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Ïóñòü A = ⊕n>0An ãðàäóèðîâàííàÿ àññîöèàòèâíàÿ àëãåáðà íàä ïîëåì k=A0. Å�å
ïîäàëãåáðîé Âåðîíåçå ñòåïåíè d> 1 íàçîâ�åì A(d) = ⊕n>0And. Åñëè âñå êîìïîíåíòû An

êîíå÷íîìåðíû, ìîæíî ðàññìîòðåòü ðÿäû Ãèëüáåðòà A(t) =
∑

n>0 dim An·tn è A(d)(t) =∑
n>0 dim And·tnd=d−1·∑d

r=1 A(t·exp{2πir
d
}). Â ýòîì ñëó÷àå A îáëàäàåò ïîðîæäàþùèì

ìíîæåñòâîì X=∪Xn, Xn⊂An ñ ðÿäîì Ãèëüáåðòà X(t)=
∑

n>0 ](Xn)·tn; ñðåäè âñåõ òà-
êèõ ìíîæåñòâ èìåþòñÿ ìèíèìàëüíûå � ó íèõ ÷èñëî ýëåìåíòîâ ëþáîé ñòåïåíè n: ](Xn)
� ïðèíèìàåò íàèìåíüøåå èç âñåõ âîçìîæíûõ çíà÷åíèé. Îíè ÿâëÿþòñÿ ïîäú�åìàìè
áàçèñà ïðîñòðàíñòâà A+⊗A(A/A+), A+ = ⊕n>0An. Àíàëîãè÷íî, èìåþòñÿ ìèíèìàëü-
íûå ïîðîæäàþùèå ìíîæåñòâà X(d) àëãåáðû A(d); âñå îíè èìåþò îäèí ðÿä Ãèëüáåðòà
X(d)(t) è ìîÿ öåëü � äàòü åìó îöåíêó ÷åðåç X(t).

ßñíî, ÷òî, ïðè ôèêñèðîâàííîì X(t), X(d)(t) èìååò íàèáîëüøåå çíà÷åíèå, êîãäà
A = k<X> � ñâîáîäíàÿ àëãåáðà. Â ýòîì ñëó÷àå èìååì ôîðìóëó:

(
1−X(d)(t)

)−1
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1

d

d∑
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1−X
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}))−1
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Äîêàçàòåëüñòâî:

Ïîñêîëüêó A = k<X> � ñâîáîäíàÿ àëãåáðà, A(t)=(1 − X(t))−1 è ñïðàâà â (1) ñòî-
èò A(d)(t). Ñàìà ôîðìóëà (1) òåïåðü ðàâíîñèëüíà óòâåðæäåíèþ î ñâîáîäíîñòè ïî-
äàëãåáðû Âåðîíåçå, à ýòà ñâîáîäíîñòü ñëåäóåò èç Òåîðåìû 6.2 [1, ñòð.294] (íóæíî
ðàññìîòðåòü ïîëóãðóïïû ïîðîæä�åííûå X è X(d), ñîîòâåòñòâåííî) èëè èç òåîðåìû
Øþòöåíáåðæå [2, ñòð.133].

Ïðåäëîæåíèå 1 Ïóñòü A = k<X>, d> 1. Òîãäà ðàâíîñèëüíû óñëîâèÿ:

1. A(d) � êîíå÷íîïîðîæäåíà;

2. äëÿ íåêîòîðîãî ìíîãî÷ëåíà P (t), X(t) = tn·P (td).

Äîêàçàòåëüñòâî:

Ïóñòü X(t) = tn·Z(td), äëÿ íåêîòîðîãî ðÿäà Z(t). Òîãäà

(1−X(t))−1 =
∞∑

s=0

(X(t))s =
∞∑

s=0

tns·
(
Z

(
td

))s
.

Â
(
Z

(
td

))s
ñòåïåíè âñåõ ñëàãàåìûõ êðàòíû d, ïîýòîìó

(1−X(d)(t))−1 =
∞∑

s=0

(
tn·Z

(
td

))sa
=

(
1−

(
tn·Z

(
td

))a)−1
,

ãäå a = d/(d, n). Ñëåäîâàòåëüíî, X(d)(t) =
(
tn·Z

(
td

))a
� ÿâëÿåòñÿ ìíîãî÷ëåíîì, òîëü-

êî êîãäà Z(t) � ìíîãî÷ëåí.
Ïóñòü X(t) íå ïðåäñòàâèì â âèäå tn·Z(td), òîãäà èìåþòñÿ x, y∈X, d6 | l= deg x,

m= deg y > 0, d6 | (l−m).
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Ðàññìîòðèì óðàâíåíèå â N:

l + mz ≡ 0 (mod d). (2)

Åñëè îíî íåðàçðåøèìî, òîãäà, ïîëàãàÿ α=d/(d, l), âèäèì νs=x·yds·xα−1∈A(d), íî íè-
êàêîå åãî íà÷àëî íå ëåæèò â A(d). Ïîýòîìó, äëÿ âñåõ s, νs∈X(d) è ](X(d))=∞.

Åñëè (2) ðàçðåøèìî, ïóñòü β � åãî íàèìåíüøåå ðåøåíèå. Ðàññìîòðèì ñëîâî:

µs = x·yβ−1·(x·yβ)s·x·yβ+1 ∈ A(d).

Ëþáîå åãî íà÷àëî èìååò ñëåäóþùèé âèä:

ω = x·yr, 0 6 r < β : deg ω ≡ l + mr 6≡ 0 (mod d) è ω 6∈ A(d);

ω = x·yβ−1·(x·yβ)r·x : deg ω ≡ l −m 6≡ 0 (mod d) è ω 6∈ A(d);

ω = x·yβ−1·(x·yβ)p·x·yr, 0 < r 6 β : deg ω ≡ l + m(r − 1) 6≡ 0 (mod d),
ïîñêîëüêó 0 6 r − 1 < β è ω 6∈ A(d).

Ñëåäîâàòåëüíî, µs ∈ X(d) äëÿ âñåõ s, è ](X(d))=∞.

Ñëåäñòâèå 2 Åñëè X ñîäåðæèò ýëåìåíòû ðàçëè÷íûõ ñòåïåíåé, òîãäà àëãåáðà A(d)

� êîíå÷íîïîðîæäåíà ëèøü äëÿ êîíå÷íîãî ÷èñëà çíà÷åíèé d.

Ïðèìåð 3 Ïóñòü A=k<x, y>, deg x=1, deg y=2. Òîãäà

X(t) = t + t2, A(t)=(1− t− t2)−1=
∞∑

s=0

Fs·ts,

ãäå (Fs, s=0, 1, . . .)=(1, 1, 2, 3, 5, . . .) � ïîñëåäîâàòåëüíîñòü Ôèáîíà÷÷è. Íåñëîæíî ïî-
ñ÷èòàòü ðÿä X(d)(t):

X(d)(t) =
Fd·td − (−1)d·t2d

1− Fd−2·td
, F−1 := 0.

Â ÷àñòíîñòè, X(2)(t)=2t2 + t4 + t6 + · · ·, X(2)={y, x·ys·x, s=0, 1, 2, . . .}.

Âîïðîñ 4 Åñëè A � íåñâîáîäíà, ïîäàëãåáðà A(d) ìîæåò îêàçàòüñÿ êîíå÷íîïîðîæä�åííîé
ïðè âñåõ d. Âîçíèêàåò çàäà÷à ïåðå÷èñëåíèÿ X(d) â áîëåå îáùåé ñèòóàöèè. Ìíå ïðåä-
ñòàâëÿþòñÿ èíòåðåñíûìè äâà ñëó÷àÿ, äëÿ êîòîðûõ ìåòîäû íàñòîÿùåé ðàáîòû
íåïðèìåíèìû:

1. A = S(X) � ñâîáîäíàÿ êîììóòàòèâíàÿ k-àëãåáðà ïîðîæä�åííàÿ X.

2. A = Λ(X) � âíåøíÿÿ k-àëãåáðà ïîðîæä�åííàÿ X.

Ñïèñîê ëèòåðàòóðû

[1] Êîí Ï. Ñâîáîäíûå êîëüöà è èõ ñâÿçè.� Ì.:Ìèð, 1971

[2] Ëàëëåìàí Æ. Ïîëóãðóïïû è êîìáèíàòîðíûå ïðèëîæåíèÿ.� Ì.:Ìèð, 1985

16


