,

TV

A V2u
IBm%@DZn;

UBcdr(Jnt1) =

i=12),

respectively.
In Usami and Toyooka (1997b), the cases in which

B =(10,2), o2 =10,
6 =0.1, 0.3, 0.5, 0.7, 0.9,
n =30, 50
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are treated. Under this setup, the quantities V; and V| are exactly determined. On
the other hand, the values of V, and V are evaluated by a Monte Carlo simulation
with replication 3000. The results are summarized in Tables 6.1 and 6.2.

Further, in Tables 6.3 and 6.4, the values of V;, Va, V| and V, are shown.
Figures 6.1, 6.2 and 6.3 show ¢ (x; V1), ¢(x; V1) — UBpgi(Jy+1) (in dashed line)

Table 6.1 Uniform bounds for pdf (n = 30).

0 UBpat(nt1) UBpar(h(2))  UBpar(h1(2))  UBpar(h2(2))

0.1 0.00101 0.00190 0.00032 0.00691
0.3 0.00124 0.00179 0.00038 0.00821
0.5 0.00168 0.00172 0.00050 0.01080
0.7 0.00272 0.00163 0.00073 0.01612
0.9 0.00596 0.00103 0.00095 0.02369

Source: Usami and Toyooka (1997b) with permission.

Table 6.2 Uniform bounds for pdf (n = 50).
0 UBpstGut1) UBpar(h(2))  UBpar(b1(2))  UBpar(h2(2))

0.1 0.00057 0.00219 0.00018 0.00630
0.3 0.00066 0.00209 0.00022 0.00759
0.5 0.00085 0.00197 0.00028 0.00980
0.7 0.00130 0.00183 0.00041 0.01459
0.9 0.00294 0.00138 0.00072 0.02746

Source: Usami and Toyooka (1997b) with permission.

Table 6.3 The values of V5, Vi, Vo and V| (n = 30).

0 1% Vi Vz

0.0792 —0.0046
—0.0046  0.0003 —0.833  0.054

0.1854 —0.0107 26.663 —1. 294)

0.1 4346 11391 16.993 —0.833

0.3 5317 113.62 —0.0107  0.0007 —1.294 0.083

)
)
0.5824 —0.0330) ( 47.753 —2.274
)
) (

—0.0330 0.0022 —2.274  0.147

2.9405 —0.1610 109.332 —4.986
0.7 11435 112,09 —0.1610 0.0104 —4.986 0.322)

( 35.9805 —1.6216

(
(
0.5 7.153 113.11 (
(

0.9 24.046 109.03

—1.6216  0.1045

486.336 —17.936
—17.936 1.157

Source: Usami and Toyooka (1997b) with permission.
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Table 6.4 The values of Vs, Vi, Vo and V| (n = 50).

0 1% Vi Vz
0.020400 —0.000718
—0.000718  0.000028

0.049833 —0.001738 16.124 —0.475
—0.001738  0.000068 —-0.475 0.019

) ( )
) ( )
0.160991 —0. 005566) ( 29.902 —0.871 )
) ( )
) ( )

10.066 —0.298

0.1 2270 108.21 _0298  0.012

0.3 2.641  108.10

—0.005566  0.000219 —-0.871 0.034

0.914683 —0.030884 73.471 —2.084
—0.030884  0.001209 —2.084 0.082

20.477519 —0.611951 400.795 —9.950
—0.611951 0.023725 —-9.950 0.390

0.7 5.125  107.53

(
(
0.5 3374  107.92 (
(

09 11395 106.12 <

Source: Usami and Toyooka (1997b) with permission.

0.05 | | T T T T T
: Normal density function —
. Normal density function — Bound - -
. Normal density function + Bound - - -

0.04 5 _

0.03

0.02

0.01

-40 -30 -20 -10 0 10 20 30 40

Figure 6.1 :¢(x; V1), ¢ (x; V1) — UBpgi(Pn4+1) (in dashed line) and ¢ (x; Vi) +
Udef@nH) (in dotted line). & = 0.1 and n = 30. Source: Usami and Toyooka
(1997b) with permission.
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0.05 T T T T T T T
: Normal density function —
Normal density function — Bound ——
004 Normal density function + Bound - --_|

0.03

0.02

0.01

0 1 1
-40 -30 -20 -10 0 10 20 30 40

Figure 6.2 :¢p(x; V1), ¢(x; V1) — Udef(j)nH) (in dashed line) and ¢ (x; V7) +
Udef()?nH) (in dotted line). & = 0.5 and n = 30. Source: Usami and Toyooka
(1997b) with permission.

0.05 T T T T T T ]
: Normal density function —
l\formal density function — Bound —--
,-Normal density function + Bound - - -
0.04 A .

0.03

0.02

0.01

0 y I i I N
-40 -30 -20 -10 0 10 20 30 40

Figure 6.3 :¢p(x; V1), ¢(x; V1) — Udef(j)nH) (in dashed line) and ¢ (x; V1) +
UBpar(¥n+1) (in dotted line). # = 0.9 and n = 30. Source: Usami and Toyooka
(1997b) with permission.
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Table 6.5 Uniform bounds for the cdf (n = 30).

0  UBcat(nt1) UBear(h1(%))  UBear(ba(3))

0.1 0.01717 0.00210 0.00255
0.3 0.02107 0.00313 0.00378
0.5 0.02847 0.00549 0.00660
0.7 0.04592 0.01211 0.01459
0.9 0.09928 0.03330 0.04066

Source: Usami and Toyooka (1997b) with permission.

Table 6.6 Uniform bounds for the cdf (n = 50).
6 UBet(nr1) UBear(b1(£))  UBear(ba (%))

0.1 0.00944 0.00091 0.00109
0.3 0.01100 0.00139 0.00165
0.5 0.01407 0.00242 0.00289
0.7 0.02145 0.00560 0.00666
0.9 0.04834 0.02300 0.02737

Source: Usami and Toyooka (1997b) with permission.

and ¢ (x; V1) + UBpar(Pu+1) (in dotted line) for the case in which 6 = 0.1, 0.5
and 0.9 respectively (n = 30). From these tables and figures, Usami and Toyooka
(1997b) observed that

(1) As 6 increases, the uniform bounds for the pdf’s of y,,11 and b; (f])s become
larger;

(2) For each 0, the bounds in the case of n = 30 are greater than those in the
case of n = 50;

(3) However, points (1) and (2) do not hold for Udef(b(f))).

They also evaluated the uniform bounds UBcg¢(¥n+1) and UBcqs(b; (f))) (i=12)
for the cdf’s of y,4+1 and b; (X) (i = 1, 2). The results are summarized in Tables 6.5
and 6.6.

6.4 Problems

6.1.1 Let P; (j = 1, 2) be two probability distributions, and suppose that P;s have
pdf p;s with respect to the Lebesgue measure on R": dP;/dx = p;(x) (j = 1,2).
Let B be the Borel o algebra on R". The variational distance between P; and P
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is defined by

d(Py, P2) =2 sup |P{(B) — P2(B).
BeB

Establish the following identity:

+
(”l—m - 1) pa(x)dx,

d(Py, P) = / 72(0)

R71

[p1(x) — p2(x)|dx = 2/

R71

from which

pix) 1)*

d(P1, P») < sup (
p2(x)

xeRn
follows, where for a function p,
p*(x) = max(p(x), 0).
See, for example, Chapters 7, 8 and 9 of Eaton (1989).
6.2.1 Prove Corollary 6.3.

6.2.2 The OLSE b(I,,) = (X'X)~ !X’y also satisfies conditions (1) to (3) required
in Corollaries 6.3 and 6.4.

(1) Evaluate the bound in the right-hand side of (6.36) in Corollary 6.3 for the
OLSE.

(2) In the Anderson model described in Example 6.3, derive the bound for the
pdf of the OLSE.

(3) In the two-equation SUR model described in Example 6.1, derive the bound
for the pdf of the OLSE.

6.2.3 Using the results in Chapters 4 and 5, derive a bound for the pdf of the
unrestricted GLSE in the two-equation heteroscedastic model.

6.3.1 Prove Corollary 6.6.

6.3.2 Let us consider the distribution of the OLSE b(1,,).

(1) Evaluate the bound in the right-hand side of (6.67) in Corollary 6.9 for the
OLSE.

(2) In the Anderson model described in Example 6.5, derive the bound for the
cdf of the OLSE.

(3) In the two-equation SUR model described in Example 6.4, derive the bound
for the cdf of the OLSE.

6.3.3 Using the results in Chapters 4 and 5, derive a bound for the cdf of the
unrestricted GLSE in the two-equation heteroscedastic model.
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A Maximal Extension of the
Gauss—Markov Theorem
and Its Nonlinear Versions

7.1 Overview

In this chapter, we first provide a maximal extension of the Gauss—Markov theorem
(GMT, Theorem 2.1) in its linear framework, in particular, the maximal class of
distributions (of the error term) under which the GMT holds is derived. The result
suggests some further extension of the nonlinear GMT (Theorem 3.9) established
in Chapter 3 for nonlinear estimators including generalized least square estimators
(GLSEs) and location-equivariant estimators. An application to elliptically sym-
metric distributions is also given. The results in this chapter are due to Kariya and
Kurata (2002).

Criterion of optimality. To state the problem more precisely, let the general linear
regression model be
y=XB+s, (7.1)
where
y:nx1, X:nxk, and rankX = k.

The GMT states that if the model (7.1) satisfies the condition

L(g) € Pu(0, £) with & € S(n), (7.2)

Generalized Least Squares Takeaki Kariya and Hiroshi Kurata
© 2004 John Wiley & Sons, Ltd ISBN: 0-470-86697-7 (PPC)
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the Gauss—Markov estimator (GME) defined by
() =X ') x's" 1y (7.3)
minimizes the risk matrix
Rp(B. B) = Epl(B — B)(B — B)'] (7.4)
in the class Cy of linear unbiased estimators:
Co = {,3 = Cy | C is a k x n matrix satisfying CX = I;}. (7.5)

Here, P = L(g) denotes the distribution of the error term &, S(n) the set of n x n
positive definite matrices, and for u € R" and ® € S(n),

P, @) = | Pulus, y @),
y>0

where P, (i, y ®) denotes the class of distributions with mean p and covariance
matrix y ®. The risk matrix in (7.4) is the covariance matrix of ,3 € Cp under (7.2).
It should be noted here that the optimality of the GME depends on the class
75,1 (0, ) of distributions in (7.2) as well as the class Cy of estimators. In fact,
the class Cyp is implied by unbiasedness when P,(0, ) is first fixed. Hence, it is
appropriate to begin with the notion of optimality adopted in this chapter.

Definition 7.1 For a class C of estimators and for a class ‘P of distributions of ¢,
an estimator B° is said to be (C, P)-optimal, if B° € C and

Rp(B°, B) < Rp(B,B) forall BeCand P € P. (7.6)
In the case of the GMT, the statement along this definition becomes
Theorem 7.2 (Gauss—Markov theorem)

b(X) is (Co, Pp(0, T))-optimal. (7.7)

A maximal extension of the GMT and its nonlinear version. In this chapter, on
the basis of Definition 7.1, the GMT above will be strengthened in several ways.
The organization of this chapter is as follows:

7.2 An Equivalence Relation on S(n)
7.3 A Maximal Extension of the Gauss—Markov Theorem
7.4 Nonlinear Versions of the Gauss—Markov Theorem.

In Section 7.3, for ~the given ¥ € S(n) and for the class Cy, we will derive a
maximal class, say Ppqx (X), of the distributions of ¢ in the sense that the following
two conditions hold:
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(1) b(%Z) is (Co, Piax(%))-optimal;
(2) There is no (v, W) € R" x S(n) such that (%) is (Co, P*)-optimal, where
P* = Pmax(E) ) Pn(V’ ‘IJ)

The class 75,41“(2) derived in this chapter contains a class P, (1, ®) with some
u(# 0) and ®(# X) as well as the class 75,1 (0, ¥) for which the original GMT
(Theorem 7.2) holds. Note that (1) and (2) imply that 5(X) is in particular (Cp, P,
(., ®))-optimal as long as 75n(u, D) C 75,m,x(2). Then Cyp is not necessarily the
class of linear unbiased estimators under P &€ 75,, (u, @), though it is a class of
linear estimators.

In Section 7.4, by applying the results in Section 7.3, we will extend the class
Cp of linear estimators to the class C, of the location-equivariant estimators, which
is introduced in Chapter 2 as

Cy = {,3 = B(y) | ,3(y) =b(l,) +d(e), dis ak x 1 vector-valued
measurable function on R"}, (7.8)
where
b)) = (X'X)~' X'y

is the ordinary least squares estimator (OLSE) and e is the OLS residual vector
defined by

e=Ny with N=1,—-XX'X)"'x". (7.9)

As shown in Proposition 2.5, the class Cp contains the class C; of GLSEs of
the form

h(E)=X'S7'X)71X'S7y with = = 2(e), (7.10)

where f)(e)~is an estimator of X. Section 7.4 is also devoted to finding a subclass
9, (2) of Ppax(X) for which

b(E) is (C2, On(T))-optimal. (7.11)

Further, it is shown that Q,,(X) contains a class of elliptically symmetric distribu-
tions. To develop the theory in the sequel, we equip an equivalence relation ~ on
the set S(n) of n x n positive definite matrices by

¥ ~ ® if and only if b(X) = b(P) for all y € R", (7.12)
which is of course equivalent to
B(X) = B(¥)
with
B(Q) =X'Q 'x)"'x' QL.

The relation plays an important role in describing and interpreting the classes of
distributions treated in the following sections.
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7.2 An Equivalence Relation on S(n)
In this section, we characterize the equivalence relation ~ introduced in (7.12).
Consider the linear regression model

y=XB+¢ (7.13)
with X : n x k and rank X = k.

An equivalence relation. Now fix ¥ € S(n) and let us consider the problem of
characterizing the matrices W’s that satisfy

U~ E.
To do so, let
Xy =2 "2x(xX's7'X)71% . n xk,
Zs =32272Z’22)"? i n x (n — k), (7.14)

and form the n x n orthogonal matrix

Y/
s = 2% |, 7.15
by < 7, ) (7.15)

where Z is an n x (n — k) matrix such that
X'Z=0, ZZ' =N and Z'Z =1,
and it is fixed throughout. Further, let
n= »-1/2¢

and define the two vectors 771 : k x 1 and 7> : (n — k) x 1 by

Y/n n
Fi=Tsn=|22"]= J). 7.16
n >N (Z/zn> <7I2 ( )

Then it is easy to see that for ¥ € S(n) fixed,
) —B=X="1x)" x5
= X'z x)" 125, (7.17)
and for any ¥ € S(n),
b(W) —B=Xvlx) 'xwle

=Xv ') ' xXv i xx'=sl ) ' xs +222'22)71 2

=X'2' )75 + xvT i) Ix'v s z(z's2) " 2,

= [b(2) — Bl + [b(Y) — b(D)], (7.18)
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where the matrix identity
xx's'x)y'X's 'y 2zizs)7 2 =1, (7.19)

is used in the second line of (7.18). The following theorem characterizes the equiv-
alence relation in (7.12).

Theorem 7.3 For ¥ and V in S(n), the following three statements are equivalent:
1 ¥~
Q) X'vlsz=0;
3) ¥ e R(X), where
R(EZ)={PecSn) | ®=XTX +ZZAZ'E, Y € Sk), A € S(n —k)}
={deSh) | o '=271XTX's '+ ZAZ,
T e Stk), A eSn—k)}. (7.20)

Proof. From (7.17) and (7.18), the equality b(W) = b(X) for all y € R" holds
if and only if

X'V ' X)) X'w s z(Z'22)7 1?5, =0 forany 7, € R" %K. (7.21)

Hence, it is shown that a necessary and sufficient condition for (7.21) is that
X'W~1'sZ7 = 0. Thus, the equivalence between (1) and (2) follows. The rest is
available as an exercise (see Problem 7.2.1). This completes the proof.

Rao’s covariance structure and some related results. Special attention has been
accorded in the literature to the condition under which the GME is identical to the
OLSE. Below, we briefly review the several relevant results on this problem.

To do so, consider the following general linear regression model

y=XB+e with P = L(e) € P,(0, 2), (7.22)
where
y:nx1, X:nxk, rankX =k.
Then it follows
Theorem 7.4 The identical equality
b(I,) = b(X) forany y € R" (7.23)
holds if and only if X is of the form
Y =XYX +ZAZ for some Y € S(k) and A € S(n — k). (7.24)
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Proof. By using the following expression
bl —b(2) = (X'X)"'X'22(Z'x2)"'7y,
we see that a necessary and sufficient condition for (7.23) is
X'2Z =0. (7.25)
On the other hand, let
G =(X,2)eGtn)

whose inverse is given by

a0 (xX'x)7x
6= (3R

In general, any ¥ € S(n) is expressed as

Y =66"'26¢""'¢’

~xo(z 5 )(%) (1.26)

T=XX)'XsXX'X)"' e Sk),
A=7'2ZeSn—k),
E=X'X)"'X'SZ : kx (n—k).

where

Here, condition (7.24) is clearly equivalent to

E =0, (7.27)
which is further equivalent to (7.25). Thus, it is proved that (7.23) and (7.24) are
equivalent. This completes the proof.

The structure (7.24) is called Rao’s covariance structure. It was originally
established by Rao (1967) and Geisser (1970), and has been fully investigated by
many papers. Among others, Kruskal (1968) and Zyskind (1967) obtained other
characterizations of the equality (7.23).

Proposition 7.5 The equality (7.23) holds if and only if one of the following two
conditions is satisfied:

(1) (Kruskal (1968)) L(XX) = L(X),
(2) (Zyskind (1967)) L(X) is spanned by k latent vectors of X.

Here, L(A) denotes the linear subspace spanned by the column vectors of matrix
A. In Puntanen and Styan (1989), an excellent survey on this topic is given on the
basis of approximately 100 references.
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Proof. First let us treat Kruskal’s condition (1). For X in (7.26),

T 2\ /X
EX:(X,Z)(E/A)<Z/>X

=XYX'X+ZEX'X.
Hence, the condition L(XX) = L(X) holds if and only if
E'X'X =0,

which is equivalent to X'~ Z = 0. Hence, (1) is equivalent to the equality (7.23).
Next, consider Zyskind’s condition (2). Suppose that the equality (7.23) holds,
or equivalently, ¥ has Rao’s covariance structure. Then X is expressed as

o (3)(7)

(X/X)I/ZT(X/X)I/Z 0 (X/X)fl/ZX/
0 A z'

s (T 0\ (X
Here, (X, Z) is an n x n orthogonal matrix. To give spectral decompositions

(Lemma 1.10) of T and A, let I’y and ', be k x k and (n — k) x (n — k) orthog-
onal matrices such that

=(XX'X)"2, 7) <

Y =T1A T} and A =TA,0%,

respectively, where Ay :k x k and A, : (n — k) x (n — k) are diagonal. Then X
is further rewritten as

o s (T1 0O\ (A1 O r, o0\ (/X
== () (5 0) () (2
e 5 A1 0 r X'
—(XF1,ZF2)<0 Az)(FéZ’ ,

where (XTI, ZT';) is also an n x n orthogonal matrix. Thus, the column vectors of
()~(I‘1, ZFZ) nxXn
are nothing but the latent vectors of X. Here,
L(X) = L(XTI))

holds, which is equivalent to Zyskind’s condition (2). Hence, it is shown that
the equality (7.23) implies the condition (2). Conversely, suppose that Zyskind’s
condition (2) holds. Let

Y= WAV
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be a spectral decomposition of X, where W and A are n x n orthogonal and
diagonal matrices respectively. By assumption, we can assume without loss of
generality that

¥, = XG for some G € Ge(k),
where
V= (U, W) with ¥ :n x kand W) : n x (n — k)

and

A=(M 0 with Aj 1k x kand As: (n — k) x (n — k).
0 A

Then, by letting ¥ = GA1G’, A = A, and Z = V,, the matrix ¥ is expressed as

T =XGAG'X + WA
=XYX' +ZAZ.
This shows that Zyskind’s condition implies Rao’s covariance structure. This com-
pletes the proof.

In page 53 of Eaton (1989), another aspect of Rao’s covariance structure is
described by using group invariance.

Some results obtained from different points of view are also found in the litera-
ture. Among others, McElroy (1967) obtained a necessary and sufficient condition
under which the equality (7.23) holds for all X such that the first column vector
of Xis 1, = (1,---,1)". As an extension of McElroy’s theorem, Zyskind (1969)
derived the covariance structure (7.28) under which the equality (7.23) holds for
all X such that L(X) D L(U), where U is a fixed n x p matrix such that p < k:

Y =M, +UAU" forsome A >0and A: p x p, (7.28)

Mathew (1983) treated the case in which ¥ may be incorrectly specified.
Next, let

L(g) € Pp(0, 0%%),

where P, (0, 02%) is the set of the distributions on R” with mean 0 and covariance
matrix o>X. Kariya (1980) showed that the following two equalities

b(2) = b(I,) and s*(T) =s*(l,) forall ye R" (7.29)
simultaneously hold for given X if and only if ¥ has the following structure:

Y =XYX + N forsome Y € S(k), (7.30)
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where N = ZZ'. Here, the statistics s2(X) and s2(1,) are defined by
s3(Z) = (y — Xb(2)) By — Xb(%))/m, (7.31)
and
s2(In) = (y = Xb(1)) (y — Xb(I))/m

respectively, where m = n or n — k. When the problem of estimating o is con-
sidered, it is assumed without loss of generality that |X| =1 for the sake of
identifiability. The result (7.30) was further extended by Kurata (1998).

7.3 A Maximal Extension of the Gauss—Markov
Theorem

In the model (7.1), we fix a matrix X € S(n) and derive the class Pmax(E) of
distributions of & for which b(Z) is (Co, Pax (Z))- -optimal. The class Prnax (T) is
maximal in the sense of (1) and (2) in Section 7.1

A maxirpal extension of the GMT. Let P = L(¢) be the distribution of ¢. As
before, 8 = Cy in Cy is decomposed as

B—B=Ce
=Clx X'z ') X2 ' +x22Z'22)"'Ze
= X' ' X)) 'X's e+ Cxz(Z'22)7 1 Ze
ATV + Hip, (7.32)
where i) = (7}, 71,)" is defined in (7.16),
A=X'2"'X, H=Ccxz(Z'22)"'/? (7.33)

and the matrix identity (7.19) is used in the first line of (7.32). Then the risk matrix
of B is expressed as

Rp(B.B)=Eprl(B— BB —P)]
= A"V2Ep(iiii) AT + HEp(iiaiiy) H'
+AV2Ep (i) H' + HEp(iiai) A™'/?
= Vi1 + Voo + Vi2 + Vop (say). (7.34)

Here we note that Vip =V,

Rp(b(%), B) = Vi1
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and V;;’s depend on P. Clearly, if P P, @), then Ep(ee’) = puu' + y @ for
some y > 0, and hence, we see by direct calculation that

Vii = X2 X0 X S e +ye1zTix(x's7x) 7l
Vo= X2 X)X S up +y@12(Z2'22)7 220 = vy,
Voo = CSZ(Z'S2) ' Z[up + y®12(Z'£2)" ' Z2'sC’. (7.35)

Theorem 7.6 Fix X € S(n). A necessary and sufficient condition for b(X) to be
(Co, Py (i, ®))-optimal is that

(1) Ep(inity) = 0 holds for any P € Py(11, @),
which is equivalent to
2) (n, D) e M(2) x R(X), where

M(EZE)=L(X)UL(XZ). (7.36)

Proof. Suppose first that (1) holds. Then for any /§ € Cpandany P € P, D),
the risk matrix in (7.34) is expressed as

Rp(B, B) = Vi1 + Va,

which is greater than Vi; = Rp(b(X), ,3),~proving the sufficiency of (1).
Conversely, suppose that b(X) is (Co, P, (i, ®))-optimal. Since for any a € R
and any F : (n — k) x k the estimator of the form

3 =Cy with C = (X' 'X)"'X's" ' 4 aF'Z
y

belongs to Cp, the risk matrix of this estimator is bounded below by that of (%),
that is,

Rp(B, B) = Vi1 + Via + Va1 + Vo = Vi1 = Rp(b(D), B)
holds foranya € R, F:(n —k) xk, P € 75,,(,u, D).

For c € Rk, we set

¢'Rp(B. B)c = a* fr+2afi + fo.
where f;’s are defined as
fo=cUne=c'Rpb(T), Pe,
Ji = {Un + Unle,

fr=c'Unc
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with Uy = Vq1, Upp = Viz/a = Uy, and Uy = Vay/a?. More specifically, if the
covariance matrix of P = L(g) € P,(u, ®) is given by y ®, the matrices V;;’s and
Uij’s are of the form

Vil = X270 X s un +yelz Tl x (X2 x) 7!
= Ui,

Vo= X' 'X) X' uu +y®12(Z2'22)7 1 2'2C
=aX's7' X)X’ S uu + y®1ZF
=aUp,

Voo =CXZ(Z'22) ' Z'[up + y®12(Z2'£2)"12'sC’
=d’F'Z'[up + y®|ZF
= a2U22.

Then (Cy, ﬁn (., ®))-optimality of b(X) is equivalent to
a’fy+2afi + fo = fo

holds for any a € R!, ¢ € Rk, y >0 and F : (n — k) x k. Note that f;’s are free
from a, though they depend on ¢, y and F. Here, it is easy to see that if f; # 0
for some ¢, y and F, then we can choose a € R such that a2f2 + 2af1 < 0. This
clearly contradicts the optimality of b(X). Hence, it follows that

f1=0 foranyc, y, and F. (7.37)
The condition (7.37) is equivalent to
Uip+ Uz = U+ Uj, =0 for any y and F,

which implies Uj» = 0 for any y > 0 (see Problem 7.3.1), completing the proof
of (1).
Next, to show that (1) and (2) are equivalent, let

Ep(¢) = n and Covp(e) = y® with y > 0.
Then E p(ﬁlﬁ’z) is directly calculated as
Ep(iiy) = A7VPX'S ' + y@12(Z2'52)""2.
The condition (1) is equivalent to
XS Huu +y®]Z =0 forany y >0,
which is in turn equivalent to

—yX'27 oz =X'2"'un'z for any y > 0. (7.38)
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Since the right-hand side of (7.38) does not depend on y > 0, it is equivalent to
X2 '®Z=0and X'= 'puu/Z =0.

By Theorem 7.3, X2 '®Z=0is equivalent to @ € R(XZ). On the other hand,
X' 'up'Z = 0 holds if and only if

X 'u=0 or Zu=0,
proving equivalence between (1) and (2). This completes the proof.

Now the following result is obvious.

Corollary 7.7 For fixed ¥ € S(n), let

Prax(T) = U Pali, ®). (7.39)
(n, @)eM(E)xR(T)

Then
b(Z) is (Co, Pax(X))-optimal, (7.40)

and the class 75max(2) is maximal.

Examples. The following two examples illustrate the effect of the condition p €
M(X). In Example 7.2, it is shown that b(X) itself is a biased estimator.

Example 7.1 Let

pw=3%Zd and ® = XTX + SZAZ'Y, (7.41)
where d € R" %, Y e S(k) and A € S(n — k). Suppose

P = L(¢) € Pp(1, D) with Covp(e) = y .
Then b(X) = b(P). And b(X) is unbiased, since

Eplb(D)] =B+ X' ' X)) ' X'S ' Ep(e)
=B+ X2 'x)"'X'2"'xz4
= B.

The risk matrix of b(X) is

Rp(b(2), B) = X'S7'X) ' X' s Epee) = X (X' x)!
— x0T XS + el x(xs " )7
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Here, substituting (7.41) for u and @ in the above equality yields
Rp(b(%), B) =y Y.

Further, for § = Cy = B + Ce in Cp,
Ep(B) =B+ CxZd.

Hence, Cp contains some biased estimators in general. However, for any /§ =Cye
Co, its risk matrix is greater than that of b(X):

Rp(B,B) = CEp(ee)C'
= Clup’ +y®IC’
=CXZdd'Z'sC' +yY +yCZZAZ'EC’
=y,

Therefore, b(X) minimizes R p(,é , B) among Cp, and the minimum is y Y.

Example 7.2 Let

w=Xcand ® =XYTX +XZAZ'Z,
and suppose

L(g) € Pu(u, ®) with Covp(e) =y P,

where ¢ € R, Y € S(k) and A € S(n — k). Then b(T) = b(P), but b(T) is
biased:

Eplb(D) =g+ X'z ') 1x'="Xxe
=pB+c

The risk matrix of b(X) is evaluated as
Rp(b(X), B) =cc’ +yT.
Further, for ,3 = Cy in Cp,

Rp(B.B) = Clup' +y@IC’
=cd +yY +yCEZAZ'SC’
>cd +yT.
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7.4 Nonlinear Versions of the Gauss—Markov
Theorem

In this section, we strengthen the results of the previous section by enlarging the
class Cy to C,.

Risk matrix of a location-equivariant estimator. A location-equivariant estima-
tor B = b(I,) + d(e) € C; is expressed as
B—B=XX)""X"c+d()
=X'X)' XXX X)TX'sT ' +22(Z'22)7' 21 + d(e)
=X ' X)X s e+ (X' X)TIX'SZ(Z'22) 7 Z'e + d(e)]
= A7+ hy(i) (say), (7.42)
where
h (i) = X'X)'X'22(Z'22)""Z'e + d(e)
=X'X)'X'sZ2(Z's2) Vi + d(Z(Z' S 2) %), (1.43)
Here, it is noted that the OLS residual vector e in (7.9) is a function of 7,:
e=27't =2(2's2)\?5,.
The risk matrix of g € C, is decomposed as
Rp(B, B) = A™'PEp(iniip A~ + Eplhy(in) hj(in)']
+AT2Epli hy (i) 1+ Eplhy(i2) iy]1A~2
= Vi1 + Voo + Vi2 + Vo1 (say), (7.44)

as long as the four terms are finite. Here, since C; includes Cp, it is necessary to
assume (u, ®) € M(X) x R(X) and to let P = L(g) move over 75max(23), so that
the linear result in Section 7.3 should hold in this nonlinear extension. Hence, we
impose the moment condition on C;: Ep (,3/ /§) < oo for any P € 75ma + (%), which
holds if and only if B belongs to

D={BeC | Ep{f/B} <oo forany P € Ppu(Z)}. (7.45)

Clearly, D is the maximal class of estimators in C, that have the finite second
moments for any P € P, (X), and it contains all the GLSEs with finite second
moments.
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Theorem 7.8 For fixed ¥ € S(n), let
0, (2) = (P € Puax() | Eplii hy(i)1=0 for any p € D). (7.46)
Then
b(Z) is (D, Q,(%))-optimal. (7.47)
The proof is clear from (7.44) and the definitions of D and Q1(D). Clearly,
ON(Z) C Ppax(T), though D D Co.

Therefore, the nonlinear version of the GMT in the above theorem is not completely
stronger than the GMT in Theorem 7.2.

Subclasses of Q,ll (X). We describe two important subclasses of Ql (X) in (7.46).
Corollary 7.9 For fixed ¥ € S(n), let

(%) = {P € Puax(Z) | Ep(i1lf2) = 0 a.s. iz}, (7.48)
00 (%) = {P € Puax(Z) | Lp (=71, i12) = L1, i)}, (7.49)

where Lp(-) denotes the distribution of - under P. Then
O}(2) c QX(x) c OL(m) (7.50)

holds, and hence
b(2) is (D, Q. (X)) — optimal (i =2,3). (7.51)
Proof. For any P € Q,%(E) and any B € D, it holds that
Ep (i1 h(72)") = E[E (1|72) h(72)'] =0.

Thus, Q%(E) C Q,ﬁ(z). It is easy to see that Qi(E) C Q,%(E). This completes the
proof.

In the following sections, we will show that QN;Z(E) includes a class of ellipti-
cally symmetric distributions. Other examples will be found in Kariya and Kurata
(2002).

Elliptically symmetric distributions. In the model (7.1), suppose that
P = L(e) € Enln, ), (7.52)
where

G, @) = | &, v ),
y>0
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and &, (i, y @) is the class of elliptically symmetric distributions with mean u € R"
and covariance matrix y ® (see Section 1.3 of Chapter 1). _

Fix ¥ € S(n). Then a sufficient condition for 5(X) to be (D, &, (i, ®))-optimal
is that

&, @) C Q3 (D).

Theorem 7.10 Assume pu € L(XZ). Then &, (n, ®) C Qﬁ(E) holds if and only if
D e R(X).

Proof. Suppose first that é:,,(,u, D) C Qz(E). Since QZ(E) is a subclass of
Prnax (%), the matrix @ is clearly in R(X).
Conversely, suppose ¢ € R(X) and let

uw=2xZd.
Then 5,, (n, ®) C 75max(2). For any P € gn (u, ®), the distribution of

f=Tsx 12 = (’Zl )
o)

under P satisfies
Lp(@) € &L, Q).
Here, i1 and Q are given by
p=rsz

A—1/2X/E—l/22—1/222d
“\z'z2)" 2z 2125125 74

B 0
- <(Z’EZ)1/2d>

0
= ( ,12) (say), (7.53)
and

0 =Tsx V2ox~1/2ry
_ <Q11 Q12>
021 On)’

011 =A"12x's 1ox-1xA~1/2

respectively, where

O0n=A""2x's""oz(z/x7)"1/?
021 = 0},
On=(2Z'x2)""?7'02(2'£72)""2.
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Since ® € R(X) implies X’ 197z =0, the off-diagonal blocks of Q are zero:
Q1 =05 =0.

From this,
Lp(=m,1m2) = Lp @, 72)

follows. To see this, since Lp (7)) € 5’,,(;1, Q), and since

(I O
'y = < 0 I, ) € O(n),

it holds that

0, 12
Lp g = Lp(Q "G — i
<Q22/ (nz—/b)) P(Q2( — ()

= LpToQ "G — V)
_ —Ql_ll/zﬁl .
Q22 (772 — i2)

Lp(ur,uz) = Lp(—ui, uz),

Thus, we see that

—1/2~ -1/2,~ -
where u| = QU/ N1 and up = Q22/ (m — 12). Let

(o
fur, uz) (sz >+ i

Then we have

Lpm,m2) =Lp (f i, u2)) =Lp (f(—ur, u2)) = Lp(=11,172),

proving P € Q3(X). This completes the proof.

Corollary 7.11 For a fixed ¥ € S(n),
b(X) is (D, E,(X))-optimal,
where

E, (%) = U Enlu, @).

(1, ®)eL(EZ)xR(T)
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7.5 Problems

7.2.1 Show that (2) and (3) of Theorem 7.3 are equivalent.
7.3.1 In the proof of Theorem 7.6, show that the statement
Upp + U{Z =0 for any y and F

implies U1p = 0 for any y > 0.
Hint: Fix y > 0 and let

R=Xz'X)7'X'27 upw' + y @] .
Then the condition is equivalent to
RF + F'R' =0 for any F.
By replacing F by some appropriate matrices, it is shown that R = 0.

7.4.1 In Corollary 7.9, show that Qg(E) C Q,%(E).
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Some Further Extensions

8.1 Overview

In this chapter, we complement and extend the arguments made in the previous
chapters, and treat the three topics: the concentration inequality for the Gauss—
Markov estimator (GME), the relaxation of the normality assumption in evaluating
an upper bound in a seemingly unrelated regression (SUR) model and the degen-
eracy of the distributions of some generalized least squares estimators (GLSEs).

In Section 8.2, it is shown that under some appropriate conditions, the GME
b(X) maximizes the probability that b(X) — 8 lies in any symmetric convex set
among a class of GLSEs. The probability in question is often called concentration
probability. The result in Section 8.2 can be viewed as a partial extension of
the nonlinear version of the Gauss—Markov theorem established in Chapter 3. In
fact, maximizing the concentration probability is a stronger criterion than that of
minimizing the risk matrix. However, to establish such a maximization result,
some additional assumption such as unimodality is required on the distribution of
the error term. The results in Section 8.2 are essentially due to Berk and Hwang
(1989) and Eaton (1987, 1988). Some related facts will be found in Hwang (1985),
Kuritsyn (1986), Andrews and Phillips (1987), Ali and Ponnapalli (1990), Jensen
(1996) and Lu and Shi (2000).

In Section 8.3, an extension of the results provided in Chapter 4 is given.
In Chapter 4, we have observed that in a general linear regression model with
normally distributed error, several typical GLSEs such as the unrestricted Zellner
estimator (UZE) in an SUR model have a simple covariance structure. On the
basis of this structure, we obtained upper bounds for the covariance matrices of
these GLSEs. The approach adopted in Chapter 4 depends on the normality of the
error term. This section is devoted to relaxing the normality assumption by treating
the case in which the distribution of the error term is elliptically symmetric. For

Generalized Least Squares Takeaki Kariya and Hiroshi Kurata
© 2004 John Wiley & Sons, Ltd ISBN: 0-470-86697-7 (PPC)
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simplicity, we limit our consideration to the SUR model. The results derived here
are also valid in a heteroscedastic model. This section is due to Kurata (1999). Some
related results on the inference of SUR models under nonnormal distributions will
be found, for example, in Srivastava and Maekawa (1995), Hasegawa (1995), Ng
(2000, 2002) and so on. See also Wu and Perlman (2000).

Section 8.4 is concerned with degeneracy of the distribution of a GLSE. We
first introduce the results of Usami and Toyooka (1997a), in which it is shown
that in general linear regression models with a certain covariance structure, the
distribution of the quantity b(f]) — b(X), the difference between a GLSE and the
GME, degenerates into a linear subspace of R*. Next, some extensions of their
results are provided.

8.2 Concentration Inequalities for the
Gauss—Markov Estimator

In this section, it is proved that the GME is most concentrated in a class of
estimators including GLSEs.

Being most concentrated. In this section, a general linear regression model of
the form

y=XB+¢ (8.1)
is considered, where
y:nx1, X:nxkandrankX =k.

Let P = L(¢) be the distribution of ¢, and suppose that P belongs to the class
E, (0, ¥) of elliptically symmetric distributions with location vector 0 and scale
matrix ¥ € S(n). Here, recall that L(¢) € E,; (0, X) if and only if

LIE~2e) = £(x7"%) forany ' € On), (8.2)

where S(n) is the set of n x n positive definite matrices and O(n), the group of n x
n orthogonal matrices. The class E, (0, ¥) contains some heavy-tailed distributions
without moments such as the multivariate Cauchy distribution (see Section 1.3 of
Chapter 1). Note that

E,(0, %) D &,(0,0°%)

for any o> > 0, where £,(0, 02 X) is the class of elliptically symmetric distributions
with mean 0 and covariance matrix o2X.
Let b(X) be the GME of g:

b)) =Xz 1x's . (8.3)
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To make the notion of “being most concentrated” clear, let C be an arbitrarily
given class of estimators of §, and let KU be a set of symmetric convex sets in
R*. Here, it is formally assumed that ¢ and R* are always in /. Further, a set K
(C R¥) is called symmetric if K satisfies

—K =K with — K ={—x|x € K},
K is said to be convex if
x,y € K implies ax + (1 —a)y € K for any a € [0, 1],

and K is symmetric convex if it is symmetric and convex.
An estimator 8* € C is called most concentrated with respect to K in the class
C under P, if

PB*—BeK)>=PB—-BeKkK) (8.4)

forany 8 € R* K € K and /§ e C. We often refer to (8.4) as concentration inequal-
ity. It should be noted that in the inequality (8.4), the probability P is fixed. If
there exists a class, say tentatively P, of distributions under which (8.4) holds for
any P € P, we say that B* is most concentrated under P.

Equivalence theorem. In showing that the GME is most concentrated to S, the
following two theorems play an essential role:

(1) Anderson’s theorem, which provides a technical basis for (8.4);

(2) The equivalence theorem, which shows that being most concentrated is
equivalent to being optimal with respect to a class of loss functions.

First, the equivalence theorem due to Berk and Hwang (1989) is introduced, in
which a particular class of loss functions is specified.

Theorem 8.1 (Equivalence theorem) Let C and K be given classes of estima-
tors and symmetric convex sets in R" respectively. An estimator p* € C is most
concentrated with respect to K in C, if and only if B* satisfies

E{g(f* - B)) < E{g(B - B)) (8.5)
for any ,3 € C and for any nonnegative function g such that
{x € RF | glx) <cle K foranyce]l0, ). (8.6)

Proof. Suppose first that /§* € C satisfies the condition (8.5). For each K €
IC, let

g) =1—xx(x),
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where x denotes the indicator function of the set K. Then the function g is non-
negative, and

RF(eK) (<o

k —
{xeR w@)fﬂ—{K(em O=<c<l

Hence, by (8.5), we obtain
P(B*—BeK)>P(B—pek)

for any ,3 € Cand 8 € R*.

Conversely, suppose that ,3* € C is most concentrated. We use the notion of
stochastic order <;; whose definition and requisite facts are provided in Prob-
lem 8.2.1. For any nonnegative function g that satisfies the condition (8.6) and for
any c € [0, 00), let

K={xeR|gk) =
Then by assumption, for any B eCand B e R

P(g(B*—B)<c)=PB* —BeK)
>PB—-pek)
=P@gB—-PB) <o

holds, which shows that

gB*—B)<u g(B—P),

where A <;; B means that A is stochastically no greater than B (for details, see
Problem 8.2.1). Then by Problem 8.2.2, it follows that

E{g(B* — B)) < E{g(B — B)).

This completes the proof.

In Berk and Hwang (1989), the conditions imposed on the function g are more
general than those of the above theorem. Several versions of such equivalence
theorems can be found in the literature, some of which are closely related to the
notion of stochastic order in the context described in Lehmann (1986, page 84):
see Problems 8.2.1, 8.2.2 and 8.2.3, Hwang (1985), Andrews and Phillips (1987)
and Berk and Hwang (1989).

The following corollary states that being most concentrated implies being opti-
mal in terms of the risk matrix. More specifically,

Corollary 8.2 Suppose that P = L(¢g) has finite second moments and let C be a
class of estimators with the finite second moment under P. Let IC be the class of
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all symmetric convex sets in R If an estimator B * € C is most concentrated with
respect to K in the class C, then B* is optimal in terms of risk matrix, that is,

R(B*,B) < R(B, B) for any f € Cand B € R¥, (8.7)

where R(B, B) is the risk matrix ofB:
R(B. B) = EL(B — B)(B — B)'1.
Proof. The inequality (8.7) (to be shown) is equivalent to
a'R(B*, B)a < d'R(B, B)a for any a € R,

which is further equivalent to

Elga(* — )1 < Elga(f — p)] for any a € R* (8.8)
with g, (x) = (a’x)%. It is easy to see that g, satisfies

K(@.c)={reR" | gax) <c} ek

for any ¢ € [0, 00) and @ € R¥. Thus, Theorem 8.1 applies and the inequality (8.8)
is proved.

Anderson’s theorem. Next, we state Anderson’s theorem (Anderson, 1955), which
serves as the main tool for showing (8.4). To do so, two notions on the shape of a
probability density function (pdf) f(x) on R" are introduced: symmetry about the
origin and unimodality.

A function f is said to be symmetric about the origin if it is an even function in
the sense that

f(=x) = f(x) for any x € R".
Also, f is called unimodal if

{x € R" | f(x)>c} is convex for each ¢ > 0. (8.9)

Theorem 8.3 (Anderson’s theorem) Let f be a pdf on R" and suppose that it is
symmetric about the origin and unimodal. Let K be a symmetric convex set. Then
for each 6 € R", the function

\I'(a):/ f(x —ab) dx (8.10)
K

defined on R! satisfies V(—a) = W(a) and is nonincreasing on [0, 00).

Proof. Omitted. See Anderson (1955).
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Anderson’s theorem has a rich potentiality for deriving various results in statistical
analysis, which includes not only concentration inequalities we aim at in this section
but also the monotonicity of the power functions of invariant tests, the construction
of conservative confidence regions, and so on. The theorem, its background and
its extensions are fully investigated in Eaton (1982) from the viewpoint of group
invariance theory. See also Problems 8.2.4 and 8.2.5.

A typical sufficient condition for f to be unimodal is given in the following
proposition (but we shall not use it).

Proposition 8.4 Suppose that a nonnegative function f(x) on R" is log-concave,
that is,

flax + (1 =a)y) = fO)"f()'™ 8.11)
holds for any x,y € R" and a € [0, 1]. Then f is unimodal.

Proof. For each ¢ > 0, let
K()={xeR"| f(x) = c}h
Then for any x, y € K(c) and any a € [0, 1], we have
flax+ (1 —a)y) = fO fM' = ™ =,

where the first inequality is due to the log-concavity of f and the second follows
since x, y € K(c). Hence, ax + (1 —a)y € K(c), completing the proof.

The term “log-concave” is due to the fact that the condition (8.11) is equivalent
to the concavity of log f(x) when f(x) is a positive real-valued function.

Concentration inequality. Now to establish the main theorems, consider the
model (8.1) and suppose P = L(¢), the distribution of the error term ¢ of the
model, is in the class E, (0, ¥) of elliptically symmetric distributions. Suppose
further that P has a pdf fp with respect to the Lebesgue measure on R". Hence,
for each P € E, (0, X), the function fp can be written as

fr(e) =S 2 fp(e'=71e) (8.12)

for some fp 1 [0, 00) — [0, 00). ~
Let fp be unimodal. A sufficient condition on fp for which fp is unimodal is
given by the following proposition.

Proposition 8.5 If the function fp in (8.12) is nonincreasing, then fp is unimodal,
and the converse is true.

Proof. The first statement (“if” part) will be proved in the next proposition
under a more general setup. Hence, we show the converse.
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Suppose that f,(¢) is unimodal. Let 0 < u; < up, and choose any & € R"
such that

Uy = 8/22_182.

Let g = /%82' Then &1 satisfies u; = 8’12_181. Let

ko = fp(e2) = 21712 fp(ua).
Then, of course, the two vectors 0 and &; are in the set K,, where
Ky ={x e R"| fp() = k).
Since K» is convex,
u uj
& = (1 — —>0+ —e&p € K.
uy uy
This means that fp(e1) > fp(e2), which in turn implies that
frun) = fpua).
This completes the proof.
Proposition 8.6 Let Q(x) be a real-valued function on R". Suppose that Q(x) is
convex and symmetric about the origin.

(1) If a nonnegative function f on R is nonincreasing, then f(Q(x)) is uni-
modal.

(2) For any nonnegative and nondecreasing function L, the set
{x e R" | L(Q(x)) < c}
is convex for any ¢ > 0.
Proof. For each ¢ > 0, let
K@) ={xeR"| f(Qx)) =}
and let
q(c) =suplg € R' | f(g) = c}.
Then x € K(c) is equivalent to
Q(x) = ¢q(o).
Therefore, for x, y € K(c) and a € [0, 1],
Qlax + (I —a)y) =aQ(x) + (1 —a)Q(y) = ¢q(c)
holds and hence,
f(Qlax+ (1 —a)y) = c,

which implies that ax 4+ (1 —a)y € K(c), proving the unimodality of f(Q(x)).
The statement for L is quite similar and omitted. This completes the proof.
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Note that letting f(x) = |E|_1/2fp (x) and Q(¢) = &’S !¢ in (1) of Proposi-
tion 8.6 yields the first part of Proposition 8.5.

Let C; be the class of location-equivariant estimators of 8. An estimator 3 =
ﬁ(y) is called a location-equivariant estimator if it satisfies

B(y+ Xg) = B(y) +¢g forany g € R*.

See Section 2.3 of Chapter 2. By using Proposition 2.4, the class C; is character-
ized as

C, = {ﬁ(y) =b(Il;)+d(e) | d is a k x 1 vector-valued measurable
function on R"}, (8.13)

where b(l,) is the ordinary least squares estimator (OLSE) of B:
b(ly) = (X'X)7'X'y,
and e is the ordinary least squares (OLS) residual vector defined by
e=Ny with N=1,— XX'X)"'x". (8.14)

We use the notation C, in order to make it clear that the class contains estimators
without moment. Recall that the class includes as its subclass the class C; of
GLSEs, where

C = {/§ = C(e)y | C(e) is a k x n matrix-valued measurable

function on R" such that C(e)X = I }. (8.15)

The class C; also contains GLSEs without moments. Note that since the distribution
P has a pdf with respect to the Lebesgue measure, the two classes C; and C, are
essentially the same, that is,

Ci=GC, as.

See Proposition 2.5.
The following expression of B(y) € C, is more convenient for our purpose:

B(y) = b(Z) + h(e), (8.16)

where h is a k x 1 vector-valued measurable function. This can be proved easily.
Let Z be any n x (n — k) matrix such that

X'7=0,727Z=1,_yand ZZ' = N,

and let

X=2"12xA"12 . nxk with A=X'27'X € S(k),
Z=x27B7 2. nx(n—k) with B=2Z'SZ S —k).
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— X
= <?, ) (8.17)

is an n x n orthogonal matrix. Let

Then the matrix

n=1x"12%
so that £(n) € E,(0, I,). From (8.12), the pdf of n is given by
=12 fp(Z20) = fr'm).

Hence, the random vector 7 thus defined satisfies L(I'n) = L(n) for any I' € O(n).
By choosing I' = T" in (8.17) and letting

. X'y _(m
n_Fn_(?/n>_(ﬁ2>, (8.18)

B—pB=Aa""25 + n(zZB i)
= A7V25 + k(i) (say), (8.19)

we have

since e = ZB'/?7},. Here note that
L) = L(@) € E, (0, I,), (8.20)
and hence the pdf of 7j = (77}, 75)" is expressed as
Fr@' = fe@iin + i) (8.21)
We use the following fact on a symmetric convex set.
Lemma 8.7 If K is a convex set in R", then for any nonsingular matrix G, the set
GK ={Gx | x € K}
is also convex. If in addition K is symmetric, so is GK.

Proof. Since any x*, y* € GK can be written as x* = Gx and y* = Gy for
some x, y € K, it holds that

ax®* 4+ (1 —a)y* = Glax + (1 — a)y] for any a € [0, 1].

Thus, ax* + (1 — a)y* € GK since the convexity of K implies ax + (1 —a)y € K.
The rest is clear. This completes the proof.
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Theorem 8.8 Let K be the set of all symmetric convex sets in R*. Suppose that
P = L(g) € E4(0, X) and P has a pdf fp with respect to the Lebesgue measure
on R". If fp is symmetric about the origin and unimodal, then the GME b(X) is
most concentrated to 8 with respect to K in C,, that is,

Pb(E)—BeK)>=PB—-BeckK) (8.22)
forany B € R*, K € K and B € C,.
Proof. For any B € C,, the probability in question is written as
P(p—p e K)=PA 2 +h(i) € K)
= E{P(A”"2ij1 + h(ii2) € K | i)}
Thus, it is sufficient to show that for almost all 7,
P(A™2i € K | 712) = P(A™"201 4+ (i) € K | ).
This is equivalent to
P@iji € AVPK | i) = PG+ AV?h(i) € AVPK | i), (823)

where A!/2K is also convex (Lemma 8.7).

Next, we apply Anderson’s theorem to the conditional pdf, say gp(71]72), of
n1 given 72. To do so, we show that gp(71|72) is symmetric about the origin and
unimodal. The conditional pdf gp is given by

epGitlin) = FGiin + i) | [ TG + i) din.
I
This function is defined for 7, € S, where
s={ier| [ Fohin+ i > o].
R

Here, P(S) = 1. For each 1, € S, gp(-|72) is clearly symmetric about the origin.
Furthermore, the unimodality of gp(-|772) follows from Propositions 8.5 and 8.6. In
fact, for each 7> € S, let Q(71) = 77}71 + 7572. Then Q is convex and symmetric
about the origin. Furthermore, by Proposition 8.5, the function fp is nonincreasing.
Hence, from Proposition 8.6, it is shown that the function fp(Q(ﬁ 1)) is unimodal,
from which the unimodality of gp(-|772) follows.

Finally, for each 7, € S,

P(ij1 + AY2h(i2) € AY2K | 712)

= /I;k X(i1+AL 2R () e AV2K) gp(Miln2) di
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_ 5 AV i) A
= Xiieatrzgy 8P (M1 (m2)1m2) diy
- / gp (it — AV2RG) ) diny
Al2K

< / ¢p Gt [f) i
Al2K
= P(il1 € AV2K | ),

where x denotes the indicator function and the inequality in the fifth line is due
to Anderson’s theorem. This completes the proof.

Theorem 8.9 Under the assumption of Theorem 8.8, the following inequality
Ep{L[h(b(2) — )1} < Ep{L[h(B — B)]} (8.24)

holds for any B € R* and B € Cy, where L is any nonnegative and nondecreasing
function, and h is any convex function that is symmetric about the origin.

Proof. By the equivalence theorem, it suffices to show that
g(x) = L(h(x))

is nonnegative and satisfies the condition (8.6). Since L is nonnegative, so is g.
The condition (8.6) readily follows from the latter part of Proposition 8.6. This
completes the proof.

Finally, it is noted that the inequality (8.22) remains true even if the set K
is replaced by the random set that depends on y only through the OLS residual
vector e, since e is a function of 7;. This yields a further extension of Theorem
8.8. See Eaton (1988).

8.3 Efficiency of GLSEs under Elliptical Symmetry

In this section, some results of Chapter 4 established under normality are extended
to the case in which the distribution of the error term is elliptically symmetric.

The SUR model. To state the problem, let a general linear regression model be
y=XB+¢ (8.25)
with
E(e) =0 and Cov(e) = 2,
where

yv:nxl1l, X:nxk, rankX =kande:n x 1.
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The SUR model considered here is the model (8.25) with the following structure:

Y1 X1 0
y = : nxl, X= . n xk,
Yp 0 Xp
Bi &1
B = : kx1, &= : nx 1, (8.26)
Bp Ep
Q=YX®Il, and X =(0j;) € S(p), (8.27)

where S(p) denotes the set of p x p positive definite matrices,

yi:mx1, Xj:mxkj, rankX;=k;j,

and ® denotes the Kronecker product. Suppose that the distribution of the error
term ¢ is elliptically symmetric with covariance matrix X & I;,:

L(e) € £,(0, 2 ® 1), (8.28)

which includes the normal distribution N, (0, ¥ ® I,,,) as its special element.
To define a GLSE, let ¥ : S(p) — S(p) be any measurable function and let

T =3(9) (8.29)

be an estimator of the matrix X, which depends on the observation vector y only
through the random matrix

S=YN,Y=E'N.E:pxp (8.30)
with
Ny = Ly — Xo (X, X)X,
where
Y=01,....yp) mxp, Xe=(X1,...,Xp):mxk,
E=(e1,...,6p) :mXxXp

and AT denotes the Moore—Penrose inverse of A. The matrix S can be rewritten
as a function of the OLS residual vector e:

S = (] Nyej) = So(e) (say). (8.31)
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Here, the OLS residual vector e is given by
e=Ny with N=1,— X(X'X)"'x',

from which it follows that

e = : with e; = Njy;j :m x 1,
€p

where N; = I, — X./(X;Xj)_lX;.. (See Example 2.7).
Let C* be a class of GLSEs of the form

bERL)=X'E '@ LX) X' (S @ Ly (8.32)

with & = fJ(S). The class C* is actually a class of GLSEs, since the estimator by
is a function of the OLS residual vector e:

T =3(9)
= 5(So(e))
= 3o(e) (say). (8.33)

Obviously, the class C* contains the UZE b(S ® I,,,) that is obtained by letting
2 (S) = §. The UZE is an unbiased estimator of 8 under the condition (8.28).
More generally,

Proposition 8.10 Any GLSE b(X ® 1) in class C* is an unbiased estimator of B
as long as the first moment is finite.

Proof. Since the matrix S = Sp(e) is an even function of ¢ in the sense that
So(—e) = Sp(e), so is ¥ = Xp(e). Hence, by Proposition 2.6, the unbiasedness
follows. This completes the proof.

In Chapter 4, it was observed that if £(¢) = N,(0, £ ® I,;), then the matrix S
is distributed as the Wishart distribution W), (X, g) with mean g% and degrees of
freedom ¢, where

r =rankX, and g =m —r. (8.34)
Furthermore, any GLSE b(E ® I,,) in C* satisfies
LBEQ 1)E) = Ne(B, HE® I, £ ® 1)), (8.35)

that is, the conditional distribution of b(f] ® I,) given 3 is normal with conditional
mean

Eb(E Q)T =8 (8.36)
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and conditional covariance matrix
Covib(E QR 1,)|2) = H(E Q@ Iy, T ® L), (8.37)
where the function H is defined by
HE® In, £ ® I)
=X'ECT"LX) T XETEET R L)XX' ST @ LX) (8.38)

and is called a simple covariance structure.

The distributional properties (8.35), (8.36) and (8.37) strongly depend on the
normality of €. In this section, the problem of how the assumption of elliptical
symmetry influences the conditional mean and covariance matrix is considered. For
this purpose, we impose the following additional conditions on the estimator: 3 =
() of =:

€)) T = fJ(S) is a one-to-one continuous function of S;

(2) There exists a function y : (0, o0) — (0, co) such that

S(aS) = y(@)=(S) for any a > 0. (8.39)

Thg condition in (2) will be used to show the finiteness of the second moment of
b(X ® I,). Define a subclass C** of C* by

C* = {b(E® I,) € C* | T satisfies (1) and (2)}. (8.40)
The class C** thus defined contains the GLSEs with such 2(S)’s as
$(S) = TDT/, (8.41)

where T is the lower-triangular matrix with positive diagonal elements such that
S =TT’ (see Lemma 1.8, Cholesky decomposition) and D is a diagonal matrix
with positive elements. In this case, the function y in condition (2) is given by

y(a) =a.

Such GLSEs have already appeared in Section 4.4 of Chapter 4: the UZE b(S ®
I,,) is obtained by letting D = I,; when p = 2, the optimal GLSE b(Xp ® 1),
which is derived in Theorem 4.14, is also an element of C**, where
1 0
Y =TDgT' and Dp = g+1 |. (8.42)

0o /11—
qg—3

Proposition 8.11 Any GLSE b(X ® I,) in C** has a finite second moment.
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Proof. By Proposition 2.6, it is sufficient to see that the function
Ce=X'EC'@L)X) ' X' '@, with &= ()
is scale-invariant in the sense that
C(ae) = C(e) for any a > 0. (8.43)
To see this, note that
So(ae) = a*So(e) for any a > 0. (8.44)
This implies that
So(ae) = £(@*8) = y (@) E(S) = y (@) Zoe),
where the second equality is due to condition (2). For Q € S(n), let
B(Q) =X'Q 'x)"'x'Q .

Then the function B is a scale-invariant function of 2 in the sense that B(y2) =
B(L2) for any y > 0. Thus, we obtain

C(ae) = B(Ep(ae) ® Iy) = B(y (@®)Eo(e) ® Iy) = B(Xo(e) ® I,) = C(e).

This completes the proof.

Conditional covariance structure. Let X and Z be any m x r and m x g matrices
such that

XX =X (X X)TX,, XX=1, (8.45)

and

27 = I, — X« (X X)X, ZZ=1, (8.46)
Then
I'=(X,Z) e O@m),
where O(m) denotes the group of m x m orthogonal matrices. Let

E=CE12Q I,

&1
==’ Q L)
€p
&1
= : inx 1 with & :m x 1. (8.47)
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Then

L(E) € (0,1 @ Iy) (8.48)

and hence L(W&) = L(£) holds for any W € O(n). By choosing W =1, ® I'', we
define

n=,QIE
r’ 0 &1
0 r’ &p
m
= : nx1 (8.49)
Np
with
. X'E; 8;
=T’ - ) = J .
=5 ()= (2): @50

where §; : p x 1 and &; : ¢ x 1. Since any permutation matrix is in O(n), we can
easily see that

LE =L =L <<§ )) € &0, 1) 8.51)
holds, where
81 &1
8= :prx1 and & = :pg x 1. (8.52)
8p &p

By Proposition 1.19, the conditional distribution of § given &, and the marginal
distributions of § and £ are also elliptically symmetric:

LG1E) € Epr 0, 1p) = | £pr 0, v 1)
y>0

L(3) € Epr (0. Iy):

and

L(E) € Epg 0, Ipg).
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Hence, from this,

E@3lE) =0 (8.53)
and
Cov(8|§) = E(58'18) = &(|€]1>) 1, for some function ¢, (8.54)
where ¢ satisfies
E[eqied] =1, (8.55)

since Cov($) = Ip,. Clearly, E(€)1*) =1 when ¢ is normally distributed (see
Section 1.3 of Chapter 1).
It is important for later discussion to note that S is a function of £ only. Say

S =S8().
In fact,
Lemma 8.12 The matrix S in (8.30) can be expressed as
§=x2U'Uus'? with U= (&,...,&):q x p. (8.56)
Proof. The proof is straightforward and omitted.
As a function of &, § = S(&) satisfies
S(ag) = a*>S(&) for any a > 0. (8.57)
Theorem 8.13 Suppose that L(g) € £,(0, T Q I,)).
(1) Ifb(E ® I,,) € C*, then
E[b(3 ® In)|%] = B.
) If b(E ® Iy) € C*, then
Covib(Z @ I)|2) = c(X) HE Q Ly, T ® L) (8.58)

for some function ¢ such that Elc(2)] =L

3) Ifb(f] ® Iy) € C**, then ¢(¥) and H(X ® Ly, £ @ I,,) are independent.
Proof. By using X ;Z = 0, the following equality is proved:
XE'Lye=X'E'22 @ X)s, (8.59)

from which it follows that

EbER )T =X E '@ L)X) ' X'(S7122 @ X) EGI) + .
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Here, the first term of the right-hand side of this equality vanishes. In fact, since
Y is a function of &, it follows from (8.53) that

E8|%) = E[E(]§) |21 =0.

This proves (1).
Similarly, by using (8.54),

E@$8'|%) = E[E@B8'|§) |2]
= E[Z(|EIP)IZ] I,
holds for some function ¢. Hence, letting
() = E[E(IE1H)]%] (8.60)
yields
E@8 %) = (). (8.61)

The function c satisfies E {c(f))} = 1, since Cov(8) = Ip,. Therefore, from (8.59)
and (8.61), we obtain

Cov(B(E ® I)|%)
_ (X/(i—l ® Im)X)_lX’(f)_lEl/z ® )~()
x EGS|2) (S T XXX S '@ L) X)™!
=) X'C' LX) ' XE 22 T XXX X' E '@ LX)
It is easily proved by direct calculation that
XE 2 ' e XX) X=X E 227 @ I)X.

Thus, (2) is obtained. A
To prove (3), we assume that b(2 ® I,,) € C**. As a function of &, let

HE) = HE(SE) ® Ly, =& In). (8.62)
The function H (&) depends on & only through £/]|&]|, since for any a > 0,
H(ag) = H(2(S(a8) ® L, @ )
= HE(@*SE) @ In, T® L)
= Hy@)E(SE) ® Iy, T Ly)
=HEGSE) @ In, T 1)
= H(),
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where the second equality follows from (8.57), the third follows from the definition
of C** and the fourth follows because

H(afl Ry, L2® I, = H(f) ® Iy, X ® I,) holds for any a > 0.
(See (8.38)). Hence, we can write
H(E® In, £ @ In) = HE/IE]).
On the other hand, the function ¢ in (8.60) is a function of ||£[]* because
c(2) = E[&(§1%)I%]
= E[EGr(ST™Y)|2]
= E[¢tr(ST™1)|8]
=c@tr(STY)
= &(lIs11%),

where the third equality follows since 3 = 3(S) is a one-to-one function of § and
we also used

IEN? = tr(S=7h,

which follows from (8.56). Since the two quantities £/||&|| and ||€|| are independent
(see Proposition 1.13), statement (3) is proved. This completes the proof.

Covariance matrix of a GLSE. Theorem 8.13 implies that deviation from the
normality does not affect the magnitude of the covariance matrix of a GLSE in
C**. In fact, by independence of the functions ¢ and H, the covariance matrix is
evaluated as

Cov(b(E ® In)) = E[c(3)] X E[H(E ® Ly, @ Iy)]
=EHEQ Ly, Q Iyl
= E[HE/1ED),

where E [c(ﬁ))] =1 is used in the second line. The quantity &/||&|| is distributed
as the (unique) uniform distribution on the unit sphere

U(pg) = {u € RP | [lull = 1}
(see Proposition 1.13 and Corollary 1.14). Hence, we obtain the following.

Theorem 8.14 For any GLSE b(E ® Iy) € C**, the covariance matrix Cov(b(X ®
I,,)) remains the same as long as L(¢) € £,(0, X ® I,), that is, let Py = N, (0, £ ®
I,). Then

Covp(b(E ® L)) = Covp, (b(E & In)).
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This result is not surprising, since this property is shared by all the linear
unbiased estimators, and since the structure of the conditional covariance matrices
of the GLSEs considered here are similar to those of linear unbiased estimators.
Here, the covariance matrices of the GME
BE® L) =X E'® LX) ' X (S ® L)y
and the OLSE
bl ® In) = (X'X)™' X'y
are given by
Cov(b(E® 1)) = (X' (7' @ L) X) ™! (8.63)
and
Cov(b(I, ® In)) = (X' X) ' X' (Z® L) X(X'X)™! (8.64)
respectively, as long as
E(e) =0 and Cov(e) =X ® I,,.
Therefore, as for the relative efficiency in terms of the covariance matrices, the
results derived under normality are still valid as long as L(e) € £,(0, X ® I,,).
Hence, for example, when p = 2, the following inequality for the covariance matrix
of the UZE b(S ® I,;;) in C** remains true:
Cov(D(Z ® 1)) < Cov(b(S ® 1))

< [1 + Ls} Cov(b(E ® In)). (8.65)
.

More generally, we obtain the following proposition: let

a0 (b(E @ Iy) = E[Lo(S, D)1, (8.66)
2
Lo(fl, ) = M’
dmymp

where 7y < --- < 7, are the latent roots of 2_1/22(5)2_1/2.

Proposition 8.15 For a GLSE b(E ® Iy) in C**, a(b(E ® I,,)) remains the same
as long as L(e) € £,(0, X ® I,)), that is, let Py = N,(0, £ & I,,;). Then

Ep[Lo(%, £)] = Ep[Lo(2, 2)] for any P € £,(0, £ ® I,).  (8.67)
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Proof. Tt is sufficient to see that Lo in (8.66) depends on & only through
/11 Let

Lo(§) = Lo(2(5()). 2).
For any a > 0,
Lo(a§) = Lo(£(S(@$)). T)
= Lo(2(@*$(€)). )
= Lo(y @) E(S()). T)
= Lo(2(5(6)). £)
= Lo(®),
where the last equality is due to
Lo(yf], ) = Lo(f], ) for any y > 0,
see (4.89). This completes the proof.
This yields the following extension of Theorem 4.14.

Corollary 8.16 Let p = 2. The GLSE b(XA)B ® I,) given in (8.42) minimizes the
upper bound ay(b(X ® I,,)) among the GLSEs of the form (8.41).

8.4 Degeneracy of the Distributions of GLSEs

In this section, it is proved that the distribution of the difference between a GLSE
and the GME is degenerate when the covariance matrix of the error term has a
certain kind of simple structure.

The model. Let us consider the following general linear regression model
y=XB+e¢ (8.68)
with
P =L(e) € Py(0,0°%) and o’% € S(n),
where
y:nx1, X:nxk, rankX =k,

P,(0,02%) denotes the set of distributions on R” with mean 0 and covariance
matrix 2%, and S(n) the set of n x n positive definite matrices.
Suppose for a moment that the matrix X is of the structure

> '=%20)"'=1,+6C with 6 € ©, (8.69)
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where © is a subset of R! on which (0) is positive definite, and C is an n X n
symmetric matrix satisfying

Cl,=0 with 1,=(1,...,1) :nx1. (8.70)
Note that the set ® contains 0, since
20) =1, € Sn).
The model includes some serial correlation models such as the Anderson model
and the model with circularly distributed error.
The Anderson model, which was defined in Example 2.1 and has been repeat-
edly treated in the previous chapters, is the model (8.68) with covariance structure

(8.69), where ® = (—1/4, oo) and the matrix C is given by

1 -1 0
-1 2 -1

C = ' . = Cy4 (say). 8.71)

.2 =1
0 -1 1

The model is an approximation of the AR(1) error model whose error term satisfies
gj =04e;_1+&; with |04 <1, (8.72)

where E(§;) =0, Var(§;) = 0*2 and Cov(§;, &) = 0 (i # j). (Here, the two param-
eters o2 and 6 in (8.68) and (8.69) are written in terms of 0*2 and 6, in (8.72) as
02 =02/(1 —6,)? and 0 = 6,/(1 — 6,)?, respectively.)

On the other hand, the model with circularly distributed errors is defined by
imposing the additional assumption &, = &g to the equation (8.72), that is,

gj =0xej_1 +&; with |6;] <1 and g9 = &,. (8.73)

This model is also an example of the model (8.68) that satisfies (8.69) and (8.70).
In fact, the quantities 02, 6, © and C are given respectively by

2 o2 Oy

== "Tazer
O = (—1/4, c0)
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and
2 —1 ~1
1 2 -1
C= - = C¢ (say). (8.74)
2 -1
—1 -1 2

Let a GLSE of 8 in the model (8.68) be
h(2) = X'E7'X) 7' x's7ly with £ =%(0), (8.75)
where § = é(y) is an estimator of 6 such that
6(y) € ©® as.

In this section, no assumption is imposed on the functional form of the estimator
6. Hence, 6 is not necessarily a function of the OLS residual vector

e=1{lL,—XX'X)"'X'}y.
Clearly, the GLSE with 6(y) = 6 is the GME
() =b(z0) = X'z 'x)"1x'z 1y
and the GLSE with é(y) = 0 is the OLSE
b(ly) = b(Z(0) = (X'X)™'Xy.
The GME is not feasible in our setup.
Simple linear regression model. We begin with the following interesting result
established by Usami and Toyooka (1997a).
Theorem 8.17 Let k =2 and
X =(x1,x2):nx2 with x; = 1,.
Suppose that L(e) € P,(0, o2%), and that satisfies (8.69) with
C=CyorCc.

Then for any GLSE b(E) of the form (8.75), the distribution of the quantity b(Z) —
b(X) degenergtes into the one-dimensional linear subspace of R*>. More specifically,
any GLSE b(X) satisfies

bi(2) +Taba(3) =7, (8.76)
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where

. bi(2) R 1y
b(2) = A :2x1, =-1= dy=
$= (15 )i2xt =2 g = 22

And therefore
b1(2) — b1(Z) = —X2[b2(2) — ba()]. (8.77)

Note that (8.77) follows since the right-hand side of (8.76) does not depend on 0.
The theorem states that

b(E) —b(E) € L*(v) as. with v= (;) 2% 1,

where L(A) denotes the linear subspace spanned by the column vectors of matrix
A, and L1 (A) denotes the orthogonally complementary subspace of L(A).

The equation (8.76) holds without distinction of the functional form of 6 =
6 (y), and hence the equation (8.77) remains true if the GME b(X) is replaced by
another GLSE b(%*) with £* = £(§*), which includes the OLSE b(Z(0)). Note
also that no distributional assumption (such as elliptical symmetry) is imposed on
the error term except that £(g) € P, (0, 02%).

The proof given by Usami and Toyooka (1997a) contains element-wise calcu-
lation of b(2) and is therefore somewhat complicated. In the following theorem,
we extend their result to the case in which the matrix C in (8.69) is not necessarily
of the form Cy4 in (8.71) or C¢ in (8.74). Furthermore, the proof given below is a
much simpler one.

Theorem 8.18 Let k =2 and let x; = 1, in X = (x1, x2). Suppose that L(¢) €
P,(0,02%) and that the matrix ¥ is of the structure (8.69) and C satisfies the
condition (8.70). Then any GLSE b(E) with & = 2(9) satisfies

1 Xb(2) =1y, (8.78)
and hence
1/ X[b(3) — b(T)] = 0. (8.79)
Proof. Note first that the condition (8.70) implies that
()", =1, forany 6 € ®, (8.80)
which in turn implies that for any 6==6 ),
2O ', =1, as. (8.81)
Fix any 0 , and let

“2xx's7' )7 X'S7? with 2 = =(0).



SOME FURTHER EXTENSIONS 237

Then Py, is the orthogonal projection matrix onto the subspace L(=712X). Since
1, € L(X) implies 2121, € L(E71/2X), the following equality is clear:

which is written in the original notation as
&1 S 1y =1/ —1/2 &—1/2
Uy Ixx's=lx) x' s = 1 512,

—1/2

Postmultiplying by b3 and using (8.81) yields

S~y —1 g7 -1
LXX'E'X) " X2 =1, (8.82)
This completes the proof.

Clearly, the statements (8.78) and (8.79) are equivalent to (8.76) and (8.77) respec-
tively.

Corollary 8.19 If in addition x; = (1,2, ... ,n), then

n—+

1 ~
() =Yy,
> (X)) =Yy

bi(2) +

and hence
~ 1 ~
515) — by (D)) = = ha(5) — ba(®),

The two equalities in the above corollary hold without distinction of C as long as
C satisfies the condition (8.70).

A numerical example. As an illustration of the theorem above, we give a simple
simulation result here. Consider the following simple linear regression model:

yvi=B1+paxzj+e; (j=1,...,n),

where n =27, B =4.5, B = 0.4 and x»; = log(GNP;). Here, GNP;’s are Jap-
anese GNP data treated in Section 2.5 of Chapter 2. Let the error term ¢ = (eq, ... ,
&n)’ be distributed as the normal distribution with the covariance structure of the
Anderson model:

L(g) = N, (0, 0>2(0))
with
@) ' =1, + A6)Ca,

where 02 =1, A(9) = 60/(1 — 0)%, = 0.7 and the matrix C is given in (8.71).
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AIn this case, forAany estimator 6 = é(y), the difference d between the GLSE
b(X) with ¥ = X (0) and the GME b(X)

(A e g (1) —bi(D)
d‘(ﬁlz)_b(z) b(z)‘(bz(b—bz(z))'z“

lies in the straight line
1
dy = ——d (8.83)
X2
in R2={(dy,d») | — o0 <dj,d> < oo}, where

1
X2 = 5.763 and hence — = 0.1735.
X2
Figure 8.1 shows the scatter plot of the realized values of the difference between
the GME and the OLSE obtained by 100 replication, where the OLSE is a GLSE
with 6(y) = 0. It is observed that all the quantities d’s are on the line in (8.83).
The mean vector d and the covariance matrix S; of d’s are calculated by

- _ ( —0.0038 45, _ [ 00136 —0.0786
=\ o00218) *¢ 2=\ _0.078 04532 )"

The correlation coefficient of d; and d; is clearly —1. The readers may try other
cases and observe such degeneracy phenomena.

15

0.5

-0.5

4
Lovoa v b b b b b 19

HTTTTTITTTTTTTTT |||||||||||||||||||L
4

-1.5

TV T N I T A A A I A A A B B BN A

-0.3 -0.2 -0.1 0 0.1 0.2

Figure 8.1 Scatter plot of the realized values of the difference between the GME
and the OLSE.

An extension to multiple linear regression models. By arguing in the same way
as in the proof of Theorem 8.18, we obtain the following generalization:
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Theorem 8.20 Suppose that the matrix X is of the structure (8.69). If there exists
an n x ko matrix Xo such that

CXo=0 and L(Xp) C L(X), (8.84)

then any GLSE b(f]) with & = E(é) satisfies
XpXb(2) = X{y (8.85)

and hence
X X[b(2) — b()] = 0. (8.86)
Proof. See Problem 8.4.1.

Clearly, the equation (8.86) can be restated as

b(Z) — b(Z) € LY (X'Xo) as. (8.87)

In our context, the dimension of the linear subspace LLY(X'Xp) is of interest.
Needless to say, the smaller dim LJ-(X 'Xo) is, the more informative the result in
(8.87) will be, where dim denotes the dimension of linear subspace. The dimension
in question depends on the relation between the two linear subspaces L and L(X),
where

L={xeR"|Cx=0). (8.88)

Here, L is the linear subspace spanned by the latent vectors corresponding to zero
latent roots of C. To see this more precisely, suppose without loss of generality
that C has zero latent roots with multiplicity kg. Then clearly dim L = kg. Let Xj
be any n x ko matrix such that L(Xo) = L, or equivalently,

CXo=0 and rankXy = ko.
If, in addition, the matrix X¢ satisfies L(Xg) C L(X), then (8.87) holds with
dim L (X' Xo) = k — ko. (8.89)
Further extension. The proofs of Theorems 8.18 and 8.20 do not use the full
force of the assumption (8.69) imposed on the structure of X (6). This suggests a

further extension of the above results to a more general covariance structure. To
this end, consider the general linear regression model

y=XB+¢e with L(g) € Py(0,0°%)

and suppose that the matrix X is a function of an unknown but estimable param-
eter 0:

Y = 3(0) withf € ® C R, (8.90)
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where O is a subset of R” and X () is assumed to be positive definite on ®. Let
0 = 0(y) be an estimator of 6 such that 8(y) € ® a.s., and consider the GLSE

()= X' X)7IX's7ly with £ = £(0). (8.91)
In what follows, it is convenient to use a spectral decomposition of X (6):
2(0) =W (O) A©) V©O) (8.92)
with
v =v¥(0) e O,

where O(n) is the group of n x n orthogonal matrices, and

A1(0) 0
A=AB)= nxXn,
0 An(6)
is a diagonal matrix with A; = X;(0) (i = 1, ..., n) being the latent roots of ¥ =
¥ (0). The inverse matrix ™! is expressed as
2O ' =w®) AO) T wE). (8.93)

Let

Vi = i (0)
be the ith column vector of ¥ (i =1, ..., n), which is of course a latent vector of

Y corresponding to the latent root A; = X;(0). By interchanging the order of ¥;’s
in W, let

Yl one s Yk
be the latent vectors of X such that
1) Y1, ..., Yy, are free from 6;
2) Y1, ..., Yy, € L(X).

Note that this assumption does not lose any generality. In fact, if there is no ¥;
satisfying the conditions (1) and (2), we set kg = 0. Partition ¥ and A as

V= (Y, V)
with
Wy =1, ..., %K) 1 X ko,
Uy = U(0) = (Wkg+1(0), ..., ¥ () : n x (n — ko),
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(M 0
A_< 0 Az)

Ay = A1) : ko x ko,
Ay = A2(0) : (n — ko) x (n — ko),

and

with

respectively. Wy is free from 6.
Theorem 8.21 Under assumptions (1) and (2), any GLSE b(XA]) in (8.91) satisfies
W Xb(S) = W}y, (8.94)
and hence
W X[h(2) — b(Z)] = 0. (8.95)

Proof. The proof is essentially the same as that of Theorem 8.18. But we
produce it here. Since L(¥;) C L(X), it holds that W] ~!/2 Py = W[ £~1/2, from
which we obtain

VO ' XX'zO) ' )IX'ze) ! =wize)!
for any 6 € ©. Here, noting that
SO =0 A 0)7 0 e (8.96)
yields
MOTVXX'ZOTX)TIX'ZO) 7 = A10)7Y] (0 €0), (8.97)

from which (8.94) follows. This completes the proof.

8.5 Problems

8.2.1 For two random variables A and B, A is said to be stochastically no greater
than B, and is written as A < B, if for any x € R!

P(A>x) < P(B=x).

In particular, if P(A > x) = P(B > x) holds for any x € R!, then L(A) = L(B).
Let us write A =5; B (or A #4; B), when A and B have identical (or nonidentical)
distribution. And define A <5; B by

A <st B and A 75” B.
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Show that if A <;; B, then there exist two nondecreasing functions a and b,
and a random variable X such that

a(x) < b(x) for any x € R, a(X) =5 A and b(X) =4 B.

The answer will be found in Lemma 1 (page 84) of Lehmann (1986).
8.2.2 Prove the following two statements.

(1) If A <4 B, then

E(A) < E(B)
holds.

(2) If |[E(A)] < oo, then A <y B if and only if E(A) < E(B).

The answers will be found in Lemma 2.4 of Hwang (1985)

8.2.3 (The equivalence theorem by Hwang (1985)) Let y : n x 1 be a random
vector, and let & = 6(y) be an estimator of a parameter 6 : p x 1. For a fixed
nonnegative definite matrix D, let

16 —6lp = {@ —6)D@ —0))/2,
and consider a loss function
L(16 =61,
where L is nondecreasing. Show that the following two statements are equivalent:

(1) An estimator 0, universally dominates 6, with respect to || - ||p. (Here 0,
universally dominates 8, with respect to || - ||p, if for every 8 € RP and
every nondecreasing loss function L,

E¢{L(I61 — 61p)} < Eo{L(I6> - 6lIp)},
holds, and for a particular L, the inequality is strict.)

(2) An estimator él stochastically dominates éz with respect to || - || p. (Here él
stochastically dominates 6, with respect to || - || p, if for any 6 € R?,

161 —Ollp <s 162 — OlIp,
and for some 6, the inequality is strict.)

The proof is given in Theorem 2.3 of Hwang (1985).
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8.2.4 Suppose that the two n x 1 random vectors y and z satisfy
L(y) = N,(0,%) and L(z) = N,(0, X +66"),

where ¥ € S(n) and 6 € R". Show that for any symmetric convex set K, the
vector y is more concentrated to O than is z:

P(ye K)> P(z € K).

Hint: Let w be a random variable, which is independent of y and satisfies L(w) =
N(0, 1). Then L(z) = L(y + w6). Hence, Anderson’s theorem is applicable.

8.2.5 Suppose that
L(y) = N,(0,%) and L(z) = N,(0, V),
(1) Show that y is more concentrated to O than z is when

X<, (8.98)

(2) Prove the converse, that is, if y is more concentrated to O than z is, then the
inequality (8.98) holds.

The answers of (1) and (2) will be found in Eaton (1982) and Theorem 2 of Liski
and Zaigraev (2001) respectively.

8.3.1 Show that the GLSEs b(2 ® I,,) with & = T DT’ in (8.41) are in the class
C**. Verify that the function y in condition (2) is given by y(a) = a.

8.3.2 Establish Lemma 8.12.

8.3.3 Derive similar results to those in Section 8.3 under p-equation heteroscedas-
tic model. The answer will be found in Kurata (1999).

8.4.1 Establish Theorem 8.20.



9

Growth Curve Model
and GLSEs

9.1 Overview

In this last chapter, we treat generalized least squares estimators (GLSEs) in a
growth curve model as a multivariate case.

As has been observed, whether univariate or multivariate, a general linear
regression model is formally expressed as

y = XB +e¢e with L(g) € Py, (0, D), 9.1)
where
y:ngx1, X :ngxko, rankX = kg, and ® € S(nyg).

Here, S(ng) denotes the set of ng x ng positive definite matrices. This includes the
multivariate model expressed by

Y =X BX; + E with L(E) € Pyxp(0, I, ® Q), 9.2)
where
Y:nxp, Xi:nxk with rankX| =k,
B:kxgq, Xz:qxp withrankX,; =gq,
Qe Sp).

Here, L(E) is understood as L(vec(E')), where vec(E’) : np x 1. See (9.9) for
detail. This model is often called the growth curve model . In biometric applications,

Generalized Least Squares Takeaki Kariya and Hiroshi Kurata
© 2004 John Wiley & Sons, Ltd ISBN: 0-470-86697-7 (PPC)
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the model is used to describe growth patterns for both groups with and without
treatments. This chapter is devoted to the estimation problem in the growth curve
model (9.2).

The model in (9.2) describes the structure of growth patterns more directly
than the model in (9.1) although they are equivalent. In other words, a model
expressed as in (9.1) contains many specific models according to the structure of
X and &, and the estimation problem in each model is differentiated according to
the structure of the model. Some cases were observed in Chapters 4 and 5.

GLSEs. However, a common feature we enjoyed when writing a model in the
form of (9.1) is that the generalized least squares (GLS) estimation procedure for
estimating the unknown parameter B is commonly applied to any model when it
is expressed as (9.1), and the Gauss—Markov estimator (GME) and GLSEs are
derived by

b(d) = X' ' X)X oy (9.3)
and
b(d) = X' X)X Py 9.4)

respectively, where ® = ®(e) is an estimator of ® based on the ordinary least
squares (OLS) residual vector e:

e=1[I, — X(X'X)"'X]y.

The linear and nonlinear Gauss—Markov theorems and upper bound problems can
be discussed for the risk matrix

R(b(®), B) = E{(b(D) — B)(B(D) — B)'} : ko x ko (9.5)

as long as the second moment of b(®) is finite. We will keep this approach for the
estimation problem of the coefficient matrix B in the growth curve model (9.2).
Special forms of the growth curve model have been considered in various forms
and in various problems in association with growth curves. But it is Potthoff and
Roy (1964) that systematically formulated the models in the form of (9.2). An
excellent review of this model will be found in the survey papers of von Rosen
(1991) and Kanda (1994). In Kanda (1994), the growth curve models with several
specific covariance structures are treated in detail. See also the recent textbook by
Pan and Fang (2002). The problem of testing the general linear hypothesis on B

Ri{BRy = Ry with R;’s known 9.6)

is often called the general multivariate analysis of variance (GMANOVA) problem
and the hypothesis in (9.6) is often called a GMANOVA hypothesis. In this line,
the model in (9.2) is often called a GMANOVA model. Note that the model with
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X, = I, is a multivariate linear regression model, sometimes referred to as the
MANOVA model, in which the GME and the OLS estimator (OLSE) are identically
equal. The problem of testing

Ri1B =Ry

is called a MANOVA problem.

Notation and some basic facts. We assume that the error term matrix E in (9.2)
is distributed with mean 0 and covariance matrix I,, ® €2, which is denoted by

L(E) € Puxp(0, I, @ Q), 9.7)

where, as defined earlier, L(E) = L(vec(E’)). Hence, the covariance matrix Cov(E)
of E is defined by

Cov(E) = Cov(e) with € = vec(E") : np x 1. 9.8)

Here, the vectorization vec(A) of a matrix A :n x m is defined by the vector
stacking column vectors of A:

ai
a =vec(A) if and only if a = , 9.9)

am
where

A:(al,...,am) and a; :n x 1.

This notation is often used in this chapter. By this definition, the n rows of E are
uncorrelatedly distributed with mean 0 and covariance matrix Q € S(p).

Lemma 9.1 When L(E) € Pyx (0, I, ® Q) holds,
L(CED) € Pux,(0,CC'® D'QD) (9.10)
for any C : m x n with rankC =m and D : p x r with rankD =r.
Proof. By Problem 2.2.6,
vec((CED)") = vec(D'E'C’) = (C ® D')vec(E’).
From this, (9.10) follows. This completes the proof.

Now let us express the model (9.2) as a form y = XB + ¢ in (9.1) by using
the vectorization scheme in (9.9):

y=vec(Y) :npx1, B=vec(B):kq x1,
e =vec(E") :np x 1, (9.11)
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which naturally yields
X =X ®X):np x kq with rankX = kq. 9.12)
Then the GME in (9.3) is expressed as
b1, ® Q) = [(X]X)7'X) ® (X2 ' x5~ X7y, 9.13)
which we write as
B(Q) = (X[ X' X[ yQ x5 (X7 x5! (9.14)

by the definition of (9.9). It is easy to see that the GME is unbiased. The risk
matrix, or equivalently, the covariance matrix of the GME is given by

R(B(Q), B) = R(b(I, ® Q). B)
= E{(b(I, ® Q) — B)(b(I, ® Q) — )’}
= Cov(b(I, ® Q))
=X XD 'e e xy) Tl (9.15)
Also, the risk matrix of the OLSE is
R(B(I,), B) = R(b(I, ® 1), B)
= Cov(b(l, ® I))
= (X)X @ (X2 X5) T XX, (X2 X5) 7, (9.16)
where the OLSE is clearly expressed as
bl ® 1p) = [(X{X1) ™' X] @ (X2X5) ' Xaly
and
B(I,) = (X1 X1) "' X Y X5(Xa X)) ™!

according to (9.13) and (9.14) respectively.
When the matrix 2 is of the form

Q= 022,
the GME clearly satisfies
B(Q)=B(2) and b(l, ® Q) = b(l, ® ).

Furthermore, if the matrix X is known, the GME 13’(2) is the best linear unbiased
estimator by the Gauss—Markov theorem. Hence,

R(B(Z), B) < R(B(1,), B).
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In fact, we obtain
R(B(I,), B) — R(B(X), B)
= (X)X '@ [(XaX5) T XoE X5 (X2 X5) T — (X227 X)) T
= (X1 X1 @0’ (X2 X)) T Xo B Z) (222 2) T ZaE X5 (X2 X)),

9.17)
which is nonnegative definite. The last equality follows by using the following
matrix identity:

Y =X, 27 X)X + 225(2,2 7)) 7,3
(see Problem 3.3.1), where Z, is a (p — g) x p matrix satisfying
Z)Zy =Ny and ZrZ) =1, (9.18)
with
Ny=1,— M, and My = X(X2X5) ' X».
Note that the difference (9.17) of the two risk matrices is equal to
E{(b(I, ® ) —b(I, @ I))(b(I,  £) — b(I, @ I,))'}, (9.19)

the proof of which is clear from (2.40). Hence, R(B(I,), B) = R(B(X), B) is
equivalent to the identical equality B(X) = B(Ip), which is further equivalent to

X227, =0 (9.20)

(see the last line of (9.17)). This fact will be used in the next section.
This chapter develops the arguments in the following order:

9.2 Condition for the Identical Equality between the GME and the OLSE
9.3 GLSEs and Nonlinear Version of the Gauss—Markov Theorem

9.4 Analysis Based on a Canonical Form

9.5 Efficiency of GLSEs.

In Section 9.2, we establish a necessary and sufficient condition on the structure
of ¥ as well as © for which the GME B(X) is identically equal to the OLSE
E(I »). In Section 9.3, a GLSE is defined in a growth curve model and a nonlinear
version of the Gauss—Markov theorem is established. In Sections 9.4 and 9.5, the
model is reduced to a canonical form and the efficiency of GLSEs is discussed.
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9.2 Condition for the Identical Equality between
the GME and the OLSE

In this section, a necessary and sufficient condition for the GME to be identically

equal to the OLSE is derived.

Rao’s covariance structure. Consider the growth curve model in (9.2) with
Q=0°%.

When the GME E(E) is identically equal to the OLSE é(l p), no GLS estimation
problem is involved in a model. As is discussed in Chapter 7, Rao’s covariance
structure is a covariance structure under which the identical equality between the
GME and the OLSE holds. In the case of a growth curve model, the structure of
% for

B() = B(,) (9.21)
becomes
T =X,YX2+ ZYAZ, (9.22)

with Y € S(¢g) and A € S(p — q), where Z; : (p —q) X p is a fixed matrix sat-
isfying (9.18). Thus, we obtain

Proposition 9.2 The GME f?(E) is identically equal to the OLSE 13’(1 p) if and only
if ¥ is of the structure in (9.22).

A comprehensive description of Rao’s covariance structure is given in Section 7.2
of Chapter 7.

Example 9.1 (Equi-correlated model) In the growth curve model (9.2), assume
that © is of the structure

Q=0"%() with Z(0)=(1-0)I,+01,1), (9.23)

where 1, =(1,...,1) :pxland —1/(p—1) <6 < 1.
Then B(E) = B(I,) holds if and only if

X22(0)Z, =0 forany 0 € (—1/(p—1), 1),
or equivalently
lepl/pZé =0,

which equals either (1) X51, =0 or (2) Z21, =0.
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In case (1), the vector 1, is of the form 1, = Zéc for some ¢ € R?4, and the
matrix X (60) is rewritten as

O =1 -0, +01,1,
= (1 — O)[Xy(X2X5) ' Xo 4+ 25721+ 6 Zcc' 7,
= X4[(1 — 0)(X2 X)) "' 1X2 + Z[(1 — 0) g + 6cc') 22,

where the matrix identity /, = X/z(XzXé)_le + Z,Z; is used in the second line.
In case (2), 1, = Xéd for some d € RY and

2O) = X5[(1 — (9)(X2X’2)71 +0dd'1X> + Z5[(1 — 0)1,—41 2.
In Kariya (1985b), a necessary and sufficient condition for which a Gauss—
Markov-type estimator 62,, of 02 (in © = 0>X) is identically equal to an OLS-
type estimator &(2) s 18 also given. Combining the condition with the one in

Proposition 9.2 leads to a necessary and sufficient condition for which the two
equalities B(X) = B(/,,) and 6é u= 6(2) L Simultaneously hold.

9.3 GLSEs and Nonlinear Version of the
Gauss—Markov Theorem

In this section, we consider GLSEs and develop a nonlinear version of the Gauss—
Markov theorem in line with Chapter 3.

A nonlinear version of the Gauss—Markov theorem. In the growth curve model
(9.1), or equivalently (9.2), the GME is given by (9.13) or equivalently by (9.14).
Hence, when €2 is unknown, a GLSE is of the form

B(Q) = (X X)) ' Xy QxS (X7 xh) 7L (9.24)
which is equivalent to

b(l, ® Q) = (X1 X1)7'X] ® (LQT X)) X071y,
Here, = Q(E ) is an estimator of €2 based on the OLS residual matrix
E=Y—X\BU,)X2 = E — Mi{EM,, (9.25)

where M| = Xl(X/le)_lX/1 and My = X/Z(XgXé)_le. This is equivalent to

e =vec(E') = [Ly — X(X'X)"'X']y with X = X; ® X}. (9.26)
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The risk matrix of a GLSE is given by
R(B(Q), B) = R(b(I, ® Q). )
= E{(b(I, ® Q) — B)(b(I, ® ) — )} 9.27)

as long as it is finite.

To show that this risk matrix is bounded below by that of the GME, we take
the same approach taken in Chapter 3. The result that we obtain by this approach
is applicable to the case in which €2 is a function of a parameter vector 6:

Q=Q(@),

that is, 2 is of a certain structure.
In a similar manner as in (3.37), let

/ —1/2y/ /
C:<(X1X1%/ Xl)z(S}):nxn (9.28)
1 2

with C; :nxkand Cy :n x (n —k), and
D= (Q*lx’z, zg) = (D1, Dy): pxp (9.29)

with D1 : pxq and D> : p x (p —q), where Z; and Z; are n x (n — k) and
(p — g) x p matrices such that

Z1Zy =l and Z,Z) =N,
and
ZyZy =1, 4 and Z,Z; = Na,
respectively. Here,
Ny =1, — M; with M; = X(X} X))~ X]
and
Ny =1, — M, with My = X5(X2X5)"'X>.

The matrices C and D are n x n orthogonal and p X p nonsingular matrices respec-
tively. Let

U=CED

_ CiEDl CiEDz
o CéEDl CéEDQ

_( XX '2XEQTIX) (X1 X)TVPXIEZ,
ZVEQ7'X), Z\EZ)

Uy Uiz
= 9.30
< Uxy Uxn ) ©-30)
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and let

T = XX € Sk),

T, = X2Q7 X, € S(g),

Ay =Z1Z) = Iy,

Ay = Zzﬂzé eS(p—q). 9.31)

Then it follows from Lemma 9.1 that

_ U Un
cwor=c(( g3 v2))
00 T, 0
€ Puxp ((0 0>, In®( 0 A2>>‘ (9.32)

vec(U') = vec(D'E'C") = (C ® D')vec(E'),

In fact, since

using CC" = I,, and X»Z} = 0 yields (9.32).
Let

K(Q, Q) =A' 2007 X007 X)) ™ 1 (p— ) x q.
Note that when = Q, the function K is zero:
K(Q,Q) =0.

Note also that the OLS residual £ in (9.25) is a function of Uyp, U1 and Up;. To
see this, by using

c'=c =i 7))

and

_ _ _ olx
D' =(Q'X}, Z}) l:(Ale;Z)’ (9.33)

the matrix E is rewritten as

E=CUD™'—MCUD 'M,
= X,Y; PULAL Z2QNy + Z1Un Yy Xa + Z1iUn AT o9, (9.34)

where E = C'UD™! is used.
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Theorem 9.3 (1) For a GLSE E’(Q) of the form (9.24), it holds that
B(Q) — B=1[B(Q) — Bl +[B(Q) — B(Q)]
=1 Punt 1 PUunk @, ). (9.35)
Hence, for the GME é(Q),

B — B =175 (9.36)

(2) If the distribution L(E) of the error term E satisfies

E(Un|Ui2, U1, Up) =0 as., (9.37)

then for a GLSE B() such that Q is a function of E only, the risk matrix is
bounded below by that of the GME:

R(B(Q), B) > R(B(Q), B) = (X| XD '® (X2~ 'x5)~1.  (9.38)
Proof. Since
X X)) 7VPXVE = Un Yy ' X + Uy 209,
the GLSE é(ﬁ) and the GME é(Q) are respectively rewritten by
B(Q) =B+ (X)X "X EQ I X5 (X207 X)) 7!
=B+ (X[ X)X X)X EIQT X, (X7 X))

= B+, PN Xy + Unay' Q107 X5 (00 X)) ™!
=B+ Puns !+ PUna 2,007 X (07 X)) !
=B+, Pun !t + 7 PUunk @, ), (9.39)

and
B =B+, Punr; !,

since K (€2, 2) = 0. Hence (1) follows.
For (2), we use the expression b(I, ® ) and b(I,, ® €2). It suffices to show that

E{(b(I, ® ) — b(I, ® 2))(b(I, ® Q) — B)'} =0,
which is equivalent to
E{Y"? @ K(Q, )/ lupu, 1072 @75 = 0. (9.40)

Here, u;;’s are defined by

uij = vec(Ui/j) G,j=1,2).
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The condition E(U11|Uj2, Uz1, Uxp) = 0 is clearly equivalent to
E(uitluiz, us, u) =0

because of the one-to-one correspondence between U;;’s and u;;’s. Since K is a
function of (Uyp, U1, Up), the left-hand side of (9.40) is

E(Y, % @ K (S, ) lunE W) lura, uar, un) )2 @ Y7 ),

which is zero. This completes the proof.

GLSE. It should be mentioned here that if £(E) = £L(—E) and if Q is an even
function of

Uy = (Ua1, Up) : (n — k) x p,
then the GLSE B (fZ) is unbiased. Here, 2 is even in U, means that
Q(=U2) = QU),
when we write 2 = fZ(Uz). A typical example is a GLSE Ig’(fl) with

Q=Y'NY=ENE
=E'NE=W (say). 9.41)

In fact, by using (9.34), the matrix N E is expressed as

NiE = N(X1 Y PULAT Z2QNy + Z1Un Y5 Xo + Z 1 Un AT 2:9)
= Z1UnY5 ' Xo + Z1UnAS ' ZoQ2
= Z,U,D7, 9.42)

and the matrix W is rewritten as
W =D"'U;NU,D", (9.43)

which is an even function of U;. Hence, the GLSE E(W) is an unbiased estimator
of B.

Elliptically symmetric distributions. As has been discussed in Section 3.3, the
condition E(U11|U12, Ua1, Uap) = 0 is satisfied by a class of elliptically symmetric
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distributions, that is, when L(E) € &,x,(0, I, ® ), or equivalently when
L(vec(E)) e Snp(O, I, ® Q), (9.44)

then, as in (9.32), we obtain
Un Ui
LWU)=L
) (( Uy Uxn ))

€ Enxp ((8 8), 1,,@(782 A02>> (9.45)

This implies that

uii

r uiz
uz
Uz
0 Iy ® 1 0 0 0
cE 0 0 I ® Ay 0 0
np ol 0 0 I« ® T2 0 ’
0 0 0 0 I ® A

from which it readily follows that E(u11|u12, u21, u22) = 0 (see Proposition 1.19
in Section 1.3).

9.4 Analysis Based on a Canonical Form

In this section, the original model and its parameters are transformed in order that
the structure of the estimation problem itself is more revealing in the transformed
model. The transformed model is called a canonical form. Once a solution is
obtained in the canonical form, it is inversely transformed to the original problem.

Canonical form. Let us consider the growth curve model (9.2). To transform our
estimation problem to a canonical form, we use the following fact on matrices:

Lemma 9.4 For any n x m matrix A with rankA = m, there exists an m X m non-
singular matrix G € G€(m) and an n X n orthogonal matrix P € O(n) such that

— Im
amr(B)e

where G€(m) and O(n) denote the groups of m X m nonsingular matrices andn x n
orthogonal matrices respectively.
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Proof. Let B be an n x (n — m) matrix such that

A'B=0 and B'B=1,_,.
Then

P = (A(A'A)~V2 B) € On).
Let G = (A’A)'/2 € Ge(m). Then

A= (AAAV2 B) (181 ) (A2 =p < 16" ) G

follows. (Of course, there are other choices for P and G.)

By this lemma, write X; and X» as

X1 =P ( g( ) G with Py € O(n), G € Gl(k),

X>=Gy(1;,0)P, with P, € O(p), G2 € Gl(q). (9.46)
Using this, let
Y*=P/YP,:nxp, O©=GBGy:kxgqg
Q" =PQPy:pxp, E*=PEP;:nXp. (9.47)
Then the model becomes
Y* =TI+ E* with L(E¥) € Pux,(0, 1, ® Q%), (9.48)
where the matrix IT is of the form
q9 P—4q
- (1) -(30) e

and Y* and E* are also partitioned according to IT:
o ()= (2 ).
Y2 Y21 Y22
E? EY, ET
E*:( 1):( 1 12). (9.49)
E; E3 Ey

In this canonical form, the problem is to estimate ® on the basis of Y*. The
original parameter matrix B is estimated by

B=G'6G5" (9.50)

once an estimator © of ® is obtained. Understanding the relation in (9.46), we
omit the asterisk * in the notation for simplicity in the sequel.



GROWTH CURVE MODEL AND GLSEs 257
The GME. To find the GME for ®, let

9/
1
0=1: ckxqg with 6;:g x 1
O
and
01
6 =vec(®)=1] : |:kgx1
Ok
and rewrite the model as
vec(Y{,) 0 vec(E}))
vec(Y],) 0 N vec(E(,)
vee(V5) | | O vec(E},)
vec(Y),) 0 vec(E),)

This model is denoted by a univariate linear regression model of the form

y=X60+e, 9.51)
where
vec(Y{,)
vec(Y!
y = ( 1/2) tnp x 1,
vec(Y,,)
vec(Y},)
vec(E()) e11
vec(E! €
&= ( }2) = 12 tnp x 1
vec(Ey)) &1
vec(Eéz) £
and
qu kq
_1 0 k(p—q) .
X = 0 n— kg :np X kq,

0 ) m—-Kkp—q)
and the distribution of ¢ is obtained as

L(e) € Ppp (0, D) (9.52)
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with

I ® Q1 I ® Lo 0 0

I ® Q1 I ® Qo 0 0
0 0 In—x ® Q1 In—k ® Q12
0 0 L« ® Q1 I @ Q22

d; 0
=< 01 ©2> (say)

The inverse matrix ®~! of ® is given by

_ o7l 0
o= ("1
( 0 %1)

®— (9.53)

with
-1 -1 —1
ol = I ® Q11.2 I ® (_911,2912922 )
1= - _ _
Ik ® (=25 197) I ® Q5
and
ol = In—k ® Qfll.z In—k ® (_91711.291292721)
1 = _ _ g .
In—tc ® (=2 192,) Lok ® 55

Recall that Q112 = Q1 — 91292_21 Qo1 and Qo = R0 — 92191_11912. Hence,
the GME of 6 is given by

Q) =X o ') ' x oy
=@ Q) M ® Q) ke (2,200, 0, 0]

vec(Y7{,)
vec(Y{,)
vec(Y;,)
vec(Y;,)
vec(Y{,)
vec(Y!,)
=L @1, I ®(—Q212925,), 0, 0 12
[ ® k® ( 12 22) 1 vec(Yﬁl)
vec(Y3,)
= vec(Y])) — [k ® (21225, vec(Y],). (9.54)

The OLSE is given by letting Q2 = I:

0(1,) = vec(Y])).
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In matrix notation, the GME and the OLSE are respectively expressed as
o) =11 — Y12522_21 Q01, (9.55)
O,) = 111. (9.56)
The following result is a natural consequence of this.
Proposition 9.5 The covariance matrices of the GME and the OLSE are given by
Cov(O(R)) = Cov(d(Q)) = I ® Q11., (9.57)
Cov(O(I,)) = Cov(d(1))) = Ix ® Qu1, (9.58)
respectively.

It is clear that Cov(@(1,)) > Cov(©(R)), since Q11 > Q1.2.

GLSEs. The discussion above leads to the following GLSE
0(Q) = vec(Y])) — [k ® (212957 vec(Y},), (9.59)
whose matrix notation is given by

O = Y11 — Y1225, o, (9.60)

a= ()
Qo1 Q2
is an estimator of 2. Consider a GLSE (:)(Q) with such €2’s being a function of

Y12, Y21 and Yo;, or equivalently, Ej2, E2; and Ej,. Typical examples are the
GLSE O(2) with

where

Q=w, 9.61)
where the matrix W is defined by
Wit Wiz
W =
( War W )
=YY

I
= Y2/1 (Y21, Y22)
Yy

_( Y Yu Yy ¥
Y3, Y1 Y5, Y

E} Ey1 E} Exn
E),Ey1 E}Ex
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E’ )
= 7' ) (Ea, Ex)
(Eéz

= EéEz IpXDp (9.62)
and the GLSE ©(£2) with
Q=s, (9.63)
where
S=Ww+ ( Oax¢  Ogxr—0) ) (9.64)
0(p—g)xq V22
and

Vi =Y,V
=EpEn:(p—q) x(p—q). (9.65)

See Problem 9.4.2. Here, recall that a GLSE has a scale-invariance property:

C:)(c\I/) = @(\I’) for any ¢ > 0. Hence, when we estimate 2 by Q= S/n, the cor-

responding GLSE (:)(S /n) reduces to (:)(S). While the matrix S in (:)(S) depends

on Ep, E>; and Ey), the matrix W in (:)(W) is a function of E;; and E3; only.
Let

=010, gx(p—q) and &= Q) (9.66)
and let
7= [l ® (& — E)]vec(Y},)
= [I; ® (E — B)vec(E},). (9.67)

Note that & is, in general, a function of Y7 and Y> = (Y¥>1, Y22) (or equivalently,
Eypp and Ej = (Ez1, E)).

Theorem 9.6 When the distribution L(E) of E satisfies
E[E|E2, Ex, En] = E1nE as., (9.68)
the risk matrix of O(Q) is expressed as
R(O(Q), ©) = R(O(Q), ©) + EzZ), (9.69)
and hence it is bounded below by that of the GME O(Q):

R(O(Q), ®) > R(O(Q), ©). (9.70)
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Proof. Since the GLSE @(fZ) is written as
OQ) =11 — Y&
=(®+ Ep) — En&,
it holds that
() — © = [0(Q) — O] + [6(X) — O()]
= (En — EnE) — En(E-8). 9.71)
Hence, in vector notation,
6 —6=10(Q) —0] -z,
from which the risk matrix in question is evaluated as
R(O(), ©) = RO, 0)
= E{[6() - 01[6() — 01} + E(z2)
—E{[6(Q) - 012} — E{z[6() — 6]},

Since z depends on E only through E12, E>1 and Ej», the last two terms vanish.
In fact, by noting that (9.68) is equivalent to

E(enlenn, €21, €22) = (I ® E)erp ass., 9.72)
we have
E([0(Q) — 017} = Eflen — (Ik ® E)ennld)
= E{E[len1 — (Ik ® B)enal’ | e12, €21, €221}
= E{Ele11le12, €21, £22]7" — (Ik ® B)ennz'}
= E[(Iy ® B)enz’ — (It ® E)e1Z]
=0.

This completes the proof.

Elliptically symmetric distributions. When the distribution of the error term E
is elliptically symmetric:

L(E) € Exp(0, Q),
the condition (9.68) is satisfied. In fact, since noting that

L(E2|E12, Ez1, E22) = L(e11le12, €21, £22),
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by using (9.53) and Proposition 1.19 of Section 1.3 of Chapter 1, we can see that
the conditional distribution is also elliptically symmetric with mean

E (e11le12, €21, €22)

I @ Q97 0 0
=k ® L2, 0, 0) 0 I ®@Qu I ® Q2
0 In—k ® QZI In—k ® Q22

-1

= (Ix ® E)era.

Hence, in such a class of distributions, the risk matricqs of the GLSEs @(Q) are
bounded below by the covariance matrix of the GME ©(£2).

9.5 Efficiency of GLSEs

By Theorem 9.6, it turns out that the problem of evaluating the efficiency of a
GLSE of the form ®(2) is reduced to the problem of evaluating the following
quantity

Ri(E, B) = E(z7))
= E{[; ® (E — B)lenn &},[Ix ® (E — B)]}. 9.73)

In this section, we evaluate this quantity when the distribution of E is elliptically
symmetric, and €2 is estimated by W.

Preliminaries. Consider the model (9.48). As before, we omit the asterisk *, for
simplicity in the notation. The model can also be expressed as (9.51).

To evaluate the Rl(@, E), we assume that the distribution P = L(E) is ellip-
tically symmetric:

L(E) € Eixp(0, 1, ® Q), (9.74)

and P has a probability density function (pdf) with respect to the Lebesgue measure
on R". (Here R" is regarded as the set of all n x p matrices.) As is clear from
(9.52), the distribution of ¢ : np x 1 in (9.51) is elliptically symmetric:

‘C(S) S gl’lp(oa qD)a
where @ is in (9.53). Hence, by Proposition 1.17, the marginal distribution of
(€15, €5, €5,) is given by

&2 0 I ® Qoo 0 0
L €21 € &Enp 0], 0 Ik @ Q1 Li—k @ Q12 (9.75)
£22 0 0 Ik ® Q1 In_j @ Q2
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with ng = k(p — q) + (n — k) p. Furthermore, the following distributional results
are given by the assumption (9.74):

Lemma 9.7 (1) For W in (9.62), let
F=WnWy':qx(p—q).
Then
L(e12|F, €22) € Ekp—q)(0, c1(h) [y @ Q222), (9.76)
where
h = tr[(F — E)Wxn(F — E)Qp )1+ tr(War3). (9.77)

Here ci(-)’s in (1) and (2) below are functions of - and their functional forms
depend on the distribution P = L(E).

(2) The distributions of F and Ej» are given by
L(F|En) € Egx(p—q) (B, c2(triWnQy, DQ112 ® W),
L(E») € En—tyx(p—q) (0, In—k @ L022) (9.78)
respectively.

Proof. The marginal distribution of E3> can be directly obtained by applying
Proposition 1.17 to the joint distribution of (g1, €12, €21, £€22)-
Next, from (9.75), a joint pdf of (e12, €21, €22) is written by

fe12, €21, €22)

=d(Q) x g (8/12(11( ® 522_21)812

-1
e (1880 11 282) ()
=d(Q) x g(e}, (I ® 25,)e1
+leat — (In—k ® B)ena] (In—k ® Q' Dlear — In—k ® E)ena]
+ehy (In—k ® 25,)€22) (9.79)

for some function g : [0, c0) — [0, 00). Here, the second line of the above equal-
ities follows from the matrix identity:

IQ 109
I1®Q I®Qn

_( I®1 0 19, o0 I®1 -I®E
T\-I®E I®I 0 1®92—21 0 I®I )
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which is due to

I®Qn 1®RQ
I ®@Q [®Qxn

_(I®I IR®RE 1 ® Q12 0 I1®1 0

- 0 I®I 0 I® Q0 I®RE IQI )
Recall that E = 91292_21. Here, the function d(2) is given by

Iy ® Q2 0 0 -1z
d(Q) = 0 In—k ® Q11 In—k ® Q12

0 I ® Q1 Ik @ Q22

-12
I ® Q1 Ik @ Q12 /
Ik ® Q1 Ik @ Q22
= I ® Q2| Ly ® Q12 TV Lk ® Q0| 712
= Q12" P2 |Qp 2,

= I ® Q|2

where the formulas |7, ® A| = |A|"™ and |A| = |A11.2]||A22| are used. In the rest
of the proof, the factor d(£2) will be absorbed into the function g, since the factor
is not essential.

In matrix form, the three quadratic forms in g are written by

012 = ), (Ik ® 23,))en

= 1r(Qy; E}LE1), (9.80)
Q21 = [e21 — Ik ® E)en] (i ® 11!y ea1 — (In—k ® E)ena]
= 1r[Q)5(Ex1 — EnEY (Ex — EnE] (9.81)
and
02 = ey (Ii—k ® 25))en
= 1r(Qy5 Eby En) (9.82)
respectively.
Let

Nap = Iy — En(EyEnn) ' Eny : (n — k) x (n — b,
and let Zy; be an (n — k) x [(n — k) — (p — ¢)] random matrix such that
Ny = ZnZy and ZZyn = ln—iy—(p—g)-

By using Z»,, define a matrix F»; as

F21=(2,>:(n—k)xq
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with

F = Ey\ En(E5En) ™ iqg x (p—q)
and

G=EyZn:qx[n—k—(p—q]l
Then

Es) = ExoF' + 720G’
= (E2, Z22) F>1.
Here, since E’,Z3; =0, it holds that
(Ea1 — EnE') (Ea1 — EnE)
= [En(F' — &) + ZnG'V[Exn(F' — E) + Z»G']
= (F — B)EbEn(F — ) + GG/, (9.83)
from which Qj is decomposed into two parts as
021 = 1r[Q},(F — B)Eyy Exn(F' — BN + tr (27, ,GG)
=05 + 0% (say). (9.84)

By viewing f as a pdf of (E12, E21, E22) and transforming (Ei2, E21, E22)
to (Eqp, F, G, Ep)), the Jacobian becomes |E32E22|‘1/2. Hence, the joint pdf of
(E12, F, G, Ep) is of the form

|EyyEnl?? g(Q12 + Q21 + 0), (9.85)

where Q12, Q21 and Q77 are given in (9.80), (9.81) and (9.82) respectively. (Recall
that d(€2) is absorbed into g.) Integrating f with respect to G yields the pdf of
(E12, F, Ey) of the form

fo(E1a, F, Ex) = |E)yExp|*? / g0+ 0 + 08 + 02)dG

= |E5En|T?:(012 + 05) + 02) (say).

Integrating f> with respect to Ej; yields the marginal pdf f3 of (F, E)):
f(F, En) = / J2(En, F, Ex)dE2
—|E q/2 )
= |E5 Enl /gz(le + 0, + On)dE

= |EbEnl??g3(0Y + 02) (say). (9.86)
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Hence, the conditional pdf f4 of E15 given (F, Eyp) is obtained as
Ja(En|F, Ex) = fo(En, F, En)/f3(F, Exn)
= 22(Q12+ 0% + 02)/83(0%) + 02)
= g4(Q12; Q;ll) + 02) (say)
= ga(elr (I ® Qp)enn; 05) + O0m). 9.87)
This shows that
LEnIF, Ex) € Eix(p—g)(0, c1(05) + 022) [k ® 20), 9.88)

which is equivalent to (1).
The marginal pdf fs of E> is obtained by integrating f3 in (9.86) with respect
to F:

f5(E) E/f3(F, Ey)dF

= |EbyEn|?/? f &3(05) + 00)dF
= |EjEnl|1%g5(0n) (say). (9.89)
This yields the conditional pdf fs of F' given E; as

Je(F|Ex) = f3(F, Ex)/fs(Ex)
= 23(0%) + 0m)/25(02)
= g6(05): 0n), (9.90)
where
05} = vec(F") — vec(ENI (R}, ® EjyEx)lvec(F') — vec(E)].
Thus,
L(F|En) € Eyx(p—q) (B, €2(02) Q12 ® (ErEn)™")

follows, which is equivalent to the first statement of (2). This completes the proof.

Note that when the distribution of E is normal: L(E) = N,x,(0, I, ® ), the
functions c¢; and ¢, are

O =e) =1,

and E and E> = (E», E2;) are independent.
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Evaluation of the risk matrix. Now using this lemma, the matrix in (9.73) is
evaluated as

Ri (2, B)

= E{lk ® (E — B)lens &),k ® (E — B)']}

= E{E{l[x ® (& — B)le2 &),k ® (E — E)1|F, Enp}}

= E{ci(W I ® [(E — E)Qn(E - B)'1)

= I, ® Ry(E, B), (9.91)
where

Ro(8, 8) = E{c1(h) (E— B)Qn(E - 8)}

Hence, to evaluate Rl(@, &), it suffices to evaluate Ro(@, ).

Theorem 9.8 Suppose that the assumptions (9.74) holds. Then for the GLSE Omw),
the matrix Ry(E, E) with

E=F=WpW,
is evaluated as
Ro(E, B) = E{d(tr(Wx)) tr(Wa)} Q112 (9.92)

Jor some function d : [0, 0o) — [0, 00), where the functional form of d depends on
P = L(E), and the matrix Wy, is defined by

= = = L = ~1/2
Wy = E£2E22 with Ex = E22§222/ .
Proof. Note first that
i~ -1/2 —-1/2
W = Q) * W) "% (9.93)

So sz and W, are in one-to-one correspondence.
Using E = F and (2) of Lemma 9.7, the conditional distribution of F given
Ey is

L(F|Ex) € Egx(p—q) (B, ca(tr[Wnp DQi12 ® Way'). (9.94)
Let
F=ai? FQlqx(p—q),
A=9,5" EQ) 1ax (p—q).
and

- ~ ~1/2
U:(F—A)sz/ g X (p—q).
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Then
LWU|En) € Egxip-)(0, catrWn)ly ® Ip—y),
L(E2) € En—tyx(p—q) 0, Tk @ Ip—y), (9.95)
and
Ro(F, B) = Q|1 Elc1(tr(UT") + tr(Wa)) UW5,'T'] Q112 (9.96)
Let the ith row vector of U be uf 1lx(p—q) (i=1,...,q). Since, condi-

tional on Ezz, the distribution of

u=vecU) =] : |:q(p—q)x1
Ug
is spherically symmetric, u;’s are uncorrelated and

Cov(ulEx) = c2(tr(Wn)) Iy(p—q)- (9.97)

Note here~ that the conditional distribution of u given Egz depends on Ezz only
through W»,. We often use this in the discussion below. It also holds that

L(u |Exn) = L(ug) |Exn) (9.98)
forany j =1,...,q, where u) is u with u; replaced by —u;:
u
Uj—1
ug =| —uj |:q9(p—q)x1
Uj+1
Ug

This is because there exists an orthogonal matrix I" such that I'u = ugj).
On the other hand, since

7 /-1
uyWoyur -+ uy Wy 'uy

UW,'0" = : : g % q, (9.99)

and since
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the (i, j)th element A;; of the matrix
A = E[ci(tr(UU") +tr(Wa)) UWy,' U'|Exn] = (A)) (9.100)
is given by
q ~ ~ ~
Aij=E |:c1 (Z whui + tr(W22)> u;Wnluj‘Ezz] : (9.101)
i=1

For i # j, this quantity is equal to the one in which u; is replaced by —u; (or
equivalently, u is replaced by uj)):

q
Aij=E |:cl (Z uhu; +tr(W22)> u;WZ_Z](—Mj)‘Ezzj|

i=1
q ~ ~ ~
=-—F |:Cl (Z ugu,' + tr(W22)) u;Wz_zluj‘E22:|
i=1
= —Ajj. (9.102)
This implies that
Aij =0 @ #)), (9.103)

since the expectation is clearly finite.
Furthermore, for A;;’s, we have

A== 0A7yq. (9.104)
To see this, let
v=u/|ul,

and recall that £(v|E»,) is the uniform distribution on the unit sphere on U(q(p —
q)) (see Proposition 1.13), and hence

E{W|Exn} = (9.105)

1
q(p—q) latr-o)
holds by Corollaries 1.14 and 1.15. Let

¢ = |ul],
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and let W be the ¢(p — ¢) x q(p — ¢) block diagonal matrix with ith diagonal
block being Wz_zl and the others 0:

Wy, = W2_21

Then we have

q
Aiji=E |:Cl (Z M;bli + IV(W22)> u;WQ_zlui

i=1

= E[c1(c? 4 1r(Wa))u'Wazu| Eny]

En}

= E{cl(c2 + 1r(Wa2))E[V Waavle, ExllEnn)

= E{c1(¢® + tr(Wa)) e [1r (W) /g (p — 11 Ex)
(by (9.105))

~_ 1 - N
=tr(Wy,') x ————E[c1(¢* + tr(Wn))e?|Ex]

a(p—q)
= 1r(Wy,") d(tr(Wa)), (9.106)
where
- 1 . .
d(tr(Wa)) = ———— E[c1(c* + tr(Wa))e?| Ex] (9.107)
q(p —q)

and the last line of (9.106) is due to the fact that the conditional distribution
L(u|522) depends on Ezz only through Wgz. The quantity A;; thus derived is
clearly independent of fixed i. Hence, (9.104) is proved with A;; = tr(Wil)d (tr
(sz)). Thus, we have

A = tr(Wy,") d(tr(Wa)) 1.
By combining this with (9.96), it follows that
Ro(F. B) = )1 E(A) Q11
= 1r(Wy,') d(tr(Wa)) Q12 (9.108)

This completes the proof.
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As a particular case, when E is normal, we obtain the following result, which was
first established by Sugiura and Kubokawa (1988).

Corollary 9.9 When the error term E is normally distributed: L(E) = N,x (0,
I, ® Q),

P—4q
n—k—-(p-q9 —1
Proof. Under the normal distribution, the function d in (9.107) is

Ro(F, B) =d, Q12 with d, = (9.109)

d(-)=1.

See Problem 9.5.2. (Since in this case, the function ¢; in (9.107) is ci(-) = 1.
Hence, the function d is rewritten as

- 1 -
d(tr(Wa)) = ————E(¢*|Ex).
q(p—q)

Here, L(u) = Ny(p—¢)(0, Iy ® I,,_,).) Further, the matrix W22 is distributed as the
Wishart distribution with mean (n — k)I,—, and degrees of freedom n — k:

L) =Wp_g(Ip—q, n—k).

Since
1
Ip—g;
(n—k)y—(p—q)—1
(see Problem 1.2.4), the result follows.

E(W;,") =

By these results, the risk matrix of the GLSE O(W) is given by
ROW), ©) = (1 +a0) (It ® Q12)
= (1 +a0) R(O(Q), ©),
where
g = E{d(tr(Wn)) tr(Wy)).

Furthermore, when L(E) = Ny ,(0, I, ® ), it holds that «p = d,,, and hence,
when n or (n — k) — (p — q) — 1 is large, the quantity d, is small.

9.6 Problems

9.1.1 Prove that b(I,, ® 2) in (9.13) and f?(Q) in (9.14) are equivalent.

9.1.2 Under model (9.2), show that E(Q) = é(lp) forany Y : n x p, when X, =
I,. Consider model (9.2) with X, = I,,. Express the model as y = XB + ¢ in (9.1),
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and let Z be an np x (np — kq) matrix such that Z’'X =0 and Z'Z = I,,p—kg,
where X : np X kq is given by (9.12). Show that the matrix Cov(e) = P =1,  Q
is of Rao’s covariance structure as shown in Section 7.2 of Chapter 7.

9.2.1 In Example 9.1, express the GME B(Q) explicitly.

9.2.2 When

_ «91]1,1 0
2= ("5 i, ) 50

with p; + p2 = p, express the GME B(Q) explicitly. Find a condition for B(Q) =
B(Ip).

9.3.1 Consider the maximum likelihood estimator (MLE) B of B in the model
treated in Section 9.3.

(1) When € is known, show that the MLE B of B is equivalent to the GME: B =
B(Q).

(2) When €2 is unknown, show that the MLE B is equivalent to the GLSE
B(2) = B(W) in (9.41).

See Khatri (1966).

9.3.2 Consider the following two growth curve models with common coefficient
matrix:

Y1 =XnuBXnp+ Ep,
Y = X01BX» + E,
where E; and E; are independent, all X;;’s are of full rank,
Yi:ni x pi, Xi1:n xk,
Xi2 1 q X pi, L(Ei) = Npxp; (0, I; ® 2;),
Qi eSpi) (=1,2).
(1) Derive the MLE of B under the assumption that €2;’s are known.
(2) Show that the MLE is unbiased.
(3) Evaluate the covariance matrix of the MLE.
(4) Discuss an estimation procedure for this model when €2;’s are unknown.

See Sugiura and Kubokawa (1988).
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9.4.1 Show that the GME ©(2) in (9.55) and the OLSE ©(l,) in (9.56) are
equivalent to those in Section 9.2.

9.4.2 Show that the following two GLSEs E’(Q) with
Q=YNY=ENE
in (9.41) and
Q=FEE
are respectively equivalent to (:)(W) in (9.61) and @(S) in (9.63).

9.5.1 In the proof of Lemma 9.7, show that the Jacobian of transforming (E12, E>;,
Ex) to (Ep2, F, G, Ep) is given by |E}, Ex|1/2.

9.5.2 Show that when L(E) = N, x,(0, I, ® ), the function d in (9.107) is

di-)y=1.
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Appendix

A.1 Asymptotic Equivalence of the Estimators of 6
in the AR(1) Error Model and Anderson M odel

Notation. Recall that the AR(1) model for the error term & = gar is L(eaR) =
N, (0, 2aR), where

1

QAR = T2® ith ®ar = gli—ily.
AR = T°PAr Wi AR 1_92( )
Note that
1
Opr = —— (I, + \C + ¥ B)~!
AR (1_0)2(;1-}- + V¥ B)

where A and ¢ are given by
A=210)=6/1—-06)* and Yy =v®)=6/(1—-0).
A typical choice of an estimator of 6 in this model is
Oar = €jr K ear/€rReAR
with
eaR = Nyar and K =2I, — C — B,

where yaAr = XB + €ar-

Generalized Least Squares Takeaki Kariya and Hiroshi Kurata
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On the other hand, the Anderson model for the error term & = AN is L(6aN) =
N, (0, 2aN), Where

2
QAN = T°PaN
2

= (I, +20)7"
(11—

2

Here, it is often the case that 0 is estimated by
éAN = EANKEAN/EANEAN with ean = Nyan,

where yaN = XB + ean. In this appendix, we shall show that

lim L[vn@an —0)] = lim L[v/n(@ar — 0)]

n— oo n—od

= N(0,1—6?).

AR(1) error model. Consider the AR(1) error model. Drop the suffix AR from
all the symbols since we treat the AR model only in this section. When 8 =0
in y = XB +¢, it follows that for 6(e) = ¢'Ke/e’e with e = y = ¢, /n(0(e) —

0) =4 N(0, 1 — 6?) (see, for examplf:, Chapter 5 of Brockwell and Davis, 2002).
Also, when B # 0, it holds that \/n(6 —6) — N(0,1 — 02), when

X'AX X'F:iAX
lim =VyeSk) and lim —L——

n— 00 n n— 00 n

= Vyj (A.1)
are assumed to be finite and bounded in j, where
Fj=(f}) with fj=1 if |i—kl=, and f}, =0 otherwise.

To see this, first observe that for A = [ and K

g = lim E[(¢'Ae — e’Ae)z]

n—oQ

is finite. If this holds,

. 1 / . l /

phmnﬁoo;e e= phmnﬁoozs 3
=0%/(1-6%)

and

! 'Ke = pli ! 'K
—e Ke = plim —¢&'Ke
n p n oo\/—
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and hence

Vn@(e) —(e))
ﬁs/Ks ﬁe/l(e

1., 1
nSS n

Vn@(e) —0) — Vn@(e) — 0)

ee
—, 0.

Consequently, it follows that \/n (é(e) —0) >4 N, 1 — 6%). Now to show that
g is finite, write

e=Q"7n with QY2 eS8m) and L) = N, (0, I,).
Then
g = lim E{lf'Q!*(A -~ NANQ!2yP)
= lim E[(n'Qn)’]
n—oo
= lim [2 tr(Q%) + (tr 0)*],
n— 00
where with M = X (X' X)~1x’
0 =Q2AMQY? + Q'PMAQY? — Q2 MAMQ! /2. (A.2)

The limits of each term in t7(Q) and tr(QZ) exist. For example,

X'QAX\ /X'X\ !
tr(QYV2AMQY?) = tr [( ) ( ) } :
n n

which has a finite limit by (A.1) when n — oo. In fact, since = o> Z?;(l) 6/ F;
with 02 = 72/(1 — 6?),

o0
lim tr(QAM) =02§ 0ltr(Va;V; ) for A=1,K. (A.3)
n—o0 o

J=

Note that the elements of V,; are linear combinations of w;; = lim,_ o xlka /n
with x{ being the ith row of X where V; = (vy;¢). Since trVA; VI_l in the right
side is bounded, (A.3) converges and equals the left side. Thus, the limit exists.
Similarly the other terms are shown to have their limits.

Anderson model. Consider the Anderson model. Here, we shall show that Han(e)
is asymptotically equivalent to 9an(g). We use the following expressions for the
covariance matrix of ean and gar below:

2

T
QAN 5 LAN

T (1-0)
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and with Tan = (I, + AC)~ !,
S T (=<l +¢B]!
AR = T guteante :

Since AAN and AN are scale-invariant, assume for the proof below without loss of
generality 72 /(1 —= 9)2 = 1 sothat ®pr = X ar and ®an = X an. Further, note that

/ /
B =uuy +uuu,,

where u; = (uj1, ... ,uj,) € R" is the unit vector having u;; =1 and uj; =0
(j # k). Note also that for a, b € R"

(In+ab) ' =1, —ab' /(1 + d'b).
Use this equation twice to obtain

alb/l azb/Z azb/lb’zal
L+aibr * T4asby  (1+ab) (1 +ajyb)

AN = |:1n + } PR (A4

with
a1 = ParUu, by = gu,, ay = Paruy and by = gu;.
Then, as in the AR case,

gaN = lim E[(e'Ae — €' Ae)?]

= lim E[(n'Qn)’]
= lim [2r(Q%) + (tr 0)’]

is finite, where Q here is given by (A.2) with Q2 = ®aN. In fact, the limits of each
term in tr(Q) and rr(Q?) also exist. For example, for

X' dANAX) (X' X\ 7!
tr(@i/NzAMQXI\%) = tr |:( AN ) ( ) ] ,
n

n
substituting ® AN above into this, terms such as
1 / 1 / /
—X'OARAX, —X Dpruju;PaArRAX etc
n n
are involved. Since a} by = ¢, ajby = ¢ and bya; = 00" and Opr = v Z'};(l) 0/
F; with v =1—62,

n—1 n—1
X'Qprity =v Y 07X Fjuy =v )y 0/Xu;.
j=0 j=0
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Here, it holds that b,a; — 0 and
lim X'u;/+/n = lim (the ith row of X)'/v/n =0,
n—0o0o n—>oo

since

1 ¢ 1
- E Xuju, X ==-X'X -V, (n— ).
n n

j=1

And

lim [X'®ANAX/n] = lim [X'®ArRAX /1]
n—oo n—oo

exists. Therefore, it is shown that gan = gar, and eANAeAN is asymptotically
equivalent to EANAEAN for A = I, and K. Note that under 12/(1 — 6)2 =1

1
—ejnEAN = —1r(Panyy’) — 1 in the mean,
n n
since
1 / 2 / 2 1 2
—{EL(7 Panm™] = (E[n ®annD7} = =2 1r(Pxn) — 0
n n

and tr(CDiN) =y ,(1+ Ad;) 2, where d;’s are the latent roots of C and bounded.
In fact,

1 1
E [—IF(CDANM/)} = —1r(®aN).
n n

Hence, using (A.4), for example,

n—1
tr(a1b; ®aR) = pul, ®PAguy = @ 2921 -9
i=0

1—6%

meaning lim,_ %tr (®aN) = 1lim,, s o %tr(@AR) =1.

Equivalence of the asymptotic distributions. As has been shown, \/n(6; — 6)
is respectively asymptotically equivalent to

/
e;Key

ﬁ( —9) (J = AR, AN).

The characteristic function of this quantity is given by

—1/2

¢ (1) = exp (—ity/nb) (J = AR, AN).

it
I, ——®,;K
n ﬁl
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We will show 1im,,_, oo pAN(f) = lim, 00 paR = exp(—12/2(1 — 6?)). Let

eanO1?
1) = = | = )
V(1) |:¢AR(t) |EAR|/|EANI
where
= 1 it ®;K (J =AR, AN)
Br=hi——%; = AR, .
Jn
Then
- -t
|EAR| = |PAR| | PR — \/_EK‘
12, <172 12 1/2
=6, — — CD KCD NT® CD BCD
\/_
= 5|2 e BDY
where

8 = |Parl/|PANI.
oA 1/2
Therefore, with u; = @ Ju;,
Y (1) = 8182,
172

where with it; = & /yu;,

5y =

=1 ch/ZBchﬂ‘

~/ ~ o~
+ unu,

and
b= |1 + @iy + dinily)].
Here using |1, +ab’| =1+ a'b,
57V = |y + iyt |11y + (I, + pitrii}) ™ iy,

(pityiir)° } '

= (1 + gitiiy) [1 ity in = o7 i

Similarly,

1. (g, ERNi)?
b= (1+ ‘/’”1“AN”1) 1+ ‘/’”:z“mll”" - - ~/A'Ij—1 ~ |-
1 + pu) B N1
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By taking A € O(n) such that

d
ACA =D = with 0=d; <---<d, <4,

and using —JT < A < 00,
IL‘/LZ,‘ = M;CDANIA,‘
=u,A (I, + AD)"' ANy,
<max{l,1/(1+4r)} G =1,n).
Further, since K = %[21,! — C — B],

1
DK DN = A, jL)LD)fl/z5 (20y — D — NBA) (I, +AD)" 2 &

and hence the elements of this matrix are bounded. Consequently, when 7 is given
but large, E;l is expanded as an infinite series:

o) ] ~ - 1 1/2 12y | =~
medi =i | Y (-2 ) @RkelRy i
_ o (it .~/(q>1/2 oun
Jn)

where each term of the series is bounded and converges to 0 except for j = 0.
Therefore,

-1~
lim ”1“AN”1 = lim ulul

n—od n— oo
Similarly,
lim @’ uANu,, = lim @ nin,
n—od n—od
and

-1~
lim @’ u; = lim u u
n—oo UAN 1 n—oo 1-

This implies lim,,_, », 67 = lim,_, 8171 and hence lim,_, », ¥ () = 1. Therefore,
the condition (5) in Section 5.3 of Chapter 5 is verified. The condition (6) follows
from the fact that the characteristic function of /n (éAN — 0) satisfies lim,_, 5 log
OAnG) = ——(1 2)t2 = £(¢) and hence log Dan(?) = £(¢) + O(1/n). This im-
plies that E[OAN — 0] = 0(1/n).
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