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BBenenune

3/1ech MUIINTE . . .
Bajada Beejennss — 000CHOBaTh aKTYaJbHOCTH TE€Mbl JAHHON PabOTHI, T. €.
OO BACHUTD:

[] 3auem Hammcana 3Ta padoTa ?

[ s Koro HammcaHa 9Ta pabora !

(] Kak cTpyKTypHO OpraHu3oBaH TEKCT PadOThI !

[ Kakoit marepuaJi IOMeIeH B OCHOBHbBIE CTPYKTYPHBIE €INHUILI padOThI 7
[0 Yem mojkperuieHa gaHHasi padoTa: SKCIIEPUMEHTBI, paCUYeThl. .. !

Ere BapuanT oopMyIeHNsT CIIUCKOB:

[ 3agem namnucana sTa padbora !

[J /It koro HamucaHa sta padora !

[1 Kak cTpyKTypHO OpraHn30BaH TEeKCT paboThl 7

[1 Kaxkoit MmaTepuaJ ImoMeleH B OCHOBHbIE CTPYKTYPHbIE €JUHUIIBI pabOThI 7
[0 Yem nonxpernieHa JaHHas paboTa: SKCIEPUMEHTHI, PACIETHL. . . !

Ee BapuanT oopMyIeHNsT CIIUCKOB:

[1 3auem HammcaHa 9Ta padora !

[0 st Koro HamucaHa 3ta pabora ?

[J Kak cTpyKTYpHO OpPraHU30BaH TEKCT pabOThI !

[1 Kakoii MaTepuaJ/i IIOMEIeH B OCHOBHbBIE CTPYKTYPHBIE €IMHUIILI pabOThl 7

[ Yewm mojkperieHa jgaHHas padoTa: SKCIEPUMEHTbI, PACIETHI. . . 7
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Bsenenne

Ere BapuanT oopMyIeHNsT CIIUCKOB:
[l 3agem HammcaHa sta padbora !
[0 st Koro HalmcaHa 3Ta padoTa 7
[l Kak cTpyKTypHO OpraHn30BaH TEKCT pabOThI 7
[0 Kaxkoit maTepuaJ IOMeIlleH B OCHOBHbIE CTPYKTYPHbIE €JUHUIIBI PaOOThHI 7
[ Yem noakpeinieHa jJaHHas paboOTa: SKCIEPUMEHTHI, PACIeThL. . . !
Emte BapuanT odopmIeHnst CIIMCKOB:
[J 3auem nammcana sta padbora ?
[0 st koro Hammcana 3Ta padora !
[0 Kax cTpyKTypHO OpraHn3oBaH T€KCT pabOThI 7
[1 Kaxkoii maTepuaJ moMelieH B OCHOBHbIE CTPYKTYpPHbIE eJUHUIIBI PabOThHI 7
[0 Yem moaxperieHa gaHHas padOTa: SKCIEPUMEHTHI, PACIETHI. . . !
Bapuarnmos opopmaenus cnuckos o9eHb MHOTO . .. Fuwe npumepv, cm. 6 3a-
KAIOUEHUL.
Biio>keHHBIe CIIMCKM TAK2Ke€ BO3MOXKHBI:
[J 3adem nammcana sta padbora !

[0 Jlns xoro Hamucana sta pabota, !
[0 Kak cTpyKTYypHO OpraHm30BaH TeKCT paboThl 7

[0 Kakoii MmaTepuaJ oMelleH B OCHOBHbIE CTPYKTYPHbBIE €IUHUIBI pabo-
TbI !

[ Yem mogxperieHa jaHHasi padoTa: S9KCIEPUMEHTbI, pacdeThl. . . !
[0 st koro Harmcana 3Ta padora !

[ /st Koro HalmcaHa 3Ta padboTa 7
[J Kak cTpyKTypHO OpraHm30BaH TeKCT paboThI 7

[ Kakoit maTepuaJ IoMelleH B OCHOBHbIE CTPYKTYPHBIE €JIUHUIBI pabo-
TbI !



Bsenenne

[] Yem moaxperrieHa gaHHas paboOTa: SKCIEPUMEHTHI, PACUYETHL. . . 7
[0 Kax cTpyKTypHO OpraHn30BaH TeKCT paboTh 7

[0 Jlns koro Hamucana sta pabota !
[l Kak cTpyKTypHO OpraHm30BaH TEeKCT paboThl 7

[0 Kakoit maTepuaJi IOMeIeH B OCHOBHBIE CTPYKTYPHbBIE €INHUIBI PabO-
TbI !

[0 Yem mopxperieHa jgaHHas paboTa: IKCIEPUMEHTDI, PACIETHI. . . 7
[1 Kaxkoit MmaTepuaJ moMelieH B OCHOBHbIE CTPYKTYpPHbIE eJUHUIIBI PabOThHI 7

[l st Koro HalmcaHa 3Ta padoTa !
[0 Kak cTpyKTypHO OpraHn3oBaH TeKCT pabOThI 7

[0 Kaxoit maTepuaJ oMeIeH B OCHOBHBIE CTPYKTYPHbIE eIUHUIILI Pado-
TbI !

[0 Yem moukpelieHa jJaHHas padOTa: SKCIIEPUMEHTHI, PACUYETHL. . . 7
[0 Yewm mouxpernieHa JaHHas paboTa: SKCIEPUMEHTHI, PACIeThL. . . !

[J JIist koro HamucaHa sta pabora ?
[J Kak cTpyKTYpHO OpraHu30BaH TEKCT pabOThI !

[1 Kakoit MmaTepuaJi mOMeIIeH B OCHOBHBIE CTPYKTYPHbBIE €IMHUIBI PabO-
ThI !

[J Hem mojkperieHa gaHHas padoTa: SKCIHEPUMEHTDI, pacdeThl. . . !

OagHaKO CJIMIIIKOM <«pPa3yKpallliBaTh» CBOIO AMILJIOMHYIO pabOTy He
crout. Ctujib opopMJIeHUsT JOJIZKEH ObITh HE PEKJIaMHBIH, & JOCTATOYHO CTPO-
ruit, akajgemudecknii. 2KejarebHO OCTAHOBUTHCS Ha, OJHOM-€JIMHCTBEHHOM Ba-
puanTe oOpMICHUsT HEHYMEPOBAHHBIX CIIICKOB, HAIIPUMED, HA TaKOM:

> COBPEMEHHbII YyPOBEHb OAHKOBCKUX YCJIYT;

v

pa3BUTUE TEXHUYIECKON 1 I/IHCI)OpMaHI/IOHHOﬁ 0a3bl DAHKOB 1 UX KJVIMEHTOB;

> TEXHOJIOTHS pabOThl 9JIEKTPOHHBIX ODAHKOBCKUX ITPOJIYKTOB;

v

6e301aCHOCTD MTPOBEIEHUS PACUIETOB;

> BOSMOZKHOCTU N 3KOHOMHNYECKaA HBHQCOO6p&3HOCTb BHEJApeHNA SJIEKTPOH-
HBIX PO3HUYHLIX YCJIIYI' B KOMMEPYIECKUX OaHKax.



I'maBa 1

HazBanue

3/1ech MUIINTE . . .

Kak nokazano B 1. 77, mojpas/i.

1.1 HasBanue

31ech mUmuTe . . .

1.1.1 Ha3Banue

31ech MUIuTe . . .

Haszsanue

3/1ech MUIINATE . . .

HaszBauue

31ech numuTe . . .

1.1.2 Ha3Banue

31ech numuTe . . .

Haszsanue

3/1ech MUIINATE . . .

HazBauue

31ech nummuTe . . .

)
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IMOAITYHKTE

IIOJIIYHKTE

nyHkre 77

IIOAITYHKTE

IIOJIIYHKTE
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I'maBa 1. Haszpaxme

1.1.3 Tabmuia pyHKOUI I8 MUHUMUA3AIAN

2910 — (i)paFMeHT n3 LH&6.HOHa, KOTOPBLIM Bbl MOZKETE II0JIb30BaTLCA JIsd

odopmtenns AIUHABIX Taoaum B IWTEX2..

Tabnumna 1.1. Oyaxiuu jj1g 6€3yCJI0BHON MUHHUMUBAIMA. 3/1€Ch Bbl MOYKETE
YBUJIETh, KaK Oy/IeT BBIIVISAETH 3aroJIOBOK TaOJIUIIbI, €CIU OH
OYeHb JIJIMHHBIA 1 He MOMEIAeTcsi B OJHY CTPOKY. BbI Tak:ke
MOKeTe BUJIeTh, Kak IXTEX2, aBToMaTuvIecKu mepeHoCuT JIjTIH-
HbIe TaOJIAILI Ha CJIEIYIONLYIO0 CTPAHUILY. . .

No Oynxums f(z) Hauvaabnbrit Touka 3nauenue
/11 BEKTOD T vuanMyMma x| f(x*)
1| (1 —20)2 + (21 — 22)? + | [=2;3; —4; 5] (151515 1] 0
+ (.IQ — .733)2 + (.773 - .734)2
2| (x1 — 1) +10(zy — 1)* + | [-1;—2; =3; —4] | [1;1;1;1] 0
+100(z3—1)*+1000(z4—
— 1)2
31 100(xe — 23)? + (1 —21)? | [3;4] [1;1] 0
41100(xy — 23)? + (1 —21)% | [-1,2;1] [1;1] 0
5| (21+1029)%4+5(z3—24)%+ | [3; —1;0; 1] [0; 0; 0; 0] 0
+ (29 —223)1+10(21 —24)?
6 | wi+ad+ad+ai+162303+ | [1;2;3;4] 05 0;0; 0] 0
+ 8z3x5 + 73 + 5 + 2
7 110(z1 —sinz)? + 0,123 | [1,2;3] [0; 0] 0
8| (1,6 — z1(1 — )% +|[0;0] 3; 0, 5] 0
+ (2,25 — 21 (1 — 23))* +
+ (2,625 — 21(1 — 23))?
9 | 100(ze—23)2+(1—21)%+ | [-3; —1;=3; —1] | [1;1;1;1] 0
+90(zs—23)%+ (1—x3)>+
+ 10, 1((2g — 1)% + (24 —
—1)2)+19,8(zy— 1) (24—
—1)
10| —21 — 2w3 — @ow3 + 22 + | [0;0; 0] 5:%; %} 2
+ 23 + 23
11| 23 + 23 — 3z129 [—1; 3] [1; 1] —1
MPONOJIXKEHHUE CIHUCKA Ha CJAEHYIONIe CTpaHHUIle

9



I'maBa 1. Haszpanme

MpPOJIOJKEHNEe CHONCKAa C IPeabLIyIIell CTPaHUI[bI
Ne Oymxmst f(z) Hauanbubrit Touka SHavdeHme
/11 BEKTOD T vuHEMyMa £ | f(x¥)
12| 2z1w9w3 — 103 — 20023+ | [—3; —3; —3] [1;2; 0] -5
+ai+ad+ad—2x —4dro+
+ 41‘3
13] o + 25 — (21 + 29)? [0; 0] [1;1],[—1; =1] =2
14| 23+ 23+ 23—z + 21 — | [2;2;2] [—2; % 1] —3
— 2333
15| 32y —ay + a3 — 323 —1 | [-1;—1] [4;2] -4
16| 621 + 223 — 22179 + 223 | [—1; —1] [—2; —1] —6
17| x+23+((x1+29—10)/3)% | [—1; —1] [5:0, 5] 7.5
18| (z1 — 1)% + 100(2y — 22)? | [3;4] [1;1] 0
19| 5(z1 — 3)* + (w9 — 5)? [0; 0] [3; 5] 0
20| 22 — z129 + 23 [1;2] 0; 0] 0
21| 923 + 1625 — 9021 — 12874 | [0; 3] [5; 4] —481
22| 223 + 223 + 2m129 — 4y — | [151] [3:3] 1
- 6332
23| 2% — wywg + 15 — 221 + 72 | [3; 5] [1; 0] —1
24| by + 4z 39 + 23 — 1627 — | [1;1] [—4;14] —152
— ].2.172
25| 223 4 223 + 1129 — 1127 — | [—3; —5] 2; 3] —23
- 8332
26| 11 — w9+ 223 + 22129 + 3 | [151] [—1;1,5] 1,25
27| 23 + 73 + 2179 [1;1] [0; 0] 0
28 | % + 1623 2; 2] [0; 0] 0
29| (1 —21)® + (21 — 12)? [—5; —§] [1;1] 0
30| % + 423 + 1 3; 5] [0; 0] 1
1.2 HazBaHue

31ech MUIuTe . . .
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I'maBa 1. Haszpaxme

1.2.1 Ha3Banue

31ech MUINATE . . .

Hazsanue

31ech MUInTE . . .

Hazsanue

3/1ech MUIINTE . . .

1.2.2 Ha3Banue

31ech nummuTe . . .

Haszsanue

31ech MUIuTe . . .

Haszsanue

3/1ech MUIINTE . . .

1.3 HasBannue

3/1ech MUIINTE . . .

1.3.1 Ha3sBanue

31ech nummuTe . . .

Haszsanue

31ech MUIIATE . . .

Haszsanue

31ech MUInATE . . .
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I'maBa 1. Haszpanme

1.3.2 Ha3Baunue

31ech mUmmuTe . . .

Hazsanue

31ech nummuTe . . .

HaszBaunue

31ech mummuTe . . .

1.4 HasBanue

3/1ech MUIINATE . . .

1.4.1 Ha3Banue

31ech numuTe . . .

HaszBaunue

31ech mummuTe . . .

HaszBauue

3/1ech MUINTE . . .

1.4.2 Ha3Banue

31ech numure . . .

Hazsanue

31ech mUmuTe . . .

HaszBauue

31ech nummuTe . . .
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I'1aBa 2

HazBanue

3/1ech MUIINTE . . .
Kak nokazano B 1. 77, mojpasn. 77, nyHkr 77 ...

2.1 Ha3Banue
31ech mummuTe . . .

2.1.1 Ha3z3Bauue

31ech mummuTe . . .

Hazsanue

3/1ech MUIINTE . . .

HaszBauue

31ech MUImuTe . . .

2.1.2 Ha3sBauue

31ech MUINATE . . .

Haszsanue

3/1ech MUIINATE . . .

HaszBauue
31ech mummuTe . . .
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I'maBa 2. Haszpanme

Puc. 2.1. Muoxecrso 2Krosua.

2.2 Ha3BaHue
3/1ech MUINTE . . .

2.2.1 Ha3z3Banue

31ech MUIuTe . . .

Haszsanue

31ech MUmuTe . . .

HaszBauue

3/1ech MUINTE . . .

2.2.2 Ha3z3Banue

31ech MUIuTe . . .

Haszsanue
31ech mummuTe . . .
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I'maBa 2. Haszpanme

Hazsanue

31ech MUIuTe . . .

2.3 Ha3sBanue

31ech MUIuTE . . .

2.3.1 Ha3sBauue

3/1ech MUINTE . . .

HaszBauue

3/1ech MUIINTE . . .

HaszBauue

3/1ech MUINTE . . .

2.3.2 Ha3s3Bauue

31ech mumuTe . . .

Haszsanue

31ech MUIINATE . . .

Haszsanue

31ech MUIuTE . . .

2.4 Ha3zBanue

3/1ech MUIINTE . . .

2.4.1 Has3Bauue

31ech MUIIATE . . .
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I'maBa 2. Haszpanme

Hazsanue

31ech mUmmuTe . . .

Hazsanue

31ech nummuTe . . .

2.4.2 Ha3z3Banue

3/1ech MUINTE . . .

Haszsanue

31ech mummuTe . . .

Haszsanue

31ech MUmuTe . . .
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I'taBa 3

HazBanue

3/1ech MUIINATE . . .

3.1 Ha3Banue
3/1ech MUINTE . . .

3.1.1 HasBauue

3/1ech MUIINTE . . .

Haszsanue

3/1ech MUIINATE . . .

HaszBauue

31ech mummuTe . . .

3.1.2 HasBaunue

3/1ech MUIINTE . . .

HaszBauue

31ech mummuTe . . .

Haszsanue
31ech MUIuTE . . .
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I'maBa 3. Haszpaxme

3.2 Ha3z3Banue

3/1ech MUINTE . . .

3.2.1 Has3Bauue

31ech mUmuTe . . .

HaszBauue

3/1ech MUINTE . . .

HaszBauue

3/1ech MUIINTE . . .

3.2.2 HasBaunue

31ech mummuTe . . .

Haszsanue

31ech numuTe . . .

Haszsanue

31ech mummuTe . . .

3.3 Ha3sBanue

31ech numure . . .

3.3.1 HasBauue

3/1ech MUINTE . . .

HaszBauue

31ech mummuTe . . .
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I'maBa 3. Haszpaxme

Hazsanue

31ech MUIuTE . . .

3.3.2 HasBaunue

31ech MUINATE . . .

Hazsanue

31ech MUInTE . . .

Haszsanue

3/1ech MUINTE . . .

3.4 Ha3z3Banue

3/1ech MUIINTE . . .

3.4.1 Has3Bauue

31ech mummuTe . . .

Haszsanue

3/1ech MUIINTE . . .

HaszBauue

3/1ech MUINTE . . .

3.4.2 HasBauue

3/1ech MUIINTE . . .

HaszBauue

3/1ech MUIINTE . . .

HaszBauue

31ech MUIATE . . .
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I'maBa 4

HazBanue

3/1ech MUIINTE . . .

4.1 Haz3Banue
3/1ech MUINTE . . .

4.1.1 Ha3Banue

3/1ech MUIINATE . . .

Hassanue

3/1ech MUIINATE . . .

HaszBauue

31ech mummuTe . . .

4.1.2 Ha3Banue

3/1ech MUINTE . . .

HaszBauue

31ech numuTe . . .

Haszsanue
31ech numuTe . . .
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I'maBa 4. Haszpanme

Puc. 4.1. ®pakraabHoe Jaepeso.
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I'maBa 4. HaszBanme

4.2 Has3Baumue

3/1ech MUINTE . . .

4.2.1 Ha3Banue

31ech mUmuTe . . .

HaszBauue

3/1ech MUINTE . . .

HaszBauue

3/1ech MUIINTE . . .

4.2.2 Ha3Banue

31ech mummuTe . . .

Haszsanue

31ech numuTe . . .

Haszsanue

31ech mummuTe . . .

4.3 Ha3Banue

31ech numure . . .

4.3.1 Ha3Baunue

3/1ech MUINTE . . .

HaszBauue

31ech mummuTe . . .
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I'maBa 4. Haszpanme

Hazsanue

31ech MUIuTE . . .

4.3.2 Ha3sBanwue

31ech MUINATE . . .

Hazsanue

31ech MUInTE . . .

Haszsanue

3/1ech MUINTE . . .

4.4 Has3Baume

3/1ech MUIINTE . . .

4.4.1 Ha3Banue

31ech mummuTe . . .

Haszsanue

3/1ech MUIINTE . . .

HaszBauue

3/1ech MUINTE . . .

4.4.2 Ha3sBanue

3/1ech MUIINTE . . .

HaszBauue

3/1ech MUIINTE . . .

HaszBauue

31ech MUIATE . . .
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Crucok muIiocTpaimii

2.1

4.1

Al

A2

A3

A4

Ab

A6
AT

MuozkecTso 2Kronna.
PpakTaabHOE JIEPEBO.

Anrebpamdeckn S5KBUBaJIEHTHBIE 331241, PellaeMble METOIOM HaU-
MEHBIINX KBa/JIPATOB 3HAUYEHUI HEBA3KN U WJIM CPEJIHETO KBa/IpaTa
IOTPEITHOCTH €: (@) — ONTUMAaJIbHOE MOJIeTMPOBAHIE HEN3BECTHOM
CHCTEMBI 110 SKCIIEPUMEHTATBLHBIM yesioBusiM A u ganubim z; (b) —
ONITUMAJIbHOE OTeHNBaHNE HEN3BECTHOTO BEKTOPA MO HAOJIOIeHU-
SIM Ax B IPUCYTCTBUN CIYyYaliHBIX IIOMEX U C XapaKTepUCTHKAMI

E{v}=0uE{w’}=1....

[eomerpust mpeobpaszoBanusi Xaycxosepa. 3ajada 1 (mpsmas):
JIAHbI BEKTOPLI U U Y, HATH BEKTOD ¥, OTParKeHHBII OT I'UIIep-
wtockoctu U |

[eomerpust peobpaszoBanns Xaycxosjepa. 3ajada 2 (obpaTHast):

JAaHbl BEKTOPLL Y U Yy, HANTU BEKTOP U, 380N OTPaAKAIOILYIO0
T

rurepIiockocTsb U ; 371ech Yy = sep = [s ‘ 0--- 0]

CxeMaTrIecKoe IPeICTaB/IeHIe BO3MOKHDBIX CIYYaeB IPUMEHECHUS]
teopembl 77 k marpurie A(m,n); (a) HemoopeeIeHHAS CHCTEMA:
k=m—1 < n; (b) onpenenennast cucrema: k =n — 1, m = n;
(c) mepeonpeniesiertas cucrema: k =n <m; (d) k<n<m .

Coxpanenne mnpeodopasoBanust 1’ 1 Bbluncjienne Bekropa y = 1'z,

Yy € R™
Boruncienne marpuisl A~ nocse coxpanenus nmpeobpazosanust 10

['eomeTpus Bparienuit
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CIINCOK WUJIJIIOCTPAIINI

A.8 Tlpeobpazosanue ['uBerca: (a) cToJOIOBO OpHEHTHPOBAHHASI CXEMA,

Beruncienns Marpunsl PA, rie P = PY) npu j = min (m — 1,n)
(HuzKHsI MaTpura cjiesa); (6) BbIYUCIEHTE KOODMHATHI 7" BEKTO-
pa (a, b)T, nosepnyToro /1o coBMeleHust ¢ epBoii 0ChIO, a TaK-
YK€ KOCHHYCa M CHHYyCa yIJla IIOBOpOTa M pabodero mnpusHaka (;
(B) CTPOYHO OPUEHTUPOBAHHAs CXeMa BblUuCeHns MaTpulbl PA
(BepxHsist MaTpHUIa cjieBa); (I') BOCCTAHOBJIEHHE KOCHHYCA U CUHY-
ca yrja oBopoTa u3 npusHaka (; (J1) MoJydeHne BEKTOpa i TeMn
npeobdpazoBanuaMu P ; 11pou3BoJbHOIO BekTopa z € R™, KoTO-
pble COXPAHEHB! B pabOUNX HPH3HAKAX (j; U BOCCTAHAB/IUBAIOTCH
u3 Hux; (e) Beaegcrsue (6), BekTopsl 1, 2; 3 1 4 IOBOPAYNBAIOTCS
K TOJIOKUTEJILHOMY HaIlPaBJIEHUIO MepBOii KOOPIMHATHON OCH, a
BEKTOPLI 5, 6, 7 1 8 OBOPAUNBAIOTCS K OTPULATEILHOMY HAIIPAB-
JICHUIO 3TOI OCH. .
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Cnoucok TadJiniy

1.1 Tabmmna dyHKOUH JIs0 MUHAMA3AIAT . . . . . . . . . . . . . ..

A.1 DddexTusHoe obpallieHne BepxXHETPEYroabHOi MaTpuipl: U =
R~ Peanuzyiorca dopmyist (?7), (?2) u (77?). Bepxuerpeyroiib-
rble MaTpuilel R u U xpausaTest Kak BeKTopbl pasmeproctn N (N +
1)/2. Ecnu myxuo, U moxer 3amermats R, . . . . . . . ... ..
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ITpunoxxenue A

OproronaJjbHble Ipeobpa30BaHUsd

A.1 OproronajibHble MATPUIILI U MPUJIOKEHIS

B stom pazzesne namoMHnM orpejeseHne 1 HeKOTOPhIe CBOMCTBa OPTOTOHA/Ib-
HBIX MATPHII, M0oJIe3HbIE I JaJbHeNIIero.

ONPEAEJEHUE 1.1. Marpuna T, umeroriast pasmep n X n, r.e.T'(n,n), ects
0PMO20HANLHAA MATPUIA, ecJil 1 TojabKo ecian TTT = 1.

CsoiictBo A. Eciu T} u T} cyTh JiBe OPTOrOHAJIBHBIE MATPHUIILI, TO UX IIPO-
u3Besieane 1175 ecTb TO¥Ke OPTOrOHAJIbHAsT MATPUIIA.

Cpoiictreo B. T '=7TTy TTT = 1.

CsoiictBo C. OproronaJjibHoe IIpeodpa3oBaHne COXpaHseT CKasipHOe IPo-
A
usBeeHne BekTopos, T.eVr,y € R : ylo = (v,y) = (Tz,Ty), B yacTHOCTH,
OHO coxpansieT (eBkJu0BY) HOpMy BekTopa: || Ty| = ||y]|-

CgoiictBo D. Eciu v ecTb BEeKTOD CIydailHBIX TEPEMEHHBIX ¢ MaTeMaTHe-
ckuMm oxxuganueM E{v} = 0 u kosapuanueit E {UUT} = [, TO TeMn ke Xapak-
TepUCTHKaMHU 00J1a/laeT BeKTOp U = T'v, T.e.

E{v} =0, E{w'}=1I

XO0Ts 9TO CBONHCTBO JIETKO MTPOBEPSETCs, HEMHOTO YINBUTEILHO, YTO KOMITOHEHTHI
IpeodPa30BaHHOIO BEKTOPA, OCTAIOTCS B3aUMHO HEKOPPEINPOBAHHBIMU.

Croiictea C u D urpaior cymecTBeHHYIO POJIb B KBaJAPaTHO-KOPHEBBIX AJI-
ropuTMax pelleHns MPUKJIIHbIX 38/la4 ONTUMAJIbLHOIO MOJIeJTMPOBAHUS U ONTH-
MaJIbHOTO OIEHUBAHWSI METOJIOM HAMMEHBINX KBaJapaToB (puc. 77).
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IIpnnoxkeane A. OproroHaJibHbIE IIPEOOPA3OBAHUST

A z
B Cucrema =
Monenn (a)
Ax v=2z—Ax
I _
_ —
z
[v]|> — min PP—
T
Habmonenue v Onenka
x Ax T
z
— A -
_ —
T

HewussecTHbrit BeKTOP

—~
S
N

Puc. A.1. Anrebpandeckun SKBHUBaJIEHTHBIE 3aJ1a49M, PeENIaeMble METOIOM HAUMEHBITNX
KBaJIPATOB 3HAYCHUIT HEBS3KM U WM CPEIHEr0 KBaJpara MOrPENTHOCTH e: (a) — onTu-
MaJIbHOE MOJEINPOBAHNE HEM3BECTHOI CHCTEMBI 110 SKCIEPUMEHTAIbHBIM YCI0BUsIM A n
JAHHBIM 2; (b) — ONTHMaJIbHOE ONEHUBAHUE HEM3BECTHOTO BEKTOPA MO HaOoeHusIM Ax
B IPUCYTCTBUU CJIydaitHbIX moMex v ¢ xapakrtepuctukamu E{v} =0 u E {UUT} =1
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IIpunoxkeane A. OproroHa/ibHbIE IIPEOOPA3OBAHUS

A.2 JlnHeiiHag 3ajga9a HaMMEHbIINX KBaJpPaTOB

Jluneiinast 3a/1ada HAMMEHBIINX KBAJIpaToB (cM. puc. 77) cTaBUTCS CIIEYIO-
UM 00Pa30M.
Hano aunetinoe ypapHeHnne

z = Ax +v, (A.1)

B KOTOPOM M3BeCTHBI BeKTOp 2z € R™ u (m x n)-marpua A € R™" 1.e. A =
A(m,n). PasHocTublii BeKTOp v = z — Ax, Ha3LIBACMDBIH HE6A3KOT, 3ABICHT
OT mepemMeHHOTO BekTOpa * € R". Tpebyercd nafitu 3Havenne T BeKTOpa T,
MUHUMU3UPYIOIIee K6adpamuyeckuli KpUTEPHil KauecTBa

J(z) = (2 — Ar)T(z — Ax) = ||v[|* — min. (A.2)

Ec/in Hu ipu KakKoM X HEBSA3Ka ¥ He MOXKeT ObITh obpailiieHa B 0 — HyJIeBOil Bek-
TOp, TO cucreMa Ar = z — HECOBMECTHAasi, B IIPOTUBHOM CJIydae COBMECTHAs,
T. e.kpurepuii (?77) oxBarbiBaer 06a ciydas. OmHAKO caM MemMod HAUMEHDUUT
xeadpamos (MHK), Beipazkenusiit kpurepuem (?77), cozman Jlexxanapom B 1805
rojly Kak ajredpandeckasi poleypa UMEHHO JIJisi HECOBMECTHBIX CUCTEM U T10/I-
TBEpPXK/JIEH KaK crarucTudeckast mpoieaypa Layccom B 1809 romy [?]. MHK kak
asirebpamaeckasi mporeypa MPOUJLIIOCTPIPOBAH BbIIIE ¢ MOMOIIBLI0 puc. 77 (a),
a Kak CTaTHCTHYeCKas MPOoIeypa — ¢ moMoibio puc. 77(b). 3amedaresbHo, ITO
obe TpoIeyphbl UMEIOT OJMHAKOBBIC PEIICHUSI, T. €.aJredpanIecK 9TH PEIIeHUsT
sksusanentusl u upn E{v} = 0 u E {vv’} = I (em. puc. ??(b)) cosnagaror,
MO9TOMY MOXKHO TOBOPHUTL 0 ejannoM MHK-pemenun 2.
MHK-pemienne & Bcerjia cyIecTByeT KakK pelleHHe HOPMAAbHOLT YPaBHEHUT

AT Az = ATz, (A.3)
BbIpazKaeTcsd POPMYJIOit
T=A%z+ (I - AtA)y (A.4)

gepes Npou3BOJILHBIE BekTop y € R”, rme AT — ncesdoobpammnas mampuya
JUIST MaTpuIpl A, 1 eMHCTBEHHO TOra U TOJLKO Torja, korna ATA = I, gro
PABHOCUJIBHO YCJIOBUIO, YTO TOJBKO HYJIEBOH BEKTOD COCTABJSIET /PO (HYJIb-
IPOCTPAHCTBO) MaTpuibl A, T.e.npu rank A = n.

Yemoue rank A = n, Ha3bIBaEMOE YCAOBUEM NOAH020 CMOAOU0B020 PaAH2d
maTpuibl A, obyciioByimBaeT ciaydait m > n, 9TO IpU M > N O3HAYAET Iepe-
OIPEJIJIEHHYIO CHCTeMY MOJIHOrO paHra B (?77). DTOT TUIMIHbIH Jijist TPAKTUKHI

29



IIpnnoxkeane A. OproroHaJibHbIE IIPEOOPA3OBAHUST

clydail HUyKe U paceMarpuBaercst, nupu sroMm u3 (77), (?77) ciegyer & = ATz u
At = (ATA)1AT,
A A
SAMEYAHUE A.l. Cuaraemoe &g = A"z B (?7?) ectb emuacrBennoe MHK-
peleHne ¢ MUHIMAIbHON HOPMOIl, HAa3bIBAEMOE HOPMAALHIM NCESIOPEUEHUEM.

OHo oprorona/ibHo Bropomy ciaraemMomy B (?77), 1.e. ATz 1 (I—ATA)y, u nexxur
B IPOCTPaHCTBE CTPOK MaTpuipbl A, T.e.2y € R(AT).

Taxum 0O0pa30M, TUIIMYHBIN JIJIg TPAKTUKK CIydail mMeeT (bopMajbHOe pele-
ne & = 29 = (ATA)"TAT 2, u orumcnTeNbHAS 331848 HAMMEHDIINX KBaIPaToB
3aKJII09aeTCA B ero 9P(MEKTUBHOM OTBICKAHU.

A.3 OproronajibHble MaTpUIlbl B 3aJiave O HAUMEHbIITNX
KBa/JIpaTax

B paccmarpuaemoit 3a/1ate 0 HANMEHbBIINX KBaIpaTax
J(z) =z — Az||*, A(m,n), m>n, rankA=n. (A.5)

[Tycts T', T'(m, m), ecTb MaTpHIa HEKOTOPOIO OPTOIOHAIBLHOTO IIPeodpa3oBa-
mng. B cuy coiictBa C (eM. paszz. 77) sanmiiem

J(@) = |T(z — Az)||* = [(T2) — (TA)z* (A-6)

[Ipu TakoM mpejicTaBIeHIN BIIHO, YTO MUHIMYM Kputepus J(z), paBabiii J (),
He 3aBuCUT 0T 1. DToM (HaKTOM MOYKHO BOCIIOJIB30BATHCsI, T. €. MaTpUILy 1 MOZK-
HO BbIOpaTh Tak, uro (1T'A) mpuobperaeTr MpuB/IeKATETbHYIO JJIs BbIUUC/IEHUIT
dopmy. leiictBurenbao, B pasa. 77 u 77 MbI HOKayKeM, KaK MOXKHO BbIOpaTh 1,
YTOOBI ITpeobpa3oBaHHas MATPUIla MMeJIa BT

TA{];”] yn (A7)

}m—n

C BepXHeTpeyroJbHbIM OjiokoM R, rank R = n.
Eciu coorBeTcTBEHHO 3TOMY BeKTOp 1’2 pa3duTh Ha OJIOKH, T. €.3aIucaTh

Tz{zll fno (A.8)

2| tm—n
to J(z) ot (??) mpuBoguTCa K BULY
J(@) = a1 = Ra|* + ||z (A9)
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IIpunoxkeane A. OproroHa/ibHbIE IIPEOOPA3OBAHUS

[IpuBeieHne Kpurepns HAUMEHBINNX KBAJAPATOB K BUIY (77) Mo3BOJIAET BU-
JIeTh, 9TO UCKOMBINl BEKTOp T, MUHUMU3UPYIOMINIT 3TOT KPUTEPHUil, TOKEH YII0-
BJIETBOPATH YPaBHEHUIO

R& = 2, (A.10)

KOTOpOE JIEIKO pelaeTcss 00paTHOIl 1o [cTaHOBKOI (cM. pas3j. 77), u Kpome Toro,
min J(z) = J(2) = ||2]% (A.11)

B BBIUnCIHTEILHOM OTHOIIEHNH STH PE3Y/IbTAThl TOpa3Io 060Jiee JeraHTHB,
deM Hepas3yMHast TpaTa CHJI Ha pelieHne HopMasbHbiX ypasaenuii (?77). Ho Bax-
Hee BCEro TO, UTO PElieHNne, NCIOJIB3YIOIIee OPTOrOHATbHBIE Tpeodpa3oBaHus (Co-
oraorenus (?77), (?77), (??) u (?7?)), MeHee UyBCTBUTEJBHBI K ITOIPEITHOCTSIM,
BBI3BAHHBIM OITIOKAMHI OKPYTJICHUsT B KOMITBIOTEPE. DTO BUJIHO XOTsI OBl 3 TOTO,
a10 Bhipakenue (?77) Bieder paBeHCTBO

R'R = (TA)(TA) = AT A,

KOTOpOEe O3Ha4aeT, 4To R siBjsieTcs KBaJpaTHbIM KopHeM u3 Marpuibl (AT A)
CHCTEeMbI HOpMaJIbHBIX ypasHenuit (77). CieoBaTeIbHO, IPU PENEHNI CHCTEeMbI
(?77?) BuBoe 6oJiee 3 PHEKTUBHO UCIOIB3YETCsI pA3PsTHASI CETKa KOMIIbIOTEPA, YeM
npu perenun cucremb (?7)1

A.4 IlIpeobpazoBanme XaycxoJjiaepa

[Ipeobpaszopanns Xaycxosiepa CyTh MATPUIHbIC IPEJCTABICHIA, KOTOPLIE CO-
OTBETCTBYIOT I€OMETPUYICCKOMY MOHATHIO OTpazkeHus. I[IycTh 3aaH HEKOTOPLIi
HEHYJICBOIl BEKTOD 1, KOTOPBI Mbl HA3LIBACM HANPAGAAIOUUM Gexmopom. T1op-
IIPOCTPAHCTBO, OPTOrOHAJBHOE eMy, ecTh ruiepiiockoets U . Ecom B3aTh npo-
M3BOJILHBIIT BEKTOP ¥, TO MOYKHO OTPa3uThb ero oT U|, B TOYHOCTU COOJIOAs
3aKOHBI OOBIYHOIO ONTUIECKOIO OTPasKeHUs OT ILJIOCKOIro 3epkasa (puc. 77).

O603HaYNM OTPAsKEHHBII BEKTOP ¥y. IIOCKOIBKY IMOJOKEHHE TI'HIIEPILIOCKO-
cru U] He 3aBUCHT OT JUIMHBI HAIPABJISIONICIO BEKTOPa, NPOHOPMHUPYEM ero,
T. e.06pasyem opt 4 = u/||ul||. [Ipoekmus (y ‘ 1) BEKTOpA ¥ Ha MPIMYIO, 3a/1aBa-
eMylo HanpasjenneM u, pasa (y!4)a. CrenobaTesnbto,

y=(y|u)+v, vlu wvel,. (A.12)

! TIpencrapienne B KoMmbIoTepe KBajipata a’ J060TO JAeHCTBATEHBHOTO YUCIa @ TpebyeT yIBOCHHOH pas-

PSIIHOCTH MAHTHCCBI, T. €.CYeT 10 ypasHeHHIO (77) PABHOCHIIEH CUYeTy C YJBOEHHON DPa3psIHOCTHIO MAHTHUCCHI
quces 110 ypasHenuwo (77).
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IIpnnoxkeane A. OproroHaJibHbIE IIPEOOPA3OBAHUST

UJ_“
YUy —y

Yr Y

u

<
-

—(y | w) 0 (y | u)

Puc. A.2. Teomerpus npeobpazosanusi Xaycxosjepa. 3agada 1 (mpsiMasi): JaHbl BEKTODbI
U U Y, HARTU BEKTOP ¥y, OTPAXKEHHBIN OT runepiiockoct U

OTpazKeHHBIIT BEKTOP ¥y, KAK BUJHO U3 puc. 77, mMeeT pasjioKeHune
ype=—|uw+v, vlu vel, (A.13)

C TO 7K€ COCTaBJIAIONIEH v, KOTOPas OPTOrOHaJbHA BEKTOPY U, HO C IPOEKINEl
—(y ‘ u), KoTopas (B CHIy 3HAKAa —) HAIIPABJICHA [TPOTUBOIOJIOKHO MPOEKITIN
(y | @) BexTopa y na Hanpasienue u. Uckmouast v us (7?) u (??), nHaxomuu

ve=y—2(y | u) =1 - Puu’)y = Ty, (A.14)

A A
rie 8 = 2/||ul|* = 2/utu. Marpuna T, = (I — Buul), B BeIUHCICHUAX ABHO
HE y9acTBYIOIIAs, UMeeT (byHIaMeHTaIbHOe 3HAUeHUe JJIsT TPUJIOYKEHUT B CUITY
CBOUX 3aMevaTe/IbHbIX CBOMCTB.

CeoiictBo 1. T, =TI t.e.T, — cummempuneckas MaTpuIa.
CeoiictBo 2. T? = I, 1. e.T,, — udemnomenmmas MaTpuia. TO JErKo
IIPOJIEMOCTPUPOBATE AITeOPanIecKy Pas/IozKeHneM MaTpuilbl 112 1 7Ke reoMeT-

PUYECKH 110 puc. 77 Kak JIBYKpaTHOE OTpayKeHue BeKTopa ¥y oTHocuTe bHO U] .

CsoiictBo 3. Ecmm u(j) =0, ro (T,y)(j) = y(j), 1. e.ecam j-s KOMIOHEHTA
BEKTOpa U — HyJieBast, TO 1), OCTaBJIsIeT j-10 KOMIIOHEHTY BEKTODA Y HEU3MEHHOI.

CsoiictBo 4. Ecium u L y, o T,y = .

CsoiicTBO 5.
Ty=y—yu, 72 u/u"u=_py"u (A.15)
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IIpunoxkeane A. OproroHa/ibHbIE IIPEOOPA3OBAHUS

CBoiicTBO b BayKHO € IpaKTU4IecKoil Toukn 3penns. PopMupoBaHe MaTPUIIbI
T, B KadyecTBe MHOXKUTEJIS JIJIsi 4 TOTPeO0BaIO Obl Ha IOPsiJIOK OOJIBIIIE BbIUNC-
JIEHUI, YeM TOro TpedyeT HpsiMOe BhIuucjeHue 1,y 1o CBOMCTBY 5. DTO Tak:Ke
O3HAdYaeT, 9TO He HYKHO TPATUTH HMaMATh JJId XpaHeHus 1,, 9To Hambosee Cy-
IIIECTBEHHO IIPOSIBJISIETCSI TP OOJIBIIINX 1.

Tpuanrynspusaius MaTpuIlbl IIpeodopa3zoBaHusaMmu Xaycxojjaepa. O0-
paTHMCS K OCHOBHOMY IIPUMEHEHNIO OPTOrOHAIBHBIX ITpeodpasoBanmii. s aToro
perM 3a/1a1y, 0OpaTHYIO K TOM, 9TO PACCMOTPEHA BBIIIE, & UMEHHO: JIaH BEKTOP
Yy ¥ JIAaHO KeJaeMoe PAaCIIOJIoyKeHIe OTPAarKeHHOTO BEKTOPa Yy, — HaTH HallpaB-
nenne u taxoe, uro Ty = (s,0,...,0)T (puc. ??). Us cpoiicrsa C, pasa. ?7?,
HOpMa (eBKJ/IMJIOBA J[/TMHA) BEKTOpA Y HE M3MEHSETCsI IIPU OPTOrOHAJIBHOM IIpe-
obpaszoBaHui, CJIe0BaTE/IbHO, ONPEJICTIM ee Kak

o 2 | Tyl = Is| = (y"y)"". (A.16)
Hamnpasierne u Mmozker ObITh HOJydeHo u3 cBoiictBa b (ypasaenue (77)), T.e.
u = const - (y — sey). (A.17)

DTOT pe3y/bTaT IPUBOJIUT K CJICYIONEMY CBOWCTBY.

CsoiictBo 6. Ilycts s = —sgn [y(1)]o, rae sgn || — dynkius 3naka,
2] 1, x>0,
sgn x| =
& -1, =<0,
11 9JIEMEHTBI BEKTOpa U olpejesienbl Beipazkenuem (?77), 1. eu(l) = y(1) — s,

u(i) = y(i), i > 1. Torna T,y = se; u B = 2/ulu = —1/(su(1)).

SAMEYAHUE A.2. [leomerpuueckuii cMmbicy Beipaxkenusi (?77) sicen u3
puc. 77, viae BUIHO, YTO BEKTOP ¥y OPTOroHaJeH runepiuiockoctu U u mapaJiie-
JICH BEKTOPY U.

Ty nokaswisaer, uro ulu = —2su(1), npu

Hemnocpe/ictBenHoe BhIYUCTICHIE U
9TOM 3HAK IS S BBIOpAH MPOTHUBONOJIOKHO 3HAKY IepBoro sjiementa y(1),
T. €.TaK, IYT0ObI MakcHMu3npoBaTh |u(1)| n TeM yMEHBINTH OTHOCHTEILHYIO TI0-
rperHocThb Bhruucenust pasuoctn u(1) = y(1) — s. Ecou coiicTBo 6 mpumeHnTs
K MaTpuiie A, B3sB B KAUeCTBe Y ee TepPBbIil cTos16err, TO 9T0 JaCT HePBHIil Imar, Ko-
TOPBIIl OCITY?KUT OCHOBO}I TIPUBEICHNS MATPUIIBI K BEPXHETPEYTOJBHOMY BIH/LY.
[ToBropenne Takux JEHCTBHUI MTar 3a MIANOM MO3BOJIUT OCYIIECTBIIATH BEPXHIO

TPUAHTYJISIPU3AIIIO JII000i 3a1aHHoil MaTpuIs: A.
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IIpnnoxkeane A. OproroHaJibHbIE IIPEOOPA3OBAHUST

€1

Puc. A.3. Teomerpus npeobpasoBanus Xaycxosepa. 3ajada 2 (obparHas): JaHbl BEKTO-
PBL Y U ¥y, HAHTH BEKTOP U, 3aJAIONINI OTPArKAIOILyI0 THIEPIIOCKOCTL U ; 31ech ¥y, =
T

JIEMMA A.1. Ilycrs gana marpuna A(m,n). Torma cymecrsyer oproro-
HaJIbHOe TTpeobpazoBanue XaycxoJsjepa 1, Takoe, 4To

{[s | (A.18)

3AMEYAHUE A.3. Ckausp s u marpuua A B (7?7) BBIYUCIISIFOTCS HETIO-
CPeJICTBEHHO TI0 JIAHHBIM B MaTputie A; § — 1o Beipazkenuto (?77) u coiictsy 6, a
A — 1o cBoiicy 5, (?7?). TlepBbiit cTOIGEI, KOTOPDIH YMECTHO HASBATH 6€0YULUM
CTOJIOIOM, MCIIOJIB3YIOT KaK BEKTOD Y B 3ajade 2 (eM. puc. ?7) jjist onpe/ie/ieHust
BeKTOpa u. BTopoii u gajiee cTos0Lbl, 0003HaYeHHbIE Ha PUC. !¢ IPOU3BOJILHO
KaK BEKTOP @, OTPakaloT OT HaiijleHHOW Takum obpaszoMm rutepiiiockoctn U
perast it 9Toro 3aja4dy 1 (em. puc. 7?7) ¢ y := a 1 TeM caMbIM MoJIydast 0JIOK

A.

TEOPEMA A.1 (Tpuaneyaspusayus mampuyoe no memody Xaycrordepa,).
[Iycts Ay := A(m,n) 1 1y KaxKJ0T0 j BEIOPAHO SJIeMEHTapHOe [TPeodpasoBaHiie
Xaycxoqiepa 1) Tak, 4To

1 n—j
{[s | af .
T;A; = | cJ=1..,k k<min(m—-1,n). (A.19)
m—j O | Aj_|_1
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Torna B mporecce 1ocje k MOBTOPHBIX NpUMEHEHuil cBoiictBa 6 m jeMMbl 77
IMeeM CJIeIYIONINi TPOMEZKYTOUHBII Pe3yIbTaT TPUAHTYIAPUSAIIT MATPHUITLL A:

S1 alT

(A.20)

C OTBevaloIeil 9TOMy MOMEHTY IIPOIlecca UTOTOBOM MaTpulleit mpeodbpa3oBaHuit

I 0 I 0
T(k):[kol Tk][()l T2]T1' (A.21)

SAMEYAHUE A.4. BaxXHO IOI4epKHYTb, UTO aJICOPUTM TPUAHIY/ISIPU3A-
nun (?77) He TpeOyeT BBIYMC/ICHUST WM 3alOMUHAHUST OPTOMOHAJIBHON MATPUIIHI
TW) | rak kax mpasas JacTb paBeHcTBa (77) BBIMIC/IAETCS HEIOCDPEICTBEHHO B
cooTBeTcTBUN ¢ 3aMedaHueM ?7. CTOUT TakKe 3aMeTHTb, KaK HEJIBHO OIIpe/ie-
nstercst Aji1 pexypeueii o j B anropurme (77). Kpome Aj 1, Ha mare j 9roii
PEKYPCHHU OLPEJEIAI0TCS CKAJIAP Sj U (1 — J) KOMIOHEHT BEKTOP-CTPOKH a]T. 9T

T .
HesABHBIC COOTHOIICHNUs JIIdA 87, a; 1 Ajy1 1 Bech poriecc sbruucyienuit (puc. ?77)
[IpeJICTaBJIEHbI B sIBHOM BUJIE B pas3j. 7.

n n
——— ———
n n 4 /
7 "\ N #_
n
m n m m
0 0 0 0
N—————
m \ \
k

(a) (b) () (d)

Puc. A.4. Cxemarudeckoe mpe/icTaB/IeHIE BO3MOXKHBIX CIydaeB IIPUMEHEHHs TeopeMbr 77
K marpuiie A(m,n); (a) memoonpeenennas cucrema: k = m — 1 < n; (b) onpeenennas
cucrema: k =n — 1, m = n; (¢) nepeonpesenennas cucrema: k =n <m; (d) k<n<m
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A.5 IIlar TpuaHryagpmusannuym MaTPHUIbI Ipeodpa3oBaHNEM
XaycxoJaepa

[Tycts marpunia A = A(m,n) 3agana. Torua, cornacho jsemme 77, GazoBasi
orepaliist IPOoIecca TPUAHTYISPU3AINN 3aKII09aeTCs B BBIUNCACHIN CKAJISIPa, S
u marpuibl A = A(m,n — 1) Takux, 9ro

{[s | (A.22)

AnropurMm. s BRIYHCTIEHUS S CIEyeT [PUMEHSATh CBOficTBO 6,
T.e.BeIIoHATH (?7) 1st Beex k = 1 1o min (m—1,n). Barem /st Berancienns A
CJIEJyeT MPUMEHSIThH CBOFICTBO 5, T. €.110CJIeIOBATEIBHO B IUKJIE 110 j = 2,...,7n
a5 Beex @ = k,...,m somonuath (77) ¢ A £ —v (em. (77)). 3xech BBenena
pesmania o = —3 (em. (??) u cBoiicTBo 6).

st k=1 gm0 min (m — 1,n) s .

5= —sgu [A(k, b) (Z A, k>]2> ,
i=k

up(1) = Ak, k) — sy, 0 (A.23)
up(i) =Alk+i—1,k), i=2,... m—k+1,
p = 1/(skuk(1)) (&k < 0)

Hnaj=k+1,....n

i=k b (A.24)
Hna 1=k k+1,....m

A, 5) = A, 5) + dup(i — k +1). |

[IpuBenennsiit amroputm (77), (?77) HA3BIBAIOT €MOAOYOBO OPUEHMUPOCAH-
MbLM, TaK KakK orepaiiun (77) BBIMUCISIOT TEJINKOM KaxKJblil j-if cTosber mat-
PUIIBI, HAXOJISAIINICS CIIpaBa OT BEJIyIIero, T.e.k-ro cToJioIa.

AnprepHaTnBHAs cXeMa BBIYICICHUN HA3BIBACTCS CMPOUHO OPUEHMUPOEAH-
HOLM aJIrOPUTMOM. Ee MOzKHO mostyunth u3 Buipaxenus T, = [ — fuul s
MaTPHIIBI XayCcXoJjiepa CIeYIOMNIM 00Pa30M.
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BBejieM BeroMoraTesbHble 0003HaueHMs: (1 = /B, w 2 pu, aTobbl 3am-
carb T, = I — ww’. Torma (T,A) = A — w2’ roe 27 2 wl'A = T,
ol £ 57" u(i)A(i,-) u A(i,-) ectb i-a crpoka marpuubsl A = A(m,n). Bee-

T — a? 29 s _
JaeM obosHaueHne \° = ', UCHoJb3ysi paHee BBemenHoe (cMm. (77)) a = —f.
Orcrofa nostyaaem opmyity st 6ot i-it crpoku (13, A) (i, -) mpeobpazoBaHHOi

marpuipl (T, A) B Buje
(T,A)(3,-) = A3, -) —w(i) 2! = A4, ) — pPu(i)v’ = A, ) + M u(i).

AnroputMm (CTPOUHO OPUEHTHPOBAHHDI ), SKBUBageHTHBIH (77) 1 (77).

st k=1 gm0 min (m — 1,n) s .

sk = —sgn [A(k, k)] (Z RIG k)f) :
i=k

up(1) = Ak, k) — sy, ' (A.25)
up(i) =Alk+i—1,k), i=2,....m—k+1,
ap = 1/(skuk(1)) (&k < O) J

Hna j=k+1,...,n
MG = k) = o - Y up(i = k+ 1)A(4, 5),
i=k

Hua i=k,k+1,....,m > (A.26)
Hna =k+1,...n
A, g) = A, g) + e — Kug(i —k+1). )

A.6 Penienme TpeyroJibHOII cucteMbl Rxr = 2z u obpaliieHune
Martpuil R u A

Kak ormedeno B pazj. 77, Mbl 9aCTO 3aMHTEPECOBAHB! B PEIIEHIN YPaBHEHUS
Y
Rx = z, (A.27)

rie R = R(n,n) — BepxHeTpeyrobHAST HEBBIPOXKICHHAS MATpUIia. Eem HyKHO
MMeTh TOIBLKO pemenne x, To R (mia x = R™12) soraucnars ne nago. Crre-
JIYIOIIUI aJrOpUTM OOPATHOM IOJCTAHOBKH II03BOJISIET BBIYUC/IUTL PEIICHUE T
HEIOCPEICTBEHHO.
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IIpunoxkeame A. OpToroHa/bHbIE IIPEOOPA3OBAHUSI

Anaroput™m. lnsg j =n,n—1,...,1 BbIUUCIATH

v(j) = [ 2()) = Y R(j, k)x(k) | /R(j. ). (A.28)

k=j+1

[To c10:KHOCTH 3TOT AJITOPUTM ITOUYTH TAaKOil »Ke, Kak MaTpudHoe ymHoxKeHne. OH
JOTIYCKAEeT 3aIllnChiBaTh (j) moBepx 2(7), 94T0 0YeHb YI00HO B PHJIOKEHUSIX.

Eciu Bce xe tpebyercs nmers marpuiny U 2 R~ To ee MOXKHO BBIYHCIINTE
110 aJTOPUTMY OKaiIMJIEHUsI, OCHOBAHHOMY Ha CJIEJYIOIIEM JIEI'KO ITPOBEPSIEMOM
TOYKJIECTBE JIJII TPEYTOJIbHBIX MAaTPHIIL;:

-1 ~1 -1, -1
R; ) _ Rj _Rj Y01 | _ p-1 A 929
0 o - 0 0_—1 - fhi41 ( : )
Jj+1 Jj+1
A —
9TO COOTHOIIEHNE MO3BOJIAET BLIYUCAATL obpaThyio Marpuiy U = R™! pekyp-
PEHTHO, T.€., €CJIH Rj_1 = Uj, riie Rj 06o3nadaeT BepXHIOIO JIEBYI0 YaCTh MATPUILbI

R, To

U, —Uj[R(Lj+1),....RG,j+ 1] o) ] (A.30)

0 0j+1

Ujr1 = [

rae 041 = 1/R(j+ 1,7+ 1). [lonarass U = R_1, 9T0T pe3y/IbTaT [IPEJICTABIM B
AJITOPUTMUYIECKOIT (bopme.

AnroputMm. 3ajarTh HavaJbHOE 3HAUCHUE

U(1,1)=1/R(1,1). (A.31)
Hns j =2, ..., n BeraucyasTh no ¢opmyram (77) u (?77):
U(j.5) = 1/R(j,J), (A.32)

Uk,j) = — (Z U(k:,z')R(z’,j)) U(,7), k=1,...,j—1 (A.33)
i=k

SAMEYAHUE A.5. R~! Berumessgercs 1mo cTosnbaM, Ipu 9TOM 371€MEHTDI
MaTpuibl R~! MOryT 3aImChIBATHCS MOBEPX SJIEMEHTOB HCXOIHON MaTpHIBI K.

B cnpaBouHbIX EIsIX MPUBEIEM MPUMEPhl Pean3alii JAHHOTO aJrOPUTMa
Ha s3bike FORTRAN. D1u npuMepbl MOryT MOMOYb CTYJ/I€HTaM HAIMCATH CBOU
cOOCTBEHHBIE IPOI'PAMMbI Ha, JIPYTHUX si3bIKaX BHICOKOI'O YPOBHSI IIPU BBITIOJTHEHUH
JaboparopHoro mnpoekTa N 6, onucaHue KOTOPOro JaHO HIKE B IOApas3m. 7.
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O6paienne BepxHeTpeyroabHoii Mmarpuinbl: U := R~!. Peammsyiorca
dbopmyiet (77), (?77) u (?77). Ecau nyxuo, U moxker 3amermars R.
R(N,N), U(N,N), RwuU — BepxHeTpeyrojbHble MaTPUIIbL.
U(,1)=1./R(1,1)

DO 20 J=2,N
U(J,J)=1./R(J,J)
JM1=J—1

DO 20 K =1, M1
SUM = 0.

DO 10 [ = K, JM1
10 SUM = SUM — U(K,I)* R(I,J)
20 U(K,J)=SUM *U(J,J)

B ciyuasix, Korja BayKHO WM HY>KHO S5KOHOMUTH IAMSITh KOMIIbIOTEpa, MaT-
PUIBI B TIpOrpaMMe O0ObAB/ISIOT KaK OJHOMEpPHBIC MACCHBBI (CM. Toapasi. 7).
XoTsl B KOMITbIOTEPE JlazKe MHOIOMEPHO O0'bsBJ/IEHHBIE MACCUBBI BCET 1A XPAHSITCS
KaK OJIHOMEPHBIE, KOMIINJIATOP I'eHEPUPYyeT MHICKCHbIE BbIpayKeHUsI C Ollepaliisi-
MU yMHOXKeHus u geserus. Omnepanun CJIOXKeHIS 1 BBIYNTAHUSI B KOMIIbIOTepax
BBIIIOJIHSIIOTCSL [OPa3/i0 ObICTpee, MOITOMY MHJEKCHI JJIsI JOCTYIIa K JIEMEeHTAM
MaTPUIL CJIEJIYET IPOIPAMMUPOBaTh B PEKYPPEHTHOI MHKPEMEHTHOI (hbopme, IKO-
HOMsI TAKIM 00pa30M 1 BpeMsi miporieccopa (tabit. 77). B sroit mporpamme mpeod-
pazoBaHue B TPEYrOJIbHYI0 GOPMY BBINOJHSAETCsT OTOXK AecTBienneM J(J—1)/1+1
¢ (I,J). Pexyppenrroe nnkpementroe orancienne KK, JJ n KK skonoMut
BBIUNCJICHHSI.

Kak ormeuasioch Ha c. 77, uHor ia Tpebyercs Borancaarh R Takas curyanus
NoABJIICTCH, ecyn TpebyeTcea naiitu A~1, g KOTOpoil yrKe BBITIOIHEHO HpPeod-
pasoanue TA = R, rne T = TV no dopmysne (??), Tak Kak B Teopeme ?7?
115 3toro caydas m = nu A~ = R71T. Tlocaeanee 03Ha4acT, 4TO TO Ke caMoe
OpTOroHaJibHOe 1peodbpazoBanue 1’ Ternepb HA0 MPUMEHUTh K CTPOKAM MaTPHUIIbI
R™! 1o yxke B 06paTHOM MOPSJIKE CJIeOBAHNS 3IeMEHTAPHLIX TPeodpas30BanHii,
(=1 110 bopmyse (?7?). Taxum
o0pa30oM, BO3HHUKAET IIPOOJIeMa 3allOMUHAHUS 3JIeMEHTAPHBIX IPeoOPa30OBaHMil,
("=1) q106BI M037KE MOXKHO Obl-

COCTaBJIAIOIINX ITOJIHOE Hp606pa30BaHI/Ie T =T

COCTABJISIIONINX IOJIHOE IIpeodOpasoanue 1 = T
JI0 €ro IPUMEHHUTD B 3ajade oTblcKannsg A~! mim »Ke Jyis pelnenns ypaBHEHUS
Ax = z ¢ HeBBIpOXKJIeHHOI MaTpuieit A mocse npedopasosanust 1A = R.

Kax Bujao u3 (77), 17151 oTpaykeHust Jodoro BeKTopa y = T®) 2z ot runepiioc-
koctu U |, 3aJ1aHHOil BEKTOPOM U, TpebyeTcs UMEeTh COXPAHEHHBIMH JIBE BEJINUNU-
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Tabiuna A.1. DddexTusnoe obpalenne sepxaerpeyrosbnoit Marpunpl: U := R~ Pea-
musytores dopmyist (?77), (?77) u (??). Bepxuerpeyrosbabie Marpuiibl R u U XpaHarcst
kak BeKkTOpbl pazmeproctu N (N + 1)/2. Ecin myxuo, U Mmoxer 3amermars R.

R(N,N), U(N,N), R uU — BepxXHETPEYIOJbHbIE MATPHIILL.

U(1) =1./R() © R =R(,1)

JJ=1

DO 20 J =2,N

JJ=JJ © JJ=JJ-1/)2 = (]~
1,J—1)

JI=JJ+J © JJ=JJ+1)/2=(]J)

U(JJ)=1./R(JJ)

JM1=J—1

KK =0

DO 20 K =1,JM1

KK =KK+K © KK=K(K+1)/2

KI=KK

SUM = 0.

DO 10 [ = K,JM]1
SUM = SUM —UKI)«R(JJ+I) © KI = (K,I), JJ] +1 =

=(1,J)
10 KI=KI+1 © KI=(K,I+1)
20 U(JJ+K)=SUM*U(JJ) © JJ+K=(K,J)

HBI: BEKTOP U U cKaJiAp . IlocKoJIbKy HYJ/IM HI2KE JIMaroHaJIu, TOIYYaloIuecs: B
pe3yJbTaTe TPUAHTY/ISIPU3AINT, XPAHUTh HE HY?KHO, 9TO MECTO MOYKHO OTBECTH
JJTsT COXpaHEeHNsT BEKTOPa U (BMeCTe ¢ IMArOHAJIBIO, MOSTOMY JaroHAIbHbIE 916~
MEHTBI Sj, IPUXOJUTCSA XPAHUTH OTebHO). JlaHHoe MpejioyKeHne cxeMaTuIecKu
mokazaHo Ha puc. ?7. Kakum o0pa3soM MOYKHO BBIIIOJHUTE BHIYUCIEHNE MaTPHUIIbI
A~! nokazano Ha puc. ?? Ha KOHKDETHOM IpHMepe PasMepHOCTE(l, a MMEHHO:
m=4,n=4.

A.7 IIpeobpazoBanue I'mBenca

[IpeoGpasoBanne ['mBeHca OCYMIECTBIAET BpAIICHHE BEKTOPA B ILIOCKOCTHU
JBYX KOOpAMHAT. [T0CKOIBKY TOBOPOT BeKTopa y = (Y1 ‘ y2)T ma yromn 6 1o
YJaCOBOI CTpeJIKe 9KBUBAJCHTEH IOBOPOTY CHCTEMbI KOODMHAT IIPOTUB YaCOBOIl
CTPEJIKHM Ha TOT K€ YroJl, JIerko Hafitu (puc. ?77), 4To KOOpAMHATHI Y], Yy TOBEP-
HYTOrO BeKTOpa ¥ = (1} | ys)T onpenensiores B Buge i, = y; cosd + yosin 6,
yh = —y18in @ + yo cos .
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R Hng k=1 g0 min (m — 1,n)
A= —k+ 1y,
TWA = Hnsg i =k mom
" ) yi =y + A ug(i — k+1)
\ Ym 22
R n
ap |- |lag |- |y TA:|:0:| {m_n,Rx:zl
Sy |---|Sp|---]| sn

Puc. A.5. Coxpanenue npeobpazoBanus 1’ u Beraucjienue sekropa y = 1z, Vy € R™

A Y . =R!
(H
of . Hnak=n—1,...,2,1
! le Hnar=1ug0n
ay vaTv A=y Y u(i — k+ 1)y.(7)
(51 y3T i=k
Usy afgf Yi P Husa i =k gon
us yr(2) ==y, (4) + ug(i — b+ 1)
Sy4 N 7
S1 CL%1
aq || Gz |l Q3 R— S9 ag l
s1 | s2 || s - % 43
IBE o

Puc. A.6. Borancienne marpunpt A~ nocse coxpanenus: npeobpasosanns T

J L
da-

Puc. A.7. Teomerpusi Bparienunii
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3amucblBas 3T0 B MaTpUUHOII hopMe U Tpedy:, ITOObI I0BOPOT P} o B ILJIOCKO-
et (e, €g) MPOUCXOII JI0 COBMEIIECHHSI C IePBO KOOPIMHATHON OCHIO, MOJTY I1M

A
c s r c=cost =y /r A [ 2 o
Yr = y=Proy= : A g T =AY
—-s ¢ 0 s =sinf = yo/r
rJie, OYEeBIJIHO, MATpHIA P 9 IJIOCKOTO BpAaleHns OPTOrOHAIbHA TIPH JIFOOOM 6.

Tpuanrynspusaius MaTpuibl mpeodbpa3oBanusamu I'mBenca. Bwibop 6
TaKoil, 9YTO BTOpas KOOPJMHATA BEKTOPA ¥ CTAHOBUTCS PABHOM HYJIIO, UCIIOJIb-
3yeM Jijist TpuaHry/spusanun marpuribl A(m,n). Ha mepBoM 1are HyKHBI T1pe-
obpaszoBaHus, JIeJaloNe PaBHLIMEI HYJIIO BCE JIEMEHTBI HUKE IIEPBOIO JINAro-
HAJILHOT'O dJIeMeHTa. JIJIs 9Toro, 04eBUIHO, HY2KHO BBIIIOJHUTD 10CJIEI0BATEIHLHO
3JIeMeHTapHble Bpaienus Pyo, P13, ---, P . Tax onpejesennsle mpeodbpaso-
BaHUsl BO3JIEIICTBYIOT Ha BCE CTOJIOIBI MaTPHUIbI, HO TOJBKO IEPBLIi cTOJI0eII,
KOTOPBIil YMECTHO Ha3BaTh 6EOYUUM CMOAOUOM, TIPUOOPETACT KEJIAEMbIN BI/I.

JIEMMA A.2. Ilycrs nana marpuna A(m,n) u y — ee Beaymuii (7eBbiit)
crostben. Torma cymecTByeT OpTOroHaJLHOe peobpasopanne I mBenca, 3agaBae-
moe Marpurieit Py = Pj(m,m), Takoe, 4ro

AN A
{[r | A.34
PlA — | A : ( )

m—1 0 |

1 | —S1, C1,i — T1i—1 |\ Y
C1, = Tl
1 it
o Y
O 81’2 = Tl,z
N9 2
m 1 rErim =3y = |yl Yrm
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TEOPEMA A.2 (Tpuaneyaspusavyus mampuyve no memody luserca).
[Iycte Ay := A(m,n) u mrs xkaxmoro j = 1.2....,k, k < min (m — 1,n)
cepHs 3JeMeHTapHBIX ITpeobpasoBanuii ['uBenca, 3agaBaemas mMaTpuneit P; pas-
mepa (m+1—7) x (m+ 1 — j), BeiOpana Jyist Beylero (JIeBoro) crosona y;
MaTpunpl A; Tax, 4To

1 n—j
N ——
T
[ |

— j=1,...,k; k<min(m—1,n). (A.35)
7 m—j{ 0 | Aj_|_1 7

Torma B rporiecce rocJje k MoBTOPHBIX ITPpUMEHEeHUiT JeMMbl 77 nMeeM cJie 1y oIl
IIPOMEXKYTOUHBII pe3y/IbTaT TPUAHTYISPU3aIIT MATPHUITLL A:

(81 aj

ph) 4 — (A.36)

C OTBeYAaloINeil 9TOMY MOMEHTY IIPOIecca UTOIOBOI MaTpuileil mpeodpasoBaHuil

I 0 1 0
P(k) — [ k—1 ][ 1 ]Pl, Pj:Pjym—j—f—l"'Pj,BPj,Q? (A37>

0 Pk 0 PQ
A . . ) ) Yj
P]’t(t:27377Z)7l:m_]+17]:17277k77/:,7+t_1 U’
1 t l
1 | G Sji Tj1 = Y1, "
Hnsat=2,...,1
1 0
Tjt = \/m
i Cji Tt .
t g i 1 — Ciivi1 1= ]7”;; — |Yej
. _ Ytj
O .'. $j7]+t—1 L rj,t
!
l U ==l | (o
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Dopmysnia (?77) uMmeeT peKyppeHTHBII BUJT TIPON3BE/ICHIs

L 0 h pG-y  py_ py
0 P , N=min(m —1,n). (A.38)

Pj=Pimjr1---FPj3Pia, j=2,...,N

Pl —

Bce yuacTBymolue 371ech MaTPUIILI SIBJISIIOTCS OPTONOHAJIBHBIMU, ITO9TOMY (Hu-
A

nasbiast Marpuna P = PWY) rakske oproronaibia. Obiee qucio HCIOJIb3YEMbIX

[PU 9TOM 3JIEMEHTAPHBIX MaTpUIl Bpaienus: pasuo (m — 1) + (m —2) + ... +

+ (m—N)=(2m — N — 1)N/2. B pesynbrare (B ciiydae m > n) moJLyduM

R

PA=1|---|, R= 2 R, (A.39)
0 0

IJie UHJIEKC ne TOAUYEPKUBACT, UYTO B TPEYTrOJIbHOI Marpuile R 3amo/HeHHON va-
CTBIO MOXKET OBbITb TOJIBKO «CeBepo-BocTouHasiy (north-by-east) dacts. [losa-
ras Q = PT, npu m = n umeem @QR-pasnoxkenne marpunpl A = A(n,n),
T.e.A = QR. Marpurpl B (?7) u (?77) HEIOCPECTBEHHO HE BBIUYUC/ISIOTCS.

st anropurma ['mBeHca — Tak ke, KaK W JJIst JPYTUX MATPUUHBIX ajro-
PUTMOB, — HUMEIOTCSI J[BE CXeMbl BbIUuC/eHuil: (1) ¢cTpoYHO OpHeHTHpOBAHHASI
cxeMa 1 (2) cToso1oBo oprenTHpoBanHas cxema (puc. 77). Kak u B asropurme
npeobpaszoBanuii Xaycxosiepa (cMm. puc. ?7), 31ech 0ObIYHO TpebyeTcs coxpa-
HATH HHQMOPMAIIIIO O MPOU3BEJEHHBIX 110 X0y ajaropur™a (?77) sjeMeHTapHbIxX
Ipeobpas30BaHUsIX, ITOOBI BIOCIEJICTBUN UMETh BO3MOXKHOCTH PeIlaTh CHCTEMBI
ypaBHennit Az = z (COBMeCTHBIE UJI HECOBMECTHBIE, B TIOCIEIHEM CIydae — I10
MEeTO/Ty HANMEHBINX KdaJpaToB, CM. TOapas3/l. ?77) WK Ke HAXOIUTh 0OPATHYIO
marpuiy A1 (korga m = n).

Heobxomummast nadopMalyst o3HadaeT 3HAUCHUST KOCUHYCA U CHHYCA, OJIHAKO
X coxpaHenne 66110 O6b1 HeabdekTHBHBIM perternem. Gentleman (1973) mpej-
J0K T 3 HEKTUBHBIN CI0c00, BKIOYeHHbI B puc. 77(6) u () ¢ reoMeTpudecKoit
wuocTpalueii ero jeiictsust Ha puc. ?7(e). Bregennntii um pabounii npusHak
¢ — 9TO OJHO YHCJIO, KOTOPOE MOYKHO XPAHUTDH B HO3MUIMN (i, ) KakK (j; BMECTO
HYJIEBOTO 9JIEMEHTa, MOsIBJIsAONerocs B nosunun (i, j) marpunst (?77) B MOMEHT
npeobpasosanus Pj; (t =i+ 1— j) B (?77). Kak u ¢ npeobpaszosanusmu Xayc-
xoqepa, Haxoxaenne A~! mocie npeobpasosanmii 'mBernca TpebyeT Takoil e
10CJIe10BATeILHOCTH HPOIeLyp: cHadana Haxogar R-! (cm. ?7), sarem k R71
IPUMEHSIIOT C IPABOH CTOPOHEI (unaIbHOE peobpasosanue P 2 PW) (??) tax
kak A7t = R71P. Jlns storo na puc. 7?7 HaJo B3ATh aaroput™ us puc. 77 (),
KOTOPBINl TaKzKe OThICKHBaeT Pz mpu perrennn ypapHennst Ax = z.
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PO A Yj (a) (5)
Hdnaj=1momin(m—1,n) | | Inigj =1 gm0 min(m—1,n)
j S rj = ajj Hngi=3754+110m
[} U Hnai=754+1m0m a = aj;; b= a;;
j=lr ajs Ui a:=rj b= a; nosyauts (7, ¢, s, C)
nostyauTh (7, ¢, s, () u3 (a,b)
L m(ab) (a; % rj) =7
(aj; f i) =7 (ai; = Ga) ==¢C
. (aij = i) == ¢ HIngas=j5+1m0n
i =G Qis Yij Cji = C; Sj; =5 o = Cajs + S,
m Hnas=7+110n Ajs = —Sjs + CUjs
Hngi1=75+1 10 m ajs =
o = Cjﬂ‘ajs + Sj,iais
, (js = —8;jiljs 1 Cjilis (r)
S
ﬁ U Ajs ==« [Iponieaypa........
. nostyanth (¢, s) u3 (€)
J= T | | s Yij
(6) (=1 = c:=0
N s:=1
........ [Ipoiemypa........
nomyauts (7, ¢, s,¢) 3 (a,b) | | d:= (1 — ()2
i =G| || | | Y { sgn [al, |a| > [b] ci=d
o =
. sen o, <Pl || ¢S =
r = o(a® + b?*)'/? cim¢
(e) c= afr, T #0 <>1:>{s::d
2 1, r=20
s { b/r, r#0 ()
0, r=0 st j =1 no min(m—1,n)
s, lal > b] Nusti=j+110m
HOJIy4uTh (C, S) U3 (5,
(=1 1y [l bl & a—c..+(5 $) 1 G
. _0 Yij = —8Yjj + CYij
7 Yjj ‘= @

Puc. A.8. IIpeobpaszoBanue 'mBenca: (a) cTosbII0BO OPUEHTUPOBAHHAS CXEMa, BBIUUC/IC-
nusg Marpunst PA, rie P = PU) npu j = min (m — 1,n) (mwkngs mMarpuna ciesa);
(6) BBIUMC/ICHNE KOOpUHATHI 1 BekTopa (a, b)T, mosepmyToro 1o coBMmerenus ¢ nepsoit
0ChIO, & TaKzKe KOCHHYCa U CHHYCa yIya MOBOpoTa u pabodero npusHaka (; (B) cTpOUHO
OPHMEHTUPOBAHHAsI CXeMa BbIYHMCJIeHUusT MaTpullbl PA (BepxHsisi Marpuna ciesa); (r) Boc-
CTAHOBJICHHE KOCHHYCA U CHHYyCa yIJIa [OBOPOTa M3 Ipu3HaKa (; (/) moydeHne BEKTOpa
y TeMmu npeodbpazoBaHuAMu P ; IPOU3BOJILHOIO BeKTopa 2z € R™, KoTOpble cOXpaHEeHbI B
pabo4nx mpu3HaKax (j; U BOCCTAHABINBAIOTCS u3 HuX; (e) Beaegcrsue (0), BeKTOpsI 1, 2,
3 U 4 MOBOPAYUBAIOTCA K TOJIOKUTETLHOMY HAIPABJIEHUIO MTEPBON KOOPIUHATHON OCH, a
BEKTOPHI H, 6, 7 1 8 MOBOpAaYNBAIOTCA K OTPUIATETHHOMY HAITPABJIEHUIO 9TOU OCH.
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IIpnnoxkeane A. OproroHaJibHbIE IIPEOOPA3OBAHUST

A.8 BapuaHTbI 3a110/1THEHST MAaTPUIBI R

TpaauironHo, Jr06ble OPTOrOHAIbHBIE TPeodpa30oBaHus (BbINIE PACCMOTPE-
Hbl 1 — npeoOpasoBanme Xaycxosijgepa u P — npeodpasoBanue ['mpenca, Hu-
e Oyzer paccmoTpeno () — mpeobpasosanue ['pama-IlIvuara) npuBogsT mat-
puIly K BHJYy, TTOKa3aHHOMY Ha puc. 77 uiu B Bbipaskenun (?77). OgHaKo BbI-
O0p TOro yria MaTPHUIbI, KOTOPBI JI0JKEH OCTaTbCsl TPEYTOJbHO 3alloJiHe-
HBIM, €CTeCTBEHHO, IIpou3BoJeH. [IpenodreHns AUKTYIOTCA HEASIMEI UCIOJIb-
30BaHus, T. e.IIpejiHas3HadeHneM IpeodbpasoBanud. Ilpecrenys 3pech yueOHO-
TPEHUPOBOYHBIE TIE/IH, BKJIIOUNM B TIPOEKT (CM. Mojpas . 77) Bce 4eThipe BO3MOK-
HBIX BapUaHTa 3alI0JIHeHNS MAaTPHUIbl 1, a UMEHHO: IIepPBbIil BapUaHT IIOKa3aH B
(?77?), coeytoriue TpU UMEIOT BI/T

R
PA=|.---|, R= 2 Ruw, (A.40)
0 0

rJle MHJIEKC ny HOAUYEPKUBAET, YTO B TPEyro/bHOIl MaTpule [ 3alo/HeHHOol da-
CTBIO MOKET OBITh TOJILKO «CeBepo-3ananasy (north-by-west) qacts,
0 0
A
PA=1|---|, R= = Ree, (A.41)
R

IJIe WHJIEKC g TOJYEPKIBACT, UTO B TPEYTOJIbHON Marpuie R 3amosHeHHOi da-
CTBIO MOKET OBITh TOJIKO «IOT0-BOCTOUHAs» (South-by-east) dacTb, n
0 0
A
PA=|.--|, R= 2R, (A.42)
R

IJle MHJIEKC gy 1OJJIEPKUBAET, YTO B TPEYTOJIbHON MaTpuIe [X 3all0JHEeHHO da-
CTBIO MOXKET ObITh TOJIBKO «foro-3anajuasi> (south-by-west) yacrs. Brioiae ove-
BIJTHO, YTO 3TH BAPUEHTHI MOJIYYAIOTCs TPOCTHIM M3MEHEeHne MopsiKa AeHCTBU
B aJrOPUTMAaX IIPEoOPA30OBAHMII.

A.9 IIpaBocTopoHHME OPTOroHAJbHBLIE IIPeoOpPa30BaAHNIS U
X IIPUMEHEHHEe

C 1paBOCTOPOHHUMH OPTOIOHAJBHBIMU IIPEOOPABOBAHISIMU MbI Y2Ke CTAJIKH-
BauCh (CM. mojgpasf. ?7); Torga jid KBajparHoit Marpuibl A nocie TA = R
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IIpunoxkeane A. OproroHa/ibHbIE IIPEOOPA3OBAHUS

porancaam A~! = R7'T. Oanako, MOXKHO HauMHATE C IIPABOCTOPOHHETO IIpe-
obpazoBanns Marpunbsl A; Torna orbickanme A~! moTpebyer, cOOTBETCTBEHHO,
JIEBOCTOPOHHET'O MPeodpa3soBaHUsI.

[lyctb A = A(n,n) — KBajpaTHas HEBBIPOXKJIEHHAs MaTpHila. Byjaem pac-
CMaTpUBaTh ee CTPOKM Kak BeKTOpbl B R". IIpeobpazoBanust BeKTOpa KaK MaT-
PUIIBI-CTPOKU B N-MEPHOM JIMHEHTHOM IIPOCTPAHCTBE 3aal0TC YMHOKEHHEM ee
Ha PeodPasyIoILyo MaTpuIly cripasa. [losToMy 1mpaBOoCTOPOHHUM OPTOIOHAJIb-
HBIM ITpeobOpasoBanmeM () moxkHO mpuBectn Matpuiy A k Buny AQ = R, rae
IIPpUMEHEeHa OpPTOrOHaJIbHAA MaTpuiia () OJHOIO M3 TUIIOB, a R — TpeyrojbHasi
MaTpuIla, uMmeroias GbopMy OJHOIO 13 BO3MOXKHBIX BAPUAHTOB 3allOJHEHUsT (CM.
nozpas. 77). Ilpu sToMm npeobpazoBaHuio () MOABEPTAIOTCST HE CTOJOIIBI, & CTPO-
K MaTpuilbl A, n mpeobpasoBanue () 3all0OMIHACTCS IO IPUHIINAITY, TOKA3aHHOMY
paHee Ha puc. 77 u puc. 77, Ha MecTe 3JeMEHTOB, 0OpalllaeMbIX B HYJIb.

[Tocsie Takoro mpeobpaszoBanust Marpunbl A perenne cucreMbl Ax = z c¢Bo-
JINTCsI K PEIIEeHUIO SKBUBAJIEHTHON CHCTEMBI ¢ TPEyroJbHOM Marpuieit Ry = z.
3areM HCKOMBII BEKTOD OIpeJIesisieTcsl dyepe3 coxXpaHeHHoe IpeobpaszoBanme ()
kak © = Qy. Obparnas marpuna A~!, COOTBETCTBEHHO, HAXOANTCA KaK pe-
menne cucrembl RY = [ ¢ nocienyionuMm npeodpasoBanneMm () MaTpuibl Y,
T.e.X = A7 = QY. Marpuna @Q ne ¢popMupyeTcs, U3 Uero BHUIHA HEOOXOIH-
MOCTB 3allOMIHaHUsI IIpeobpasoBanuii, odbecreunsmnx AQ) = R.

A.10 /IBycTOpoHHHWE OPTOTrOHAJIbHBIE IIPEOOPA30OBAHUA U
X IIPpUMEHEeHNe

OproronaJibHble IIpeodpa3oBaHusi, OY/Iydn IPUMEHEHbI OJJHOBPEMEHHO CJIeBa 1
crpaBa K JaHHoit marpuiie A, I03BOJISIIOT IPUBOAUTD €€ K GOPMaM C HYJISIMEI KaK
HIUzKe, TaK 1 BBIIIe JHaroHaJl. 9TO, B CBOIO 0Uepe/ib, 0bjIerdaeT pereHne Jpyrux
CJI0YKHBIX 3a4a4. C [TOMOIIBI0 OPTOrOHAIBHBIX ITPEo0Pa30BaHuil JIJId KBaIPATHOI
MATPUIIBI IIHPOKO PACIIPOCTPAHEHDI: IPUBEIEHNE CHMMETPUUIECKON MaTpPHUIbI K
TpexIMaroHajJbHOMY BUJY U IPHUBEJEHNE KBaJIPATHON MaTpPUILI K JIBYXIMAIO-
HaJIbHOMY Buy. IIpn 9TOoM B KadecTBe OPTOrOHAILHBIX ITPEe0OPa30BaHMIIT OIMHA~
KOBO YCIIEIITHO MOI'YT OBbITh HCIIOJIB30BaHBI IIPE0Opa30BaHmsI XayCXOJaepa MIn
npeobpasoBanud ['uBeHca.

IIpuBesieHne cuMmMeTpuYiecKoii MAaTPUIlbl K TpexAnaroHaJbHOMY BHJILY.
[IpuMeHnM K CUMMETPUYECKON MaTpulle cjieBa 1 clipaBa Ipeodpa3oBaHue Xayc-
xo/yiepa (win ['mBeHca), BoIOMpas ero u3 3aJladu »KejaaeMoro peobpasoBaHms
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BEJIYIIEro CTOJIONA M BeJyIeil CTPOKHU, a MUMEHHO: COXpaHeHHUe IePBOTo JIUaro-
HaJILHOT'O 3JIEMEHTa, MOJIyHYeHNe HEHYJIEBbIX 3JIEMEHTOB B JIBYX CMEXKHBIX C HUM
MOBUIUASAX U ITOJyUeHUe HYJIEBBIX 3JIEMEHTOB B OCTAJIbHBIX MTO3UIAIX.

JIEMMA A.3. Ilycrs nana marpuna A = A(n,n) = AL, Torna cymecrsyer
OpTOroHaJIbHOE TpeobpaszoBatne Qo (Xaycxongepa Ty uan ['msenca Pp) Takoe,

qTOo
1 1 n—2
AN AN A
1{ ay S1 O
[[1 0 ]A[Il 0 ]: s (A.43)
0| Q2 0|Q3 n_2{ 0 A '

3AMEYAHUE A.6. B (?7?) Tpancuonupopanne Q3 ne tpebyercs, eciu B
KavecTBe Qg B3sITO IIpeobpasoBanme Xaycxosepa (B CUly ero CAMMETPUYHOCTH ).
[Ipu 5TOM MHIEKC «9» YKA3bIBACT Ha MO3UIUIO TOIO JEMEHTa B BELyIIeM CTOJI0-
e (JI/Is1 JIEBOCTOPOHHETO Tpeodpa3oBaHust) WK B Bejyiieil cTpoke (jist mpaBo-
CTOPOHHErO TPeodpPA30BaHNUs), KOTOPBIl OCTAETCsl HEHYJIEBBIM B 9TOM CTOJIOIE
(B pesysbrare npuMeHeHUs Qo) WK B 9TO CTpoKe (B pe3y/bTare MPUMEHEHUs
Q). B nannom ciyuae, T.e.5 (77?), 9TH 971eMEHTBI CYyTh S U S1. DJIEMEHT a; He
U3MEHAETCH, TaK Kak [; — eQuHudHas MaTpuia pasMepa 1 x 1.

TEOPEMA A.3 (Tpuduazonaruzayus cummempuueckot mampuyw). [lycrs
naHa cumMerpudeckast Marpuna A = A(n,n) = AT, A; := A(n,n) n pis kax-
jgoro 7 =1,...,k, rme k < N =n — 2, BBIOpaHO 3JieMeHTapHOE IIPeodpa3oBaHne
Qj+1 (Xaycxosunepa T4 wmm ['usenca Pjyq) Tax, 4To

1{ CLj H Sj O
g ] _ ] si |
n—j—l{ 0 ‘ AJ’+1

[ {)1 (A.44)

Torna B 1porecce 1ocjie k MOBTOPHBIX IPUMEHEHH JIeMMbl 77 nMeeM OTBevalio-

0 I
A.
Qj+1] J [ 0

Jj+1

Y10 9TOMY MOMEHTY TIPOIecca NTONOBYIO MATPUILY TTPeodpa3oBaHmii

QW = [ {)’“ QO ] QF Y, 1<k<N=n-2 QV=1I, (Ad5)
k+1
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1 IIPOMEKYTOUHBIN PE3yIbTAT TPUIUArOHAIN3AINN JAHHON MaTpuibl A B Brje

IIpuBenenne KBajapaTHOlI MATPUIbI K ABYyX/JUArOHAJILHOMY BHIY.
[IpyMeHuM K HIPOM3BOJIBHON KBaJIpaTHON MaTpHIile cjeBa IpeodpazoBaHme ()4
u crpasa npeobpasoBanne So (Oeps Jr060e U3 HUX Kak MpeobpasoBaHue Xayc-
XoJIjJiepa WIn Kak rnpeobpasoBanue ['mBenca), mpu 5ToM (Q1 BeIGEpeM W3 3a/1a9n
YKeJIaeMoro Ipeobpa3oBaHms BeAYIero CToJiona u S — U3 3ajad9il KeJ1aeMoro
npeoOpa3oBaHus Beaylleil CTPOKM, a MMEHHO: IpHu JeficTBun ()1 — IHoJIydeHue
HEHYJIEBOI'O JIMaroHaJIbHOIO 9JIeMEHTa U HYJIEBBIX 3JIEMEHTOB HUXKe HEero B Iep-
BOM (BejymeM) cTojore; mpu JgeficTBun Sy — COXpaHeHUe JHArOHAJIbHOTO 3J1e-
MEHTa, IOJIyYeHIe B CMEYKHOI ¢ HUM TO3UIIMK HEHYJIEBOI'O 9JIEMEHTa U HYJIEBBIX
39JIEMEHTOB TIpaBee Hero B 1epBoil (BeyIieii) cTpoke.

JIEMMA A.4. Ilycrs nana marpuna A = A(n,n). Torma cymecrBytor op-
TOroHaJIbHOE TipeobpasoBanne (1 (Xaycxosepa win ['uBeHca) 1 OPTOrOHATIBLHOE
npeobpaszoBanne Sy (Xaycexonaepa uin ['nBeHca) Takue, 9To

1 1 n—?2 "
1{ S1 aq 0 Q = Ql? (A 46)
QWASH = N W I,] 0 '
n—2{ O A S = [ 0 S2 ] .

TEOPEMA A.4 (Buduazonanusayus keadpammnot mampuyns). Ilycts mana
kBajipaTHast Marpuiia A = A(n,n), A; := A n g kaxmgoro j = 1,...,k, rue
k < n — 2, BoiGpambl sjieMeHTapHOe IpeobpasoBanue (); (Xaycxosgepa Tuia
T; wmn I'msenca tuna P;) u ssementapioe npeobpasosanne Sjy1 (Xaycxosiepa
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tuna T4 i I'usenca tuia Pjy ) TakuM 00pa3oM, 4TO B pe3yJ/IbTaTe 0JIydaeM

n—j—1
S N
QA.[I1 0 ]_ {[s]a O (A.47)
0S54 n—j{ O‘ Aji :

Torma B mporiecce mocje k MOBTOPHBIX NPUMEHEHNI JiIeMMbl 77 nMeeM OTBedaio-
e STOMY MOMEHTY TIPOIEcca NTOTOBbIE MaTPUIIHI TTPeoOpa30BaHnit

\

Iy 0 _
Q(’“)zl o ]Q(’“ Voksn-2, QU=1, QY=

Q@ >
I 0 I 0
(k) — g(k=1) | “F <n— SO
S S [O Sk:+1]7 E<n-2, S 0 5,2] J
(A.48)

1 IIPOMEKYTOUHBIN Pe3yaIbTAT ONINaroHAIN3aNN JAHHON MaTpuisl A B Buje

Breimostnus nociie k = n — 2 eme oJHO JIEBOCTOPOHHee IpeobpazoBanue (Q,_1
(aro oTBeuaeT MpuUMeHeHUO BepxHeil dopmybl (77) s k =n — 1), noaydaem
OKOHYATEJILHO

Q(n—l)AS(n—2) —
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I1pniaoxenue B

HazBanune npuioxkenust 77

B.1 Ha3zBanme noapa3saena 77 B nIpujaoxkKeHun 77

Kak mnokazaHo B npujoxkeHun 77, mojpasi. 77, MyHKT 77 ...

B.1.1 Ha3zBanue mmyHKTa 7?7 B npuJjioxkeHnn ! 7, moapa3g. 7?7

HazBanwe nmoamyHKTa mMyHKTa ??7 B MPUJIOXKEeHWU 77, moapasa. 7
B.1.2 Ha3zsanme
HazBanwue

B.2 HazBanme mnoapa3aeja B IPUJIOXKEHUN 2

B.2.1 HasBaunue

Haszsanue

B.2.2 HasBaunue

Haszsanue

ol



SaKJ/JII0UYeHIEe

3/1ech MUINTE . . .
B nannoit pabore OCBeleHbl acleKThl CUCTEM 3JIeKTPOHHBIX PAcueTOB B CO-
BPEMEHHOM KOMMEPYECKOM OaHKe CO CJIEIYIONINX TOUYEK 3PEHMSI:

> COBPEMEHHBII ypOBEeHb DAHKOBCKIX YCJIYT;

> Pa3BUTHE TEXHUYIECKON M WHPOPMAIMOHHONH Oa3bl OAHKOB U UX KJIUEHTOB;
> TEXHOJIOTHA pabOThl 9JIEKTPOHHBIX OAHKOBCKUX ITPOJIYKTOB;

> OE30IIaCHOCTH IIPOBEJICHUST PACUETOB;

> BOSMOZKHOCTU N 9KOHOMUYECKaA HeﬂeCOO6pa3HOCTb BHEJApeHNA SJIEKTPOH-
HBIX PO3HUYHLIX YCJIIYI' B KOMMEPYIECKUX OaHKax.

910, KoHeuHo, [IPIMEP. — 3akJouenne He JOJKHO IT€pEeCKa3bIBATh OCHOB-
HOIl TEKCT, — 9TOro JiejiaTh He HaJo.
B 3aksouenun Hamo:

® IIepeYunC/INTh, KaKne 3aJadu U3 Yucja 3aj7ad 3Toil paboTbl, chopMyInpo-
BaHHBIX B pasjene «llocranoBka 3aiauns», BaMu pelienbl,

e chopMyIUpOBaTh, KaKie BBIBOJbLI U3 9TUX PE3Y/JIbTaTOB BaMU HailJeHbl 1
000CHOBAHBI B OCHOBHOM TeKCTe PabOTHI.

Emie oqun mpumep odopMIeHust CIIMCKOB (HyMePOBaHHBII CITHCOK ):

1. IlepeunciinThb, Kakue 3aja4di U3 4YHUCIa 3ajad9 9TOH paboThl, chPOPMYIHPO-
BaHHBIX B pasjene «llocranoBka 3aadmy, BaMu perienbl.

2. CdopmynupoBaTb, KaKnue BbIBOJbI U3 3TUX PE3Y/JbTATOB BaMU HaliJIeHbl 1
000CHOBAHBI B OCHOBHOM TeKCTe PabOTHI.

3/1ech MUIINATE . . .
B nmannoit pabore OCBeIeHbl acleKThl CUCTEM 3JIeKTPOHHBIX PacueTOB B CO-
BPEMEHHOM KOMMEPYECKOM OaHKe CO CJIEIYIONINX TOUYEK 3PEHIHSI:
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3aKJ/Ir0uYeHue

> COBPEMeHHbIII YPOBEHb DAHKOBCKHUX YCJIYT;
> pa3BUTHE TEXHUIECKON 1 nH(MOPMAIMOHHOI 6a3bl OAHKOB U UX KJINEHTOB;

> TEXHOJIOT'A pa6OTbI QJIEKTPOHHBIX OAHKOBCKIIX IIPOAYKTOB,

v

6e301aCHOCTD MTPOBEIEHUS PACIETOB;

v

BO3SMO?KHOCTHU N 9KOHOMMYECKaA LIGJIGCOO6pa3HOCTb BHEAPEHNA SJIEKTPOH-
HbIX POSHUYHBIX YCJIYI' B KOMMEPYECKUX DaHKax.

910, KoHeuno, [IPIMEP. — 3ak/iouenne He JOKHO [1€PECKA3BIBATH OCHOB-
HOIl TEKCT, — 3TOro JejaTh He HaJIo.
B Bakmouennn #Hago:

® [IepeUNC/INTh, KaKne 3aJadi U3 Yucaa 3a7ad 3Toit paboThl, chopMyInpo-
BaHHBIX B pasjene «lloctanoBka 3aadmy, BaMu perieHbl,

e chopMyIupOBaTh, KaKie BLIBOJbI U3 9TUX PE3Yy/JIbTATOB BaMU HalleHbl 1
000CHOBaHBI B OCHOBHOM TEKCTe PabOTHI.

Emie oqun mpumep odopMiIeHust CIIMCKOB (HyMEPOBaHHBI CITHCOK ):

1. IlepeuncimThb, Kakme 3aja4un U3 9UCIa 3aJa9 9TOH padOThI, cPOPMYITIPO-
BaHNBIX B pasznene «llocTanoBka 3aadmy», BaMu pPeIieHbl.

2. CdopmyanpoBaTh, KaKne BBIBOJbI I3 3TUX Pe3Y/IbTaTOB BaMU HailleHbl 1
000CHOBaHBI B OCHOBHOM TEKCTE PabOTHI.
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