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1. INTRCDUCTION

The metheds of calculus find many applications
in the field of econmomics. In this module we consider
one such application, price diserimination, and the
consumer surplus 1n a competitive market. In the con-
text of this example we discuss the typical simplify-
ing assumptions which must be made in order to usc
the calculus. We then develop the particular ideas
associated with these concepts. Further variations
of these idcas, the producer surplus and twe-tier

price diserimination, are developed in problems.

You may wonder whether the methods of calculus
can actually provide numerical answers for practical
economic problems. The answer is usually no; the
importance of applications of calculus to economics
such as those discussed here is their contribution to
the development of economic theory. Applications can
be illustrated with specific numerical examples, as
we have, but the information needed to construct the
functions for a real situation is in general difficulte,
if not impossible, to obtain. (The field of economet-
rics develops techniques for eliciting such informa-
tion.) Consequently, the cxamples developed in this
module shcould be studied to gain insight intc the
theoretical relationships in cconomics and how the

calculus is used 1n their dovelopment.

2. APPROXIMATION OF SUPPLY AND DEMAND

A fundamental assumption uscd whenever the methods
of calculus are applied to economics is that the
functions of interest can be closely approximatoed
by eontinucue or, sometimes, differenttable functiona.

Supply and demand thcory is no exception.



2.1 The Supply and Demand Functions

Under appropriate assumptions economists tell
us that in a competitive market the price at which
a good ts sold is determined by two functions: supply
and demand. The supply funeticn assocliates with any
quantity, q, of the good, a price which will be suf-
ficient te attract exactly that quantity of the good
into the market, p = S{q).

It is sometimes easier to think of a supply
function as quantity supplied at a given price,
q = S(p). 1ln the latter form, we can think of a
producer deciding how much of a commodity it would
be profitable for him to produce at the prevailing
market price. We usually assume that the higher the
price the larger the quantity supplied, so that the
function g = S(p} will be increasing. Thus it will
be an invertible function, so that we can consider
p = S(gq), the inverse of the § function.

The demand function associates with each quantity,
q, the price at which the market will be just cleared
of that quantity, p = D(q).

Again, it may be easier to think of a demand
function in terms of the quantity demanded at a given
market price, q = D(p). The interpretation in this
case is that E(p) is the quantity which consumers
will buy at the prevailing price p. Demand is nor-
mally assumed to he a decreasing function: the higher
the price, the less people will buy. Thus q = T(p)
1s also an invertible function and we can just as well

consider the inverse function p = D{g}.

2.2 Equilibrium Price and Quantity

In terms of the supply and demand functions S(q)
and D(g), static analysis suggests that an equilibriunm

price, p*, and gquartity, gq*, occur for the quantity



at which the price offered (demand) and the price asked
{supply) are equal: p* = D(gq*) = S(q*). (Figure 1.)

s{q)

"”’, equilibrium

rp=---=--

D{q}

O - ——
o

Figure 1. Supply and demand equilibrium.

2.3 Continuocus S and D Functions Are Approximations

The supply and demand curves are usually treated
as continuous functions. Of course, they are not,
since our meonetary units are not infinitely divisible.
Alsc some goods can only be sold in discrete guantities.
Conseguently, the supply and demand functions must be
step funciions or discrete funetions. (Figures 2 and 3.)

p P
- —5S{q) .
T - . Siq)
= T—0b(q) L.
- . * 0{q)
—_ q - q
Figure 2. Step functions. Figure 3. Discrete functions.



When we use a continuous function, we are implicitly
assuming that the jumps in these functions are small
enough so that the continucus funciions approximate
the diserete ones very closely. (Figure 4,) Only
then may we apply the tools of calculus effectively.

actual

continuous
approximation

\D(q)

g

Figure 4. Approximation of demand function.

3. PRICE DISCRIMINATION AND CONSUMER SURPLUS

3.1 Perfect Price Discrimination

A firm selling in the market will mnaturally try
to maximize the revenue which it obtains from selling
a given quantity of a good. Ideally, this might be
done by charging each consumer as much as that consumer
1s willing to pay for a good, rather than selling at
a uniform price. If it were able to identify the prices
which consumers would be willing to pay and discriminate
in the prices offered exactly, it would achleve perfect

rricze discrimination.

Such discrimination would cnable the firm to charge
for each quuntity, Aq, which it brought to the market
the price which consumers would be willing to pay for



that quantity, D(g). If we use the discrete form of
the demand curve, we see that there is an initial
quantity, AqU, for which the highest price will he

paid, Py = D(qn)_ Then there is an additional Quantity,
29y, for which a slightly lower price will be paid,

Py = D(ql); a third quantity, qu, for which a yet

lower price, Py, = D(qz) will he paid; and so on, until
the price reaches the point at which the firm is no

longer willing to produce {the supply curve) ., (Figure 5.}

e sell amount qu at price Py
revenue is the area of this
Po “_ ]
Pq | 1 rectangle.
PT 1 MY
P3" | [ I |
I I
] P
| [
| ] i i
1 | | ]
|
! 411

fay Aay Ba, Aag

Figure 5. Price discrimination.

3.2 Value To The Consumcr

The amount of revenue which the firm takes in
from these sales is pihqi = D{qi)hqi for each of the
incremental amounts Aqi. Geometrically, these revenues
can be represented by the areas of the rectangles --
bounded above by the aotuwal demand funetion. Algebhra-
ically, the total revenue is represented by the sum
of the areas of thesc rectangles:

n

I Dlg.inrg.,

ic i i

where n 1s the number of increments necessary to reach

the point of intersection of the supply and demand curves.
5



When we approximate the demand function with a
continucus functien, this total area is approrimated
by the area beneath the continucus demand function,
between the quantities q = 0 and q = q*:

*
J B(g)dgq = lim E D(qi]Aqi.
0 n+e j=1

Since in a competitive market firms cannot charge
different prices to different consumers, the amount
of revenue which could be obtained with perfect price
discrimination simply represents the maximum that
consumers would be willing to pay. Under the usual
economic assumptions of rational behavior, this should
represent the total value of the good to the consumer.

3.3 The Consumer Surplus

In a competitive market everyone will pay the
same price for the good. That price will be the price
p* associated with the quantity q* where demand price
and supply price are equal, D(q) = S(q) = p*. Thus the
total paid by the consumer, p*q*, can be represented
graphically as the arca of a rectangle and the differ-
ence between this area and the area under the demand
curve represents the surplus value to the consumers
beyond what they paid -- the comsumer surplus. (Figure
6.)

consumer surplus

S(q)

b(q)

toral revenue
q

q W

Figure 6. Consumer surplus.



[f we are given a supply function, S(g), and a
demand function, D(q), then the consumer surplus will
be represented by the area between the two functions,
p = Digq) and p = p*, on the interval 0 < g < q*.

From the integral calculus we know that this area
15 the integral over thc given i1nterval of the dif-

ference of these two functions:
v

(Digy - p*) dy.
0

4. LXAMPLI'S

4.1 Example 1

Suppose the supply furve is approximated by the
function p = Siq) = ﬁﬁﬁ%ﬁﬁﬂ and the demand curve by
the function p = D{g) = 144 3%6 for 0 < g < 72,000,
where p 15 in dollars per unit and g is in units.
What are the equilibrium price and quantity and what
is the consumer surplus?

We calculate the equilibrium quantity by setting
the supply and demand {functions equal and solving for

q:

S{q) = Dig)

2
___9 = _9_
soo.ooo - MY g0n

LZ

Let x = —4-, so that x? ?fﬁLﬁﬂﬁ and our cquation
ally

becomes



(x + 18)(x - 16) =1
x = 16, -18.

Since ¢ and hence x must be positive, 16 is the

relevant solution:

.9
X = gy < 16

q = BOOO,

Thus the equilibrium quantity is 4* = 8000. We can
solve for the equilibrium price using either S(g) or
D(al

p* = D(q*) = 144 - =27 = 128,

The consumer surplus is the area between the
curves p = D{q) = 144 - S%ﬁ and p = p* = 128 on the
interval 0 < g < gq* = 8000:

8000
J (144 - L - 128) dq

o 500

(16 - =) dq

2
- _ .9 js8ooo
164 - 1g7p
0

JSOOO
(

i

= 128,000 - 64,000 = 64,000.

Thus $64,000 is the surplus value which accrues
to the consumer from the competitive market, with
equilibrium p* = $128, q* = 8000.

4.2 Examplc 2

Suppose that the demand curve is approximated by
p = Dlg) = {q - 20}? for 0 < q < 20 and the supply
curve is approximated by p = S{yg) = q? for 0 < q < 20,

where p is measured in dollars per unit and q is



measured in 100,000's of units, What are the equilibrium

price and quantity and what is the consumer surplus?

We calculate the equilibrium quantity by setting
supply and demand prices equal:

q® = (g - 20)2

qQ® = q° - 40q + 400

40q

A

400
q = 10.
The corresponding price is S(10) = 10% = 100.

The consumer surplus will be the area between

the demand curve and the equilibrium price:

f .|
10 {}q - 20)%] - 100 dg

Jo
_ (10,
- [q? - 40q + 400 - 100) dq
0
- Jm(q2 - 40q + 300) dq
0
3
=4 - zog? 4 300&]1“ - 5939—= 1333 1/3.
: 1, k

However, the prices used were measured in dollars
per unit and the quantity in 100,000's of units. The
easiest way to correct this is to multiply the prices
by 100,006, so they can be considered as prices in
dollars per 100,000's of units. The effect of this is
simply to multiply the integrand by 100,000 and
consequently, the correct answer for the consumer surnlus

is given by

10
J 100,000 [{q - 2037 - 100] dq
0

1o
= 100,000 I [{g - 2002 - 100] dq
0

i

100,000 (1333 1/3)

$133,333,333.33,



4.3 Example 3

Suppose that the demand functicon is given by
p=00g) = (1 -q)°+ 35 for 0 < q < 4 and the supply
furction by p = §(q) = 32q*, where p is measured in
dellars per unit and q is measured in 1000's of units.
What are the equilibrium price and quantity and what
is the consumer surplus?

Again, we find the equilibrium by setting supply
and demand equal:

32 = (1 - q)° + 35
39 =1 - 3q + 397 - q* + 3%
q’ + 3q - 36 =0

(9> + 3q + 12)(q - 3) = 0

4= - ——5—— , 3; so q* = 3

is the only real root., Then pt 5(3) = 3(2)% = $27.

The consumer surplus is the area between the
demand function and the line p = 27 on the interval
0<qcz<3:

3
J ({1 - q)? + 35 - 271 dq
0

3
[ ((1-q07 + 8] dq
0

3
= I (9 - 3q + 397 - ¢%) dq
o

3
- . 35]2 1 Qi
Ja - T g T,

Again, our units are incorrect since price is

given in dollars per unit while g is in 1000's of units.

i0



This is corrected by changing all price functions by a
factor of 1000 to convert the units to dolilars per 1000
units., This introduces a facter of 1000 into the

integral, so the consumer surplus is
. _ 81
CuS., = TT{IOOO) = §20,250. !

5. A THEORETICAL REMARK

One of the interesting aspects of this particular
application of the calculus is that the actual functions
we are concerned with are of a discrete nature -- they
jump from value to value -- and the approximation
18 continuous. Thus when we apply the integral to
calculate the consumer surplus, the actual answer is

the summation of the areas of rectangles,

n
z D(qk)Aqk’
whereas the integral is the approximation. However,
the definition of the integral as

b n
["p@) aa = 1im RRICEN
=1

a n-+x

Aqk+0

tells us that if the jumps Aqy, are small enough and
if the number of rectangles, n, is large, then the
integral will be a good approximation to the sum.

We are using this tool in a manner reverse to the
more usual applications. This idea is characteristic

of applications of calculus to cconomics.

6. EXERCISES

For Exercises 1 - 9 find the equilibrium price
and quantity and the consumer surplus for the given
supply and demand functions. Assume price is in
dollars per unit and guantity is in units, unless

otherwise stated. 11
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(1) S(a) = gghg. Dla) - =505

- — C =

(2) s(@) = prigggs Dla) = 10 - gghy

(3) S(gq} = 3q, D(g) = 6 - 3q, where q is in 1000's
of units.

(4) S(q) = 14 + q, D(q) = (6 - q)%, for 0 < g < 6
and q in 10,000's of units.

(5) S(4) =4, D{q) = 11 - for 0 < g < 1100.

4

100°

(6) S(q) =3q%, D(a) = (1 - @)® + 3, for 0< q< 2
and q in 1000's of units.

(7} S(q) = 69%, D(q) = (2 - q)? + 24, for 0 < q < 3
and q in 100's of units.

2
(8) S(a) = gradgeys D(@) = 25 - g

(9) S(q) = 3(q - 1)* + 3, D(q) = 12 - 9q%, where g
is in 10,000's of units.

7. PRODUCER SURPLUS

7.1 Problem

Make an argument, similar to that of Section 3
above, that the area under the supply curve for
0 < q < q* represents the value or cost to the pro-
ducers of the goods sold on the market. Continue
by showing that the area below the equilibrium price
line, p = p*, and above the supply curve, p = 5(q)
on 0 < q < g* is the surplus value which accrues to
the producers in a competitive market, the producer’s
surplus. Sketch a graph illustrating this concept,
similar to the graph in Figure 6. Give an integral
formula for the producer surplus similar to the

formula for consumer surplus at the end of Section 3.3,

7.2 Exercises 10 - 18

Calculate the producer's surplus, as defined
above, for each of the Exercises 1 - 9 in Section 6.
12



8. THE LEFLCT OF THE BELASTICITIES OF SUPPLY AND DEMAND

8.1 Linear Supply and Demand Curves

Supply and demand curves are often approximated
by Iinear functions as in Exercises 1, 2, and 3 in
Section 6. A general form for a supply and demand

situation with linear functions would be this:
Digy = A - By
5(q) = Cq

where A, B, and C are all positive constants.

§.2 FBlasticities of Supply and Demand

The quantity (1/Bl(p/q) is the c/asticity of domand
for D(q). The larger this number is, the smaller B is
for a particular point {(p,y) oand conscquently the demand
curve is relatively flat. This means that small changes
in the price arc associated with large changes in the
quantity demanded. The guantity demanded is sensitive —
highly elastic-~to changes in price. On the other hand,
1f the clasticity is small, so B is large, then a large
change in price will be associated with a small change
in demand. The quantity demanded in insensitive-—

inclastic—to changes in price.

Similarly the quantity (i1/C){p/q) 1s the elasticiiy
of supply for S{q). I{ this clasticity is large, then a
small change in price is associated with a large change
in the quantity suppliced, whereas if the elasticity is

small, a large change in price is associated with a

small change in supply.



8.3 Probien

Find the equilibrium quantity and price in terms
of the constants A, B, C for the general linear supply
and demand situation given above. Find the consumer's
surplus and the preducer’s surplus in terms of these
constants. Calculate the ratio of the consumer's surplus
to the preoducer's surplus and comment on how this is
associated with the elasticities of demand and supply.

9. _TWO-TIER PRICE DISCRIMINATION AND MAXIMUM REVENUE

9.1 Two-tier Price Discrimination

Although perfect price discrimination as described
in Section 3 is impossible, a monopolist seller or a
group of cooperating sellers may be ahle to do some
price discrimination. This can occur, for example,
when a producer markets a product under a brand name
and also, usually under a house name, in discount
stores. This practice discriminates between shoppers
who are induced by advertising to buy the "better”
brand name and shoppers who look for the bargain goods.
Of course, this is an oversimplified description of
the situation. Nevertheless, price discrimination
dees occur in varying degrees in a number of situations
due to imperfect information about the market and
other factors.

The most simple form of price discrimination
would be two-tier price discrimination where the seller
or cooperating group of sellers charge two prices.
Perfect two-tier price discrimination would occur
when all those willing to pay the higher price, Py
do. This occurs for the quantity, a1 where the line
p = P1 intersects the demand curve p = Dig). If we
assume that the other price which the sellers charge

is the competitive equilibrium price p* derived

14



earlier, then the total revenue to the seller is
Pid; * p*(gq* - 4;). (See Figure 7.)

revenue from higher price

P s(q)

i D{q}
——— revenue from lower price
q

a, q*

Figure 7. Two-tier price discrimination.

5.2 Problem: Maximizing of Revenue

Under two-tier price discrimination, how should
the seller choose P, S0 as to maximize total revenue?
What kind of assumption {stronger than the assumptions
needed to derive the consumer surplus) about the supply
and/or demand functicns is needed in order to apply

the calculus to this problem?

9.3 Exercises

For each of the following supply and demand
functions, find the price Py and quantity q; which

maximize total revenuc under two-tier price discrimination.

(19} Supply and demand as in Exercise 1,

{200 S and D as in Exercise 2.
(21} S and D as in Exercise 3.
(22) S and D as in Exercise 5.
(23) S and D as in Exercise 0.
(24} S and D as in Exercise 7.
{25) S and D as in Exercise 8.
{26) S and D as in Fxercisc Y. 15



10, MODEL EXAM

(a) Sketch the graphs of a typical supply function,

$(q), and a typical demand function, D(q),
with price as a function of quantity.

(b) On your graph, indicate the equilibrium
quantity, q*, and price, p*.

(c) On your graph, shade the region whose area

ts the consumer's surplus.

Let S(a) = ¢dg and D(q) = 6 - 515

(a] Find the equilibrium quantity and price,
q* and p¥*.

{b) Calculate the consumer's surplus.

(c) Calculate the producer's surplus.

Let 5(q) = /q and D(q) = & - q, where q is in

1000's of units.

(2) Find the equilibrium quantity and price,
q* and p*.

{b) Calculate the consumer's surplus.

{c) Calculate the producer's surplus.

Let S{q) = q and D(gq) = 12 - g*.

(a) Find the equilibrium quantity and price,
q* and p*.

(b) Assume that in two-tier price discrimination,
one price will be p*. Find the higher price,

Pys which maximizes total revenues.

16



11. _ SPECIAL ASSISTANCE SUPPLEMENT

Discussion of problems:

Problem 7.1: [f consumers could collectively
discriminate against the producers, then they would
purchase each additional parcel of the commodity,
Mgy, at just the price for which the producers would
be willing to supply it, S(qi). The total revenuc
would be the sum of the amounts reccived for these
parcels,

q*

b2 S(qi){\qi 5 J S{q) dyg.

0
This value of the goods sold to the producers is
represented graphically by the area under the supply
curve. However, the producers actually receive as
revenue the amount corresponding to the rectangular
area under the cquilibrium price line. Consequently,
the difterence is the producer's surplius value.
{(See Figure 8.1 This is given by the following
integral formula

Tk

q
J {p* - S(4)) dq.
{)

P
producer S(q)
surplus
p* =
= Dlq}
value to producers

- q
q®

Figure 8. Producer surplus.



Problem 8.3: S{q) = Cq and D(g) = A - Bg, so we

selve Cq = A - Bgq to get g* = B é ¢ - From S5{q*}) we
AC ’
get p* = Tr T -
The consumer's surplus is then given by
A

B+ . 2
Ve L AC _ ___A
C.8. = JU [A - Bg - Ejff]dq = B[Z(B +C)?]’
and the producer's surplus by
A
L
0

AC

) A2
P.5. = grc - Laldg = C[E?ﬁ":?irfl.

Comparing these we have the following fermulation:

C.5./P.5. = /0 = (IR O Denand
Consequently, the larger the elasticity of supply is
relative to the elasticity of demand, the greater the
portion of the surplus value which accrues to the
consumers is. This will happen if producers are more
sensitive to price changes than the consumers are.

Problem $.2: The producer should choose q, and
py to maximize the quantity Pydq * p*(g* - qlJ =
ql(p1 - p*) + p*g*. But the discriminatory price,
Pis and quantity, 4y, are related by Py = D(ql), s0
the quantity to be maximized can be written as

fla;) = q;(Dla;) - p*) + p*a*, 0 < q; < q*

This can be maximized by the usual methods of differ-
ential calculus -- find the critical points where

F'(ql) = 0 and check these and the endpoints, 0 and

q*, for the maximum valuc. Geometrically, it is clear
that the maximum will always bhe interior, so we may

omit checking the endpeints., In order to apply this
technique, the demand function, D(q), must be
differentiable. 1t is usually reasconahle to approximate
the actual discrete demand function with a differentiable

function, D(y).
18



L2, SOLUTIONS TO EXERCISES

= 9 = 4 ---9 _
5) = z5pp0 D(4) = 4 - 1e54p-
L S _ - - -
=550 = ¢ ngﬁﬁ q* = 15000. p* = S(q*) = 3.
15000 15000
C.5. = J (b(q) - p*)dq = J (4 - 1zapy - 3)da = $7500.
0 0
$(@) = z7g5. Dl@) = 10 - gy
57ap0 = 10 - gg%ﬁ > g% = 27009. p* = S(q*) = 1.
27000
= - L - =
c.s. J (10 T000 1)dq = $121,500.
0
S(q) = 3q, D{(q) = 6 - 3q, q in 1000's.
3 = 6 - 3g ® qg* = 1. p* = S(q*) = 3.
1
C.S. = 1000 I (6 - 3q - 3)dq = $1500.
0
S(q) = 14+q, D(gq) = (6-9)?, 0 < q < 6, q ib 10,000's

l4+q= {6-q)? = q*-13q+22 =0 = (q-11)(q-2) =0.
* q* = 2. p* = S(q*) = 16.

2
C.5. = 10000 J ((6 -q)? - 16}dq = $186,667.
0

19



${a) = ¥4, D(u) = 11 - yd5, 0 < q < 1100.

/q =

I
—
—

|

<

4

]

il
—
[t
[

(48]
5
+

Slo
!
.

2
Let x = 1—30 so x? = L; and this becomes
100

x? - 122x + 121 = 0 =* (x-121)(x-1) = 0 B x= 1,121

q* = 100, 12100, so q* = 100. p* = S(q*} = 10.
100
C.5. = I {11 - %ﬁ - 10}dq = $50.
0

5{q) = 39", D(q) = (1-q)? + 3, 0 <q < 2, q in 1000's

3q (1-q)? =g’ +3qg-4=0 =

(a-1)(a*+q+4) = 0 » q=1, 2TE

The latter roots are imaginary, so

q* = 1. p* = 5(q*) = 3.

1
C.S. = 1000 J ((1 -~ a)® + 3 - 3)dq = $250.

0
S(a) = 6q%, D(q} = (2-q)*+24, 0<q<3, q in 100's.

6g° = (2 - @ + 24 » q + 12q - 32 =0 =

(-2)(q*+2q+16) = 0 » q = 2, ~Zp——=

q* = Z and p* = S(q*) = 24.
2
C.S. = 100 J ((2 - q)* + 24 - 24}dq = $400.
0
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8.

10.

11.

5(q)

2

500,000

2

34 - I
go0, 0000 la) = 25

.9
25 - 7500

200°

i - 9
letting X 700

»

=

Ix2 4+ 20x-500=0 = (3x+50)(x-10)=0 =

Jdg = §22,500.

x = 10, -50/3 =q = 2000, -19%99 ,
q* = 2000. p* = D(g*)} = 15,
2000
C.5. = f (25 - 4d - 15)dq = $10,000.
0
S${q) = 3{q-1)*+3, D(q) = 12-99%, q in 10,000's
3(gq-1)%+3 = 12-9g° = 3q°+8q-12 =0
3(q _1}(q2 +q+4) =0 2 q =1, T % - 16
q*¥* = 1. p* = D(gq*} = 3.
1
¢.S. = 10000 J (12 - 9q% - 3)dq = $00,000
0
= = PR S
S(a) Eﬁ%ﬁ’ Dla) = 4 - 75 a0
and from #1, g* = 15000, p* = 3.
q* 15000
P.5. = J (p* - S(a))dq = (3 - gé%ﬁ
0 0
; . - R
S(a) = Fqgee P40 = 10 - 3060
and from #2, gq* = 27000, p* = 1.
27000
P.S. = (1 - sedeoddg = $13500.



12.

13.

14,

15.

17.

S(gq) = 3q, D{q)

and from #3, q*

5(q} =

1

[}
o

39, q in 1000's

1, p* = 3.

J (3 - 3q)dq = $1500.

0

14 +q, D(q) = (6 -q)2, q in 10000's

and from #4, q* = 2, p* = 16.

-l
421
"

S(q) =

and from #5, gq* = 100,

13

5{q)

10000

Yq, D(q)

100

2
J {16 - (14 + gq))dq = $20,000
0

2

11 -

00
®* = 10.

e

(10 - /§)dq = $333.33

0

3%, D{q) = (1 - g)? + 3, q in 1000's

and from %6, gq* = 1, p* = 3,

=]
195]
]

S5(q)

1

1000 J (3 - 3g%)dq = $2000

0

6q%, Di(g) = (2 - q)% + 24, g in 100's

and from #7, gq* = 2, p* = 24,

el
w
"

H

S(q)

1006 I

o

2
(24 - 6q%)dg = $3200.
= 25 - 4_

3 2
850,000 D@

200

and from #8, gq* = 2000, p* = 15

2000

3 2
(15 - gﬁﬁgﬁﬁﬁ]dq = $20,000
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18.

19.

20.

2.

22.

S(q) = 3(q - 1)° + 3, D(q) = 12 - 947, g in 10,000
and from #9, gq* = 1, p* = 3,
1

P.S. = 10000 J [3 - (3(q - 1) + 3)]dq = $7500.
0

S(a) = 55y » DM@ = 4 - 1edoo
*

and from #1, g* = 15000, p* = 3. Maximize

's

q

flay) = a,((4 - =gy - 3) + 45000 on 0<aq <15000
2q
1

—

£'¢ay) = 1 - eggg = 0 if 4, = 7500,

Thus, q 7500 and = D(g,) = $3.50.
1 Py 1

$(a) = zvdpy » D(a) = 10 - zobe
1

and from #2, q* = 27000, p* = Maximize
91
£(q;) = ql[lﬁ - 3507 - 1] + 27000,

q
- - 1 = 1 =
f'[ql) = 9 1500 = 0 if q 13500.

Thus, q; = 13500 and p; = D{q;} = $5.50.

S(q) = 34, D(q)

and from #3, gq* = 1, p* = 3, Maximize

£(ay) = q (6 - 3q, - 3) +3.

6 - 3q, g in 1000's

f'(q1] =3 - bgq, = 0 if 4y = 5.
Thus, q, = % and P, = D(q]) = $4.50.

S(a) = q, Dla) = 11 - iy

and from #5, q* = 100, p* = 10. Maximize

q

fla,) = ql[ll - Tﬁﬁ - 10| + 1000.
q

£riq) =1 - g% = 0 if gy = 50.

Thus, q; = 50 and p, = D(qq} = £10.50.
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23,

24,

25.

26.

S{q} = 3q%, D(q) = (1 - q)* + 3,
and from #6, g* = 1, p* = 3. Maximize
f(QI) = qlf(l - q1)3 + 3 - 3] + 3,

fl(ql) = (1 - Q)g = 3q1(1 - q1)2

a - ql)z(l - 4q;) = 0 if q; = %, L.

Thus, q; = % and By - D(ql] $3.42.

S(q) = 69*, D(q) = (2 - q)° + 24
and from 47, q* = 2, p* = 24. Maximize
fla)) = q (2 - qy)® + 24 - 24) + 48,

£10q)) = (2 - qp)? - 3q.(2 - q))°?

= (2 - q)?"(2 - dq) = 0 if q = %, 2.

Thus, 9, = % and p; = D(ql) = $27.38.

$() = gradgeys D) = 25 - Hdp

and from #8, q* = 2000, p* = 15. Maximize

q
£(a;) = aq(25 - g5 - 15) + 30000.

9 .
f (ql) = 10 - o0 = ¢ if q; = 1000.
Thus, q; = 1000 and Py = D(ql) = §20.
5(q) = 3(q - 1)° + 3, D(q) = 12 - 9q°2
and from #9, g* = 1, p* = 3, Maximize
f(ql) = q](lz - 9q12 - 3) o+ 3.
f'(a;) = 9 - 27q;% = 0 if q; = JI73.

Thus, q; = V1I/3 and Py = Dlay) = $9.
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13, SOLUTIONS FOR THE MODEL EXAM

Sce Figure 6.

5(q}

(a)

(b)

(<)

S(q)
(a)

(b}

(c)

S(a)

(a)

(b]

= zg5. Dla) = 6 - Fdg .

9 = I ® = * = Grg*) =
<00 6 sy 9 1000, p 5(g*) 2.

1000
- = R =
C.5. = J (6 - 545 - 2)dq = $2000
i
1000
= -4 =
P.S. J (2 - @y)dq = $1000.
0

= /q, Dlg) = 6 - g, g in 1000's.

Vg =6-q + q=236-12q9+q°= g’ -13g+36 =0
= (q-4)(g-9) =0 = q =4 orY,

so q* = 4, p* = S(q*) = 2.

4
€.S. = 1000 [ (6 - q - 2)dq = $8000.

0
4

P.S5. = 1000 I (2 - ¥Yq)dgq = $2666.67.
0

[}
L
[w]
—
el
—
"
[
~
'
o)
[N

q =12-q° = g*+q-12 =0 = [(g+4)(q-3) =

= g =3, -4, so q¥ = 3 and p* = 5(q*} = 3.
Maximize f(q,) = q(12 - q12 - 3) + 9

friqy) = 9 - 3q12 =0 if q = 13 so

q; = V3 and Py = H{ql] = §9.
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