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6.8 Spherical Harmonics

Spherical harmonics occur in a large variety of physica problems, for ex-
ample, whenever a wave equation, or Laplace's equation, is solved by separa
tion of variables in spherical coordinates. The spherical harmonic Y, (0, ¢),
—1 < m <, isafunction of the two coordinates 6, ¢ on the surface of a sphere.

The spherica harmonics are orthogona for different [ and m, and they are
normalized so that their integrated square over the sphere is unity:

2m 1
/ do / (o8 0)Ypr s * (0, ) Yim (0, &) = 6116m/m (6.8.1)
0 -1

Here asterisk denotes complex conjugation.
Mathematically, the spherical harmonics are related to associated Legendre
polynomials by the equation

l Il —m)! .
Vim (6, 6) = 1|2 ;1 EZ+Z§!le(cos 6)eime (682)
By using the relation
Yi,—m(0,0) = (=1)" Y *(0, $) (6.8.3)

we can aways relate a spherical harmonic to an associated Legendre polynomial
with m > 0. With z = cos 6, these are defined in terms of the ordinary Legendre
polynomias (cf. §4.5 and §5.5) by

PM(x) = (=1)™(1 — x2)m/2jx—mpl (z) (6.8.4)

The first few associated Legendre polynomials, and their corresponding nor-
malized spherical harmonics, are

P(x)= 1 Yoo= /&

Pl(z)= — (1 —a2)1/? Yii=— \/Egzﬁsin@ei‘;5
Pl(z)= = Yi0 = \/gcosﬂ

P2(z) = 3(1—22) Yoo = 1 1/32 sin® e>

P} (z) = -3 (1 —2?)Y/%z Yo = — \/éiisinﬂcosﬂew
PYz)= L(32%-1) Yo= /& (Gcos?0-1)

(6.8.5)

There are many bad ways to evaluate associated L egendre polynomia s numer-
ically. For example, there are explicit expressions, such as

o (D)™ +m)! 2vm/2 ((=m)(m+1+1) (1-x
P@) = ity L™ [1‘ H(m+1) ( 3 )

N (—m)(l-m-1)(m+Il+1)(m+1+2) (1—x>2_”.]

2l(m+1)(m + 2) 2
(6.86)
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where the polynomial continues up through the term in (1 — x)'=™. (Seel1] for
this and related formulas) This is not a satisfactory method because evaluation
of the polynomial involves delicate cancellations between successive terms, which
aternate in sign. For large [, the individua terms in the polynomia become very
much larger than their sum, and all accuracy is lost.

In practice, (6.8.6) can be used only in single precision (32-bit) for I up
to 6 or 8, and in double precision (64-bit) for [ up to 15 or 18, depending on
the precision required for the answer. A more robust computational procedure is
therefore desirable, as follows:

The associated Legendre functions satisfy numerous recurrence relations, tab-
ulated in[1-2]. These are recurrences on [ alone, on m aone, and on both [ and
m Simultaneously. Most of the recurrences involving m are unstable, and so
dangerous for numerical work. The following recurrence on [ is, however, stable
(compare 5.5.1):

(I—-m)P"=xz2l-1)P" —(1+m—-1)P", (6.8.7)
It isuseful because there is a closed-form expression for the starting value,
P™ = (=1)™(2m — 1)I1(1 — 2%)™/? (6.8.8)

(The notation n!! denotes the product of al odd integers less than or equa to n.)
Using (6.8.7) with! = m + 1, and setting P’ ; = 0, we find

Pl =x(2m+1)P (6.8.9)

m

Equations (6.8.8) and (6.8.9) provide the two starting values required for (6.8.7)
for general |.
The function that implements this is

FUNCTION plgndr(1l,m,x)
INTEGER 1,m
REAL plgndr,x
Computes the associated Legendre polynomial P/ (z). Here m and [ are integers satisfying
0 < m < I, while z lies in the range —1 < z < 1.
INTEGER i,11
REAL fact,pll,pmm,pmmpl,somx2
if(m.1t.0.or.m.gt.l.or.abs(x).gt.1.)pause ’bad arguments in plgndr’
pmm=1. Compute P,
if(m.gt.0) then
somx2=sqrt ((1.-x)*(1.+x))
fact=1.
don i=1,m
pmm=-pmm*fact*somx2
fact=fact+2.
enddo 11
endif
if(l.eq.m) then
plgndr=pmm
else
pmmpl=x* (2*m+1) *pmm Compute P7, ;.
if(l.eq.m+1) then
plgndr=pmmp1l
else Compute P, I > m + 1.
do12 11=m+2,1
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pll=(x*(2%11-1)*pmmp1-(11+m-1)*pmm)/(11-m)
pmm=pmmp1
pmmpl=pll
enddo 12
plgndr=pll
endif
endif
return
END
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6.9 Fresnel Integrals, Cosine and Sine Integrals

Fresnel Integrals

The two Fresndl integrals are defined by

Cz) = /0 Icos(gtz) i, S() = /0 " sin (5 an (6.9.1)

The most convenient way of evaluating these functionsto arbitrary precisionis
to use power series for small = and a continued fraction for large x. The series are

Cla)=o- (92 53?52! + (94 93?94! o

S(z) = (g) 33?31! B (g)s 73;_73' + (g)S 1?1-15! Y

There is a complex continued fraction that yields both S(x) and C(z) si-
multaneoudly:

(6.9.2)

14
C(z)+iS(z) = ;lerfz, z:g(l—i)x (6.9.3)
where
Fuierm L (L 121322 )
Zz+ z+ z+ z+ z+

6.9.4
1 1-2 3-4 ( )

- 71'(2z2+l— 222 +5— 22249— )
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