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NPEAUCIIOBHE PEZAKTOPA NMEPEBOJA

B nociensMe rofbl BHIIUIO HECKOJIBKO KHUI 1O HEITUHEHHOMY IIPOTpaMMEpO-
BaHMio, OFHaKo KHHra B. Bangu “Mertombl onTuMU3aIMK” 3aHKMAET CPelH HHX
ocoBoe MecrTo.

Kaxmasi kemra uMeer cpoero umratens. Kmura b. Baugu opleHTHpoBaHa Ha
TEX, KTO XOYET MCTOB30BATh METO/bl ONTHMU3ANMY KAK MHCTDYMEHT pellieHus
KOHKPETHBIX MPUMKIATHBIX 3a[ay, HO He MMeeT IPAKTHYECKH HUKAKHMX 3HAHWH B
ofinacTy HEMMHEHHOro MpOrpaMMHpOBaEMsA. Bee, U4ro HyXHO IS TeX, KTO XoueT
BOCIIONB30BaThCA KHMrol B. Baum, — ato mMeth npercrasnenne o GyHKUMAX 7
TIepeMEeHHBIX ¥ OBITh 3HAKOMBIMHK C A3bIxoM Beficuk. Jlna takoro Kpyra wurare-
Jeil KHUra JaeT 4eTKOe H JIaKOHMYHOE IPSHCTABIIEHAE O HONXOAC K PEHICHHIo 33-
pay ONTHMH3ALMHM ¢ OrpaHHYeHHAMH H Ges orpamuienuii, Kpome toro, B Hell MOX-
HO HaiiTit TOIpoGHOe ONMCAHMe ANrOPHTMOB (M MX MaTeMaTHyecKoe 0GOCHOBa-
HHME) HeBOJBUIOTO YMCNIA CTABUIMX YXe KJIACCHYECKHMH METOIOB HeNHHeHHOro
[porpaMmupoBanua. [loxanyit, OCHOBHOH “H310MUHKOH™ KHHMTH SBILACTCA HMEH-
HO TpHaJa MaTeMaTHYECKMH BBIBOJ — AIFOPHTM — HpoTpamma. Bce omucamHbie
MeTOZB! NPOMLTIOCTPHPOBAHEI GOIBIIMM YHCIIOM NPHMEPOB, UTO MEIaeT HIMOKE-
HUE KUBDBIM M JIETKO yYCBAUBACMBIM.

B Hacrosiee BpeMs, KOIa B HALUel CTPAHE BCE LIAPe PaCIPOCTPIHAKTCH Hep-
conanpHpie IBM, Ha KOTODBIX peanusoBal f3bik Beficuk, K nporpaMmam, Hami-
CaHHBIM Ha 9TOM A3bIKE, POABNAETCA Bomsmol uuTepec, NosToMy NpHBENSHHbIE
B KHHTE IPOrPAMMEI CTaHYT CYLIECTBEHHBIM HOJICTIOPhEM KaK MPH PElllCHHH [IPaK-
THNECKHMX 3alay, TAK K B y4eGHOM Kpomecce.

B xuury b. Banmy BOILLIH J@1eKo He BCe alTOPHTMbE ONTHMH3AIMH. s Tex,
KTO CTPEMHICH DACLUHPUTh YACIO MCIOIB3YEMBIX aiTOPHTMOB, HHKE IPHBEICH
NOTIOTIHATENBHBIA CIACOK NUTepatypul. B paborax [H1-12] moxHo Haitti Gomee
AETaNbHOE H MAaTeMaTHUCCKH IOJIHOC OIMCAHHE TEOPHM ONTHMH3AUMH, B KHMre
[13] ocHOBHOE BHUMAHME Y/IeNEHO BONPOCAM ONTHMU3AIMM TIPH HATTHUMH OT PaHH-
uermit, B paGorax {I4—J16] u3/0KeHBI aITOPHTMBI M MPHUBEACHHI TEKCTHI MPO-
rpaMm Ha Goprpane, pealH3yoLke PANTHYHBEIE METOMIBI YCIIOBHOM H Ge3yCIOBHOR
ontumusatui. KpoMe toro, B paGorax [J4—JI6] npuBeneHs! CpaBHUTENbHbIE Xa-
PAKTEPHCTHKY METOJIOB M Pe3yJIbTaThl pellieHHA Gomnpiuoro wicna 3afad. B smux
paboTaX MOXHO TaKke Haiiti mofppoGHoe o6CYXeHUE KPUTEPHEB 3aBEPUICHUS B
METOJAX ONTHMH3ALMY, YeMy B KHHTe B. Banmu He yaenserca JOCTATOVHOTO BHH-
MAHHA,

TIpuBerneHHbIC B KHUFE TEKCTHI IPOTpaMM GbUTH IpoBepeHbl Ha 8-pa3panHoi

3BM IBM PC XT, paGoTaroieii HOR, yTpaB/IeHeM ollepaloHHO# cucrembl MS DOS.

HOIIy'leHHble Pe3ynpTaThl HECKOJIBKO OTIHYAOTCHA OT NPHBENCHHBIX AaBTOPOM B
§
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TIPEAUCTIOBHE

Hacrosman xHura npemHasHaveHa [UTA TeX, KTO HMeeT NIPENCTaBIIEHHE O PYHK-
LHAX 1 TIEPEMEHHBIX U 3HAKOM C A3bIKOM IIPOT paMMHpOBaHua Beitcik. OcHOBHOM
YTOP CAENaH Ha OCMBICTIEHKE TOFO, KaK NpeoGpa3oBars TeOpeTHYECKyI0 HIEH B
HPaKTHIECKYH0 BBIMUCIUTENbHYI0 NPOneRypy. XOTA BCe pacCMOTPEHHBIE B KHHUTe
METO/ibl ONTHMH3AUMH NPUIOMHBI JUTA MPAKTHYECKOIO NPAMEHEHUA, OCHOBHOE
BHUMaHHe GbIIO Y/IENEHO He MaTeMaTHIeCKON CTPOrOCTH [0KA3aTeNbCTB, a IMaB-
HOH [T ~ CO3/TAHMI0 WITOPUTMOB, NPEHHASHAYCHHBIX [T PEAIH3ALME HA MHK PO~
IBM.

Mb! HaleeMes, 4TO WMTATENTb IPHITOXKHT CePbe3HbIe yCHITHA K TOMY, YTOOBI pa3so-
Gpathost ¢ npusenenHbIMu nporpavMMany. He Gynem, onsaxo, YTBEPXOATh, YTO HX
HENb3s yiywiinTh. [IbITasCh 370 CAeNaTh, WMTaTels HOMywWT Gojlee ryGoKoe npen-
CTaB/IeHHe 08 HIIEAX, NIEKAHEX B OCHOBE MEIOZOB OITHMH3ALMH MPaK THYECKUX
3a/1ad, KOTOPbIE IOJKHBI OBITh PEIICHS! B PEANbHON CHTYALHH.

He Bce Boamodxabie METONBI OIITHMU3ALIMH PacCMOTPEHBI B 3TOH KHUre, OAHAKO
MbI [yMaeM, 4T0 Te, KOTOpEIe GbUtH HaMM BbIGpaHbi, 0XBATHIBAIOT HAHBOTEE BAXK-

6

HBIE UMEU, JIeXAlHe B OCHO MuzanmH. OCTaeTcs ellle MHOTO HEpeILEHHBIX
BOIIPOCOB, U MBI HajleeMCH, YT0 HEKOTOpbIE UMTATENH, [IPOYTH ITY KHUI'Y , 3aXOTAT
BHeCTH COOCTBEHHBIH BKJIaN B YIIyUllIeHHEe METOHONOTHH M3YUeHUs METOMOB OITH-
MH3AIUH. -

Heckonbxo 3amevaHdil 1o TOBOMTY #3bIka Beiicuk 1 ero HCTIONBIOBAHHS B IT0H
KHure. [IporpaMmbt GbUTH HamCanbl TaK, YTOGbI HX BHITIONHEHME Ha TI0GOH MUK PO-
9BM BHI3BIBANIO MUHUMYM 3aTPyAHEHHH.

B oneparopax npucBausanus cnoBo LET 6bu1o onyieHo. [Iis HeKOTOPbIX Ma-
IUMH HATMUAE 3TOTO CNIOBa 0G3aTENbHO, M TOTIA ero HeoGXoMMMO BBOIMTS B TIPO-
rpammbl. B oneparopnt IF ... THEN GOTO 65510 BXIHOUEHO KITIOUEBOE CIOBO
THEN, x0Ts [Wif HEKOTOPHIX MALIKH BO3MOXHO OTCyTcTBEE nubo cnosa THEN,
nu6o omepatopa GOTO. He mcnonssoamucs woncrpyxums IF...THEN...
...ELSE, a taxke Bo3moxHoctH KoHCTpykum# REPEAT ... UNTIL..., no-
CKOJIbKY OHM He BCerna JOCTYNHHL. IIpefnonaranocs, Yo MacCHBBI HyMepywoTcs
¢ HyeBoTO 3TMeMeHTA. [109TOMY 19 MANIMH, Te HyMepalus MacCUBOB HauMHa-
eTcst ¢ 1, HeOBXOAMMO BHECTH HEKOTOPble HaMeHeHHA. Hanpimep, OMH U3 HaZex-
HBIX CNIOCOGOB 3aKJII0YAETCA B YBENMUUYSHWH BCeX HHIEKCOB, BKIIIOYaA MHIEKCHL B
onepatope DIM, na 1. Takum oBpasom, oneparop DIM A (M) npespamaercs B
onepatop DIM A(M+1), a oneparop B(K, L) — b onepatop B(K+1,L + 1).
O[HAKO B KOHKPETHBIX CIIyuafX YATaTeslh MOXKeT HaiiTh GoJlee H3SILHbIE CIOCOBHI
Momucukaumn. [IpuBeseHnble B KHATe WCTICHHble Pe3yJbTATh! NOTydeHb! Ha 3BM
PET. B cnyuae MCHONb30BaHUA APYTHX MAIUMH, B MAMATH KOTOPBIX WMAIA Ipe-
CTABNAIICHA C MHOM TOUHOCTBIO, TIOJyYEHHbIE Pe3yIbIaThi He OydyT TOUHO COBMA-
IATH C TIPMBE/IEHHBIMM B KHHI€, XOTA OTNHuHE GyIeT TONBKO B NOCHE/HUX 3HAYA-
WHX b pax.

B aaKJloueHHe XOTENOCh G651 MoGnaromaputs muccuc Banepu Xantep, npespa-
THBIITYIO IOBOIEHO BECTIOpAIOMHYI0 PYKONHCH B aKKYPATHO IePETeYaTaHHbIid TeKCT.

Bpaiian Banou, 1984
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B KHMre paccMOTpEHBI MeTO/IbI IOKCKA ONTHMAJIBHBIX 3HAUEHUH MAKCHMYyMa
WM MUHAMYMa QYHKIMK % JeHCTBHTENBHBIX NEPEMEHHbIX f (X, X3, ..., Xp).
Ecmi byHKua BEIpakaeT npubbLis, N0JTyYaeMyo IIPH TIPOUIBOICTBE TOBAPOB X;
B KOJIMYeCTBE Py, TO Mbl ByfIeM CTPEeMUTECS MAKCUMU3KPOBATh GyHKuuMo. Ecmu, ¢
ApyTOH CTOPOHBI, OHa BBIPAXKAET LIEHY TOBApA, YHACTBYIIIETO B 0BOPOTE, TO MBI
OynieM CTPEMHTECA MHHUMU3WPOBaTh GyHKUMIO. C MATEMATHYECKOH TOUKHM 3pe-
HHA HE UIpacT CYEIECTBEHHON POJTH, PacCMarTpHBaTh MaKCHMH3IAUHMIO HiTH MHHUMH-
3AHI0, NOCKONbKY MaKCUMM3aUMs [ SKBHBATEHTHAa MUHUMHK3anuH —f. MbI orpa-
HAMAMCS PACCMOTPEHHEM MUHHMU3ALVHN.

3HaueHHs MEPEMEHHBEX MOTYT LOJUMHATECA OFpPAHHYEHHSAM WM H3MEHATHCHK
Ge3 orparmvennit. ECH, HanpHMep, OHH [eHCTBHTENBHO BHIPAKAIOT KOJHYECTBO
ONPENENIeHHBIX NPOU3BOUKMbIX NPOMYKTOB, TO I[PH 3TOM OyfleT CyLIECTBOBaTb
OTPAHHYEHHE HA IPOH3BOMCTBEHHYIO MOLIHOCTD H OrPAHYYCHNHE HAa KOIMYECTBO TO-
Bapa, KOTOPOE MOXKET MOIIOTUTh phIHOK. TakkM 0Gpa3oM, moboe pelieHue ONTH-
MH3aLMONHOA 3ajaW JOJKHO YYHTBIBATb 3TH OTpanuuesud. Jna yno6ersa B u. I
PacCMOTPEHbI 328K, B KOTOPbIX H2 NEPEMEHHDbIe HE HATOXEHbE OTPaHAYCHHA,
a B 4. [I paccMOTpeHbI 3a1auH, B KOTOPBIX Ha NEpeMeHHbIe HATOXEHbI OT pAHHYE-
HHA.

B n000i MpaKTHYECKOH ONTHMH3ALMOHHON 3a[aue CYIIECTBYeT MHOIO COBIIa-
naroumx 31anos. Haubornee BaXHBIM 3TaNoM ABJIAETCH MOAENMPOBAHHE paccMar-
puBaeMol QUIKUCCKOR CUTYyallhy € LETbIO MOy YeHHA MATEMATHYECKON GyHKIMY,
KOTOPYH HEOGXOMMMO MHHHMHM3MPOBATH, 3 TAKXKe ONpENEICHHA OTpPaHMUCHWH,
€CJIA TAKOBBIE CYWIECTBYIOT. 3aTeM crieflyeT BbIOpaTh NMOAXOAALLYI0 [POUENYDPY
A OCYUWIECTBTIEHU S MUHMME3aIHH. 12 MpoHeaypa HOMXHa ObITh peam3oBana Ha
TPaKTHKE, YTO BO MHOTHX peanbHbIX CyYasX BBIHY)KIOaeT HCIOMb30BaTh IBM mus
BeIDONHEHUA Bomblioro ofpema BBIMKCICHMA., W HaKOHel, MaTeMaTHUYECKHI pe-
3YyNbTAT OOJXKEH BBITH P[HTepl'[peTHPQBa.H ONATH X B TepPMHHAX @HaHKCCKOFO co-
NepiKaHUA 333,

XoTA HM OJTHHM W3 DTHX 3TallOB HEJIb3A NpeHeGpeus, OCHOBHOR YNOp B HaCTOA-
el KHUTE CHejlaH Ha H3yueHHe NPOLeAyP, NPeNHAHAYEHHBIX AT OCY MeCTBIeHUA
MHHMMH3AIMA, H BO3MOXHOCTEH MX NpeoGpa3oBanuA B TaKie BBIWICIHTEISHBIE
IIPOLEMIYPhI, KOTOPBIE MOXKHO BBITIONHATS Ha IBM.

He cnyyaiido, 4o MHOTHE BaXKHBIE METOMbI ONTHMH3alMK GbUTH pa3paboTanb: B
TeueHHe Tpex NOCHeOHHX AECATWISTHH, B IEPUOM MOABNeHNA mH¢poBbix IBM,
3TH METOfb! ABIAIOICA MAIKHHBIMU. TPYIHO CUMTATH MX CKONBKO-HHOYOp Mpak-
THHECKH 3HAUAMbIMU Ge3 GomblIoH CKOPOCTH K 3B GEKTHBHOCTH BBIYMCITHTENBHBIX
MallMH, HMEIOLIMXCSA B HailleM pacrnopsokeHny. Ha MHOTHX yHMBepcanpupix IBM
HMEIOTCH MAKeThl [(POTPAMM ONTHMH3AUMH, peanusyloume 311 MeTofbl. OHM Mo-
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ryT 0KasaThca Becbma sddex M TIO3BOJIAT PELIMTH IIMPOKHH KPYT 3amay.
Tpr 3TOM OHM MOTYT GbiTh [IOCTATOUHO CAMOCTOATEIBHBIMH M HCTIONB3OBATHCA
Ge3 OlIEHKY TOTO, UTO IIPOHCXOIHT B JEHCTBHTEIBHOCTH. Jl1s DOTIBIIMHCTBA METO-
[OB, PaCCMATPHBAEMbIX B 9TOW KHMIE (TpHyeM He MCUEPNBIBAIIMX CIMCOK Cy-
[IECTBYIOILX *METONOB) , IpHBEReHbl Mporpammsl Ha ssbike Beficux. Jlano mop-
pobiHoe 0GbACHEHHE IPOLEcea CO3TAHMSA STHX IPOr paMM, JTO NIO3BONACT NO-HOBO-
My B3IVIAHYTb Ha HDHMEHMMOCTh METOMIOB ONTUMHU3ALKH.

B TeveHHe MHOTHX JIET Npor paMmMbl onpoBosanucs B Y HHBepcuTete . Bpanopn.
OpHaKOo aBTOP HE YTBEPX[IACT, YTO OHM ABIIAKTCA BEPXOM H3AWECTBA M addex-
TuBHOCTH. T10 Mepe Toro KaK wMTaTens GyfeT CTaHOBHIbCA Bonmee 3pyAMpOBaH-
HBIM, OH CMOXET 110NpOGOBATs BHOCHTb YIIyMIUeHHs B IPOrPAMMEL, ¥ aBTOPY Obl-
710 bl HETEPECHO Y3HATH TOUKY 3PEHWs UATaTeNlel M0 3TOMY Bompocy. Iiporpam-
MBI MOTYT BBITOMHATECH Ha GOMBLMHCTBe MHKPOIBM, HCIOMB3YIOUMX A3IK
Beitcuk i nporpaMmuoe obecrievene upmbl Computer Microsoft. Bee npo-
rpammbl ObUTM onpoGosansl Ha IBM PET u Tandy (TRS80). Hecrioxmo Bymer
“nepeBecTr’” STH MPOTPaMMbL Ha IPYTHE A3BIKH, TAKHE KaK ®oprpas wiu ANron,
yTOGB! OHM MOTJIH BBITIONIHATHCA U HA YHHUBEPCATbHBIX MAIIHHAX.
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TJABA 1. KIIACCHYECKHE METO/Ibt

1.1. OYHKUUM OIHOM IIEPEMEHHOMN
Dyuxuug f(x) uMeeT TOKaNsHbIA MUHUMYM B TOUKE Xo, SCMIH CYLIECTRY LT He-
KOTOpan TOJIOXUTENbHAA BeNMunHa §, Takas, 410 eciy |x — Xo! < 8, 10 f(x) >
> f(xo), T. €. eClIH CYLIECTBYET OKPECTHOCTE TOYKH X, TAKAA, UTO [UIA BCEX 3Ha-
uenuit x B 310H oxpecrHocTH f(X) Gombiue f(xo) . OyHKuMsA f(X) UMeeT rmo6ab-
HBI MHHHMyM B TOUKe X*, eclH JJIsi BCex X CIDaBeyIMBO HEPaBeHCTBO f(x) >
Zf(x*%).

Ha puc. 1.1 naHo rpadmueckoe npencraienye GyHKuMH f(X) , KOTOpas AMeeT
JOKIbHBI MHHUMYM B TOYKE Xo H MIOGAIBHBIT MEHEHMYM B TOUKe X*,

Knaccuueckyii MOJXOA K 3a1aye HAXOKAEHHA 3HAYSHHH Xo U X* COCTOUT B NOHC-
K€ YpPaBHEHWH, KOTOPBIM OHH [IOJDKHBI Y[OBIETBOPATh. [IpefcTaBieHHas Ha
puc. 1.1 dynxums H ee NPOM3BOMHbIE HENPEPHIBHBI, H BUAHO, YTO B TOYKAX Xo K
x* gpowssomHas f'(x) (Cpanuent GYHKWAM) paBHA Hymo. CHENOBATENHHO, Xo U
Xx* 6YNYT pelleHHAME yPaBHEHNU

’ =
() =0. a.n
TOuKa Xy, B KOTOPOH JOCTHrAeTCA NOKATBHBIH MAKCHMYM, M TOUKa X, B KO-

TOpOH HMeETCH TOUKA FOPH3OHTANBHOTO NMeperk6a GYHKLHH, TAKXKe YIOBASTBOPA-
10T ITOMy ypaBHeHMio. CnenoBarentho, ypasnense (1.1) Asnserca TonvKo #eoH-

flx)

EZY

o/ N\ /]
N
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XOOUMBIM YCITOBHEM MmmmyM'K’, HO He ABJIACTCA 0OCTATOYHbIM YCTIOBHEM MHMHHU-
MyMa.

3aMeTHM, OfTHAKO, UTO B TOUKAX X, M X* IpousBopmHat | "(x) MeHAET 3HAK C
OTpPHUATENBHOTO Ha NONOXUTENbHLIH. B T0UKe X, 3HAK MEHACICA C TONOKHTEID-
HOTO Ha OTpHUATENBHENA, B TO BPEMS Kak B TOUKe X, OH He Menaetcs. Cllenosa-
TEJIBHO, TIPOWBOINAA B MMHHMyMe SBNseTcH BO3pacTamoieldt dyHwumed, a no-
CKONBKY CTelleHh BO3pacTaHus f'(X) H3MEpAeTCA BTOPO# TPOU3BOJHOMN, MOXKHO
oxmRats, ato £ (x0) > 0, £ (x*) >0, Torma xax [ (x,;) <O.

Eciiu, OnHaKo, BTOpast NPOM3BOIHAS PaBHA HYII0, CHTYAMS OCTAeTCs Heompe-
JieN eHHOM .

TlonyyenHsle BBILle pe3yNbTaThl MOTYT HalTH HajexHOe OGOCHOBaHHe, eCiiH
paccMOTpeTy pazmoxerye dbyskmuu f(x) B pan Teitopa B OKpeCTHOCTH TOUKH
Xo (W X*, WIH X,,), 4TO, KOHEUHO, TpefyeT HelpepbIBHOCTH dyHkummn f(x)
U &€ NPOH3IBOJHBIX

hZ
SCo+ 1) =S Cxg) = Bf7(xg) + 0 7 (o) o+ 1.2

EC/IH B TOUKE Xo JOCTATAETCH MHHHMYM, TO jeBas yacth (i.2) GymeT HeOTph-
LaTenbHOM A M06oro gocrarouHo manoro # (|| < §). CreposarelbHo, epBas
mpouaBopHas f'(xo) HOMxHa GHITH paBHA HYIIO, M 5TO ABIAETCHA AOCTATOYHBIM
ycnosuem (cm. ypasHenne (1.1)). Ecmu 681 OHa Ghina TONONMTENBHOH, TO JI0-
CTATOYHO MaNOe OTPHHATENBHOE 3HaveHwe /1 menano 6l npaBylo yacte (1.2) ot-
PHMLATENBHOH, 4 ¢ClH Bbl OHAa GbUIa OTPHUATENBHOH, TO HOCTATOYHO MAIOE MOJIO-
HUTETBHOE 3HAYEHHE A AeNAIO BBl IPaByIo YaCTh OTPULIATENTBHOM,

Tak xax B cienylomem wiere (1.2) scerna 7% > 0, 10, ecin

£ (o) >0, 1.3
B TOUKe Xo HOCTAractcs MuHEMyM. Eomn f'(xp) = 0u £ (xy) < 0, 10 13 ana-
JOTHYHBIX COOGpa}KEHHﬁ B TOUKE X, MOCTUTACTCA MAKCHMYM, Hﬂﬁ OIIpeNeTICHUA
pasnuyyd MeXAy JIOKalbHBIM K TIIOBATBHBIM MHUHHMYMaMH HeOGXOaHMO CpaB-
HUTH 3HaUeHMA QYHKUME f(Xo) H f(x*).
Tpumep 1

HccrenopaTh XapaKTep Touek NMeperu6a dynximm f(x) = x* — 2x* +x+ 1
fi(x) =3x* ~4x+1=0,
Torma (3x — )(x—1) =0,T.e.x=1/3wmx= 1

Mpu x = 1/3 npoussomnas f'(x) MeHseT 3HAK ¢ MONOXHUTENEHOTO H2 OTPHUATEIHHBI, a

mpH x = 1 — ¢ OTPHUATENBHOrO Ha NONOXuUTeNEHbE. CllenoBaTensHo, B TouKe X = 1/3 pocru-
TaeTC MAKCHMYM, 4 B TOUKE X = 1 — MUHHMYM,

DTOT IpHMED MOXeT GBITH petlie Goree TIPOCTHIM CTIOCOGOM, eCTlH BEITHCIHTD
BTOpYI0 TipoH3BomHyI0 [ (x) = 6x —4:

£(1/3) =2, 1. e. oTpunaTenbHa, ¥ IpH X = 1/3 NOCTUTa€TCA MAKCHMYM;

£7(1) =2, 1. e. MONOXHTENbHA, ¥ TIPH X = ] TOCTHTAETCA MUHHMYM.

HeomHO3HAYHOCT, BOSHUKAIYIO IPH f"(x) = (), MOXHO Pa3pelmTh, YBETH-
WMB KOHYeCTBO WIEHOB B (hOpMyTie pasnoxerus B pay Teimopa:
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ITpu 310M MOXHO cHOPMYITHPOBATH CIIeAyIolee IPABWIO:

Ecin dynxuma f(x) H ee IpOH3BOIHbIe HENPEPbIBHLI, TO TOUKE Xo ABJIACTCH
TOYKOH 3IKCTpeMyMa (MAaKCHMYMa WM MHHMMYyMa) TOTAZ, H TONEKO TOT[a,
KOI[Ia N YeTHOE, Tlie N — TOPANOK Neprol HeoGpamaromeica B HYIIb B TOUKe
Xo TpouseopHoit. B f7(xo) < 0, T0 B TOUKE X HOCTMTAEICA MaKCHMYM,
ecnmu [ (xo) >0, TO B TOUKE X9 NOCTHraeTCA MHHUMYM.

Tlpumep 2
Haitrn Touky Nepern6a Gynxmme f(x) = (x — 1)°¢:

f{x)=6(x-1)°*=0mpux=1.

Tlepmo#t ReoBpammawmedics B HyNb B TOYKe x = 1 npoussonHoH Gymer f “(1) = 6!. CnenoBa-
TeNbHO, GYHKIMA f(X) MMeeT MEHHMYM B TOuKe X = 1.

1.2. ®YHKIIMY n NEPEMEHHBIX
PaccmoTpuM GYHKIMIO 1 [IeACTBHTENbHBIX TIEPEMEHHBIX

flxn %2, %50, %) = f(x).

Touka B n-MepHOM €BIJIHIOBOM IIPOCTPAHCTBE C KOOPIMHATAMM X1, X2, X3, - - .«
, X, 0603HaYaeTCs BEKTOPOM-CTONBIOM X. ['panuent dbyHKiuY, T. €. BeKTOp C

KoMmoHenTami Off0x 1, df/0xa, . . ., Of/ox,, oBosnauaerca Vf (X) wrH, HHOTHA,

g(x). Marpuua ecce (reccuan) dynximan f(x) oGosnayaercs kax G (x) n apnser-

€T CHMMeTPHIECKOHR MATpHIleH 2 X 7 37eMEHTOB BUIA

af
U7 Gxiox;

OyHkuua f(X) HMeeT TOKAIbHbIH MUHUMYM B TOUKE Xo, ECIIH CYLIECTBYET OKpPECT-
HOCTh TOUKH Xo, TaKad, 4to f(x) Gomplte f(Xo) BO BCeX TOYKAX ITOH OKPECTHO-
CTH, T. €. CYLIECTBYET MOJIOXUTEIbHAA BEIHUMHA §, TaKas, 4To A [X — Xo | <8
CUPEBEITUBO HepaBeHCTBO f(X) = f(Xo).

B ciyvae roGaIHOTO MEHEMYMA B TOUKE X* U1 BCeX X CTpaBEyIHBO Hepa-
BeHCTBO f(X) > f(x¥).

pu TaKux OUpemeNeHusaX I OYEBHIHBIX MPENNONOXKEHHAX OTHOCHTEIBHO U -
GbepermupyeMocTH MOKHO 0606umTs ypasHeHHe (1.2) u nonyuuTs

3,
S+ 0= fi)= S, f(x,,..,xnnﬂz o A
ox; 2 ici= Y oxpox;
= KT U/ (x;) + $hT Gl + - -- (14)

Torna, ecin x, ABNAeTCA TOUKOH MUHMMYMa GYHKIMH f(X), TO KaXaas rep-
Bast uaCTHa# npoussopHan of/ox; (i =1, , 1) IOMXHa ofpaliaTscs B Hynb B
TOUKe Xo. ECTH 310 He TaK, 10 coomercmymm;ﬂm BBIGOPOM A; MOXHO JOBHTbCA
1010, Y10 pasHocTh f(Xo +h) — f(Xo) Bymer oTpuuarensHa.

12

CiegoBaTelIbHO, HeOGXOHMMBIM ycnosdeM MHHYUMYyM2 B TOYKEe Xo ABIACTCA
ypaBHCHHE

Vf (%) =0, @5

T. €.

3f(xo)7o (=110 1.6)
ax;

Torya 38aK passioct f(Xo +h) — f(Xo) ompenenserca wetoM

%hTG(xo)h. a7

Ecn matpuna G(Xo) TNONOXMTENBHO ONpefesieHa, TO 3TOT WIeH TNOJONMTeNneH
s Beex h. CnenoatenhHo, HEOGXOMMMBIMHE M AOCTRTOUHBIMA YCIOBHSMH MUHH-
MyMa ABIATCS

VF(x0) =0, G(Xo) NONONUTEIBHO ONpeResieHa. (1.8)
HeoBGXOMMEIMH M JOCTATOUHBIME YCIOBHAMHE MAKCHMYMa ABAAIOTCA

Vf (%m) =0; G(X,,) OTpHLATEIHHO ONperereHa. (1.9)
Tipumep 1

Hccrefylite SKCTpeMansiyo Touky (Touxd) dyskmmt f(x) = x3 + x3 + x§ —4x, —
— 8x, — 12x, +100:

2x,— 4

V/(x)={ 2x,— 81=0 mpu x,=2,x,=4,x,=6.
2x,— 12,
2 00

G0 {0 2 0 | o ronowromnt

0 0 2 M paBHHI 2.

CrenopatesnisHo, B Touxe (2; 4; 6) dyHxuud f(x) HOCIH AT MEHHMY M.

1.3. METOL HbIOTOHA

Jinsa GyHkuuil OOHOM TMepeMeHHOH KIaCCHIeCKMH HOXON NpH NOMCKe 3Hade-
HEH X B TOUKAX TlepernGa dyHKuum f(X) COCTOMT B pellIecHMH ypaBHeHHs

e =0
PellTy TaKOe ypaBHeHHe He Beerna Mpocto. [TosroMy KpaTko paccMOTpHM
\MCTIeHHBIH MeTOR ero penenys. [IpHGIH3HTbHEL 3cKu3 KpuBoit ¥ = f'(x) mo3-
BOJIAT IONYWATh MpHGIIHKeHHOE pelllehne. ECTIH MOXHO HaliTH 11Ba 3HAYeHus 4 M
b, Takux, w10 f'(a) u f'(b) MMEIOT MPOTHBOTONONHbIE IHAKH, TO TOTHA, B CHILY
OYEBHAHBIX ILPE/NONOXKEHHHA O HENpPepHIBHOCTH, GY/eT CYIUECTBOBATE KOpEHs 7
HACTOSILIEro ypaBHerus, npraema <7 <b (puc. 1.2).
13
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Puc, 1.2 Puc. 1.3

Meron Hei0TOHa O3BOJNIAET YIYMIHT, OTHOCHTENEHO TPYGYI0 ANIPOKCHMALHIO,
uTOGLI HONYWHTH KOPeHs ypaBHEHHA ¢ (x) = 0. [B manmoi sanage ¢ (x) = f'(x).]
Ha puc. 1.3 Touka x, , apnsmomasics KOODAMHATOM X TOUKH P, NpencTaniser co6oi
ANIMPOKCHMALHMI KOPHH ypasHeHus ¢ (x) = 0. Ilycts PT — kacaTensias K KpHBOR
B TouKe P, a T — TOUKa, B KOTOPOH KacatenbHas nepecexaer ock X. Torma B 06-
uiem ciyvae O ABIACTCA Nyylled aNNpoKcHMAHed KOPHS, TeKamero B 1ouxe K.

Teneps 0T=04 — TA =x, — TA. Kpome Toro,

PA ’
— =t U = Xo),
T4 =18 ¥ =9 (x0)

CIIEIOBATEIIBHO,
P4 _ w(x0)

= ¢'(x0)  ¢'(xo)

#(xo)
¢'(x%)
AHAITOTYYHO MOJKHO NOITYWHTh YITydIleHHOe 3HaYeHue I8
o(x1)
@' (x1)
H B 00ILeM ciryyae
wlx,)
9'(x)

Xy =Xo —

Xo =Xy —

Xew1 = X

(1.10)

Hrepamiy MOryT GBITH IPOIOIKEHET IO TeX IO P, MOKA TS ABYX NOCT eAYIOIINX
annpokcumaiui He Gymer DOCTHIHYTa TpeGyeMas Tounocts. ITpuBeneHHan Huxe
MpOrpaMMa pedTi3yeT 3T0T arOPUTM. Y HUBEPCATEHOCTh NPOrPaMMBE JOCTHT 2€T-
A 33 CUeT TOTo, Ur0 dyHKuuA F = p(X) BhrMcnsercs B IOQNpPOrpaMMe, HaMMHas
co crpoxu 1000, a Gynxums D = ¢'(X) BHUECALETCS B MOMIPOrpaMMe, HATHHAS
co ctpoxu 2000, oI MPOH3BOIIBHOTO 3HaYeHHA X. TOUHOCTH pereHUs MOJXKeT ObITh
3a7IaHa OCTATOUHO MATIOH BenmumHoR F. 3Hauenue dyHxkumn FF = f(x)[f'(x) =
=¢(x)] BeMMCIAETCA B NOANPOrpaMMe, HaukHast ¢0 CTpoku 3000,

14

10 PRINT "THPOI PAMMA NOWCKA TOYEK NEPEMKBEA PUHKUUW Fix) "
20 REM PUHKUKR Fix) BUIMUC/RETCA B CTPOKE 3000

30 REM MNEPBAR NPOUIBOAHAR F'Go BWMUCAAETCR 8 CTPOKE 1000
40 REM BTOPAR NPOW3BOAHAA F7(x) BUYHCARETCH B CTPOKE 2000
BO PRINT "TPEBUEMAA TO4HOCTB ':INPUT E

&0 PRINT "HAYA/LHOE 3IHAYEHME™INPUT Z

70 PRINT "™SPRINT "TOCAEAOBATENLHHE AMMPOKCHMALIMK *

80 X=Z

90 GOSUB 1000:GOSUB 2000

100 Z=X-F/D .
110 PRINT X,2

120 IF ABS(Z-XDE THEN BOTQ 80

130 PRINT "

140 X=Z:GOSUB 10001BOSUB Z000:GOSUB 3000

150 IF D>0 THEN PRINT "MUHUMUM PABEH"FF"B TOYKE"
160 IF DCG THEN PRINT "MAKCUMUM PABEH"FF"B TOHKI
200 END

1000 F=X-COSX)

1010 RETURN

2000 D=1+8INCX)

2010 RETURN

3000. FF=X#X/2-8INO}

3010 RETURN

Tlpumep 1. o
Haitts MEHEMYM byHKUEH ¥ = %x? — sin x.
{IpuBeeHHYIO BBIIIE IPOTPaMMY MOXHO HCNOL30BATS [U1A PENICHHS 3TOH 3amaun:

F0x) = Yx® ~ sinx.
U3 npuBeHeHHOR HIXe PACIIEYATKH Pe3yNILTATa TIONyIHM
¢ (x) =f'(x) = x ~ cosx = 0 npux = 0,7391.
Dynkuus ¢’ (x) = 1+ sin x nonoxurensra mpy x = 0,7391.
CrepoBaTensHO, MEHUMYM DyHKIMH ¥ = —0,4005 n poctHraerca npu x = 0,7391 ¢ tou-
HOCTEIO /10 YeTHIPEX [ECATUUHBIX 3HAKOB.

FIPOFPAMMA FIOWCKA TOMEK MEPETUBA PUHKLUUM Fix)
TPEBWMEMAA TOYMOCTH

-00001

HAYANBHOE 3HAYEHWE

P

NOCAEAOBATEAILHEE ATNIIPOKCUMALMK

-1 7552225
7552225 7391418
27391416 7390851

7390851 -73%0851

MUHMMWM PABEH -.4004884 B TOHYKE, .7390851

v
P
%
7
% %% z
# Puc. 1.4
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[image: image8.png]Tpumenenne Meroma HploToHa Gymer HeynadHeIM, eCilH TIEpBas aNNpOKCHMA-
UM KOpHA TAKOBa, 4TO OTHOMIEHHE ¢ (X, ) /¢  (¥Xo) HEAOCTATOWHO MATO (pHc. 1.4).
Jins Toro yro6bI HTEpallMH CXOIWIHCH, B OBIIEM CITy¥ae HeODXOMMMO YITyquIRTh
HAuATbHYI0 AMIPOKCHMALMIO KODHS,

1.4. YIIPAXHEHHUA

1. Hatimure 3HaYeHUA MAKCHMYMa H MEHEMYyMa dyRxmER f(x) = x(x — 1) *.

2. HaitmiTe 3HaueANs: MAKCHMYMa ¥ MUHAMyMa QYHKIMH f(x) =x/(x* +1).

3. IToxaxure, Yo MEHUMAJIBHEIM 3HAuYeHHeM QyHKIUMK g cosd + b sin @ senseTcs —
Moxere ITH Bbl TNIOAYYUTH ITOT Pe3yBbTAT, He UCTIONIBE3Y A HPOH3BOHX‘H‘JX?

4, PaBHOGEIpeHHBIH TPEyTONBHUK ¢ BEPTHKANEHEIM YITIOM 20 BIMCAH B OKDYXKHOCTh Pajiu-
yca 7. Hafiiure BEIpakeHHe 1A TUIOLIATH TPeYTONBHHKA Kak PYHKIMH OT 6 K IIOKAKHTE,
4TO OHA MAKCHMAIBHA, KOT/IA TPEYTONBHUK PABHOCTOPOHHHH.

5. Wcenepyhre pynkimo f(x) = x*/* — 1. Hapucylize ee rpaduk. Ilokaxure, uTo f(x) nme-
eT MMHEHMYM TIpH X = (. Yemy paBHo 3HaveHne f'(x) mpH x = 0? Menser nu 3nax f'(x),
€CIM X BO3PACTAET ipM NIPOXOXIEHun uepes 07

6. Hccnenydite dysxmmo f(x) = |x|. Hatimure ee MyummMym, Y10 MOXHO CKa3aTh OTHOCH-
TENEHO HOBeeHHA [ (X) B TOuKe MHHUMYMa?

7. Halipure MeHuMyM QyRKIERE —e % sh(x/2).

8. B Ipomecce NPOHIBOICTEA ONPSTENIEHHOTO KOTIMUECTBA HEKOTOPOTO TOBapa ero UeHa ycTa-
HaB/MBaeTCA papHON £K. ToBap XpaHUTCA Ha CKJIafe JIO TeX op, TIOKa He Gyner Henob-
20BaH, H CTOMMOCTS XPaHeHUs OQHOMN efUHUIIBI TOBAP2 COCTABNACLT £S5 B eMMHHIY BpeMe-
Hu. HopMa noTpeGlieHus ToBapa cocTapnser R B efuHuiy Bpemenu. [fokaxure, uTo ecru
TOBap NPOMIBONMTCA PETYNIAPHO B KOJHUECTBE X B TEUCHHS BPEMEHH X/R, TO CTOMMOCTE
DYHKUMOHHPOBAHHA TAKOA CHCTEMBI B eNMHMILY BPEMEHH

KR Sx
e

x 2

+b*.

C=

TMokasxwTe, 4TO cTOMMOCTS C OCTHTAeT MUHUMYMa IIpH x = +/ 2KR/S .

9. Uccrenyitte Touku mepern6a dynkunm f(x) = x* — 14x° + 60x? — 70x. [Iror Kaxy-
uites IPOCTBIM fpHMep WITIOCTPUPYET OMHY H3 KIaccuueckux 3apay. TpeGyerca peumts
ypaBHeHHe f'(x) = 0. B naHHOM cyuae OHO SBIAETCA KyOMUECKMM ypaBHEHHeM, KOTO-
poe He TaK IIPOCTO PacKIIANBIBAETCHA Ha MHOXHTemH. HeoBhiuHbim ABNseTcs Clocob pellle-
HUA, OPH KOTOPOM HCTIONB3YETCS OIHH U3 UHCTICHHAEX MeTONOB, ONMCAHHEIX B cllefylomeH
IMaBe: OB NMpeRHASHAYACTCS JUIS MMHMMM3aUMM dyHkumn ¢ (x) = [f'(x)]?. Munumym
GYHKIMK o (x) paBeH HYNIO, a 5TO O3HAYACT, YTO NOYYEHO PemieHNne ypanHeHus [’ (x) =

= 0]
10. Hccneny#re Touxu neperu6a dyuximu f(X) = x? +4x,x, + 5x].
11. Mcenepyfire Touxu nepernGa dynkumu f(x) = -x] — 6x3 — 23x% — 4x,x, + 6x,x, +
+20x,x,.

12. Tlycrs f(x) ects kBanpatHuHas GyHKUKA BUAA

- T T,
fx) =a+b x+%x Gx,
THE @ — KOHCTaHTa; b — BEKTOD, He 3aBHCAIMHA OT X, @ G — NOJNIOXATENRHO ONlpepeNieHHas
CHMMETPHYECKas MaTPHLA, He 3aBACAMas oT X. Tokaxare, uro x* = —G™'h.

13. Hoxaxwure, uro dyHxuua f(x) = (x, ~a)* + (x, —b)? + (x; — ) ? AMEET MPEHUMYM B
ToukKe {2; b; ¢).

14. @ynkms f(x) = f(x,, x,) uMeeT MEHUMYM B Touke (x¥% x3) . [Tokaxure, 4ro ycnoBus
(1.8) 6ynyT HMeTh ciienyloLMi BUI:
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Z ar
a—xl(x,*,xz =0; a—xz(X.*,X?)ZO,
2
w(xl*,xz*)>0,
| 1
o*f & f &f 2
aT%(XI"XZ')TZ(xl*’XZ*)_ m(xfsx;) >0.

15. GupMa BEIIYCKaeT [Ba aHATOTHUHEIX ToBapa 1 u 2. Ipufelie OT peanu3auMu TOBapa co-
CTaBNIALT C; i=1,2), roe ¢; — KOHCTaHTa, 4 4; ~ o6BeM peanu3aluy ToBapa. lTocnen-
HHH 3aBUCHT OT LeH (P, ¥ P,) HBYX TOBaPOB. AHANM3 IOCTICAHKX NAHHBLIX NPOMIRXH HaeT
CIIeMYTOLIHe SMAMPIUECKUE 3aBHCHMOCTI:

4, =4a,p.—b,py,
42 =@;p; —byps,
The a,, 4,, b, , b, — MOJIONUTENbHEIE KOHCTAHTEL TpeGyercs ONpemeNuTs UeHBI Py U p,,
KOTOpbie MAKCHMU3HPYIOT OBLIYI0 IPHGEDTE.
Halipre ypaBHeHHA [NIA p, ¥ p,, KOTOPhe MAKCHMU3HPYOT TIPUGLUIL, M pelluTe HX.
ToxaxuTe, WTO eCIY PEILeHHS STUX yPaBHeHMH HONOXUTSIEHE | 4b, b, > (2, +2,)%, 10
9TH ypaBHeHus JAKT ONTHMANBHEIS HEHDI.

16. Hatmure MusuMym dysxims e™ — cos x.

TJIABA 2. METO[bI TOUCKA T8 OYHKIHH O/THOM MEPEMEHHO#

2.1. BBEHEHUE

Vnpaxmerne 9 pasn. 1.4 wimoctpupyer oBuryio 3amavy, BOHMKAOUIYIO TIPH
KITACCHYECKOM MOfxofie. Ypasuenne f'(x) = O He peluaercst NpOCTHIM CIOCOBOM,
H O3TOMY MBI BbIHYXK/IEHDI PHEEraTh K WACTEHHBIM MeTopaM. B a10it rinase 6y-
OyT paccMOTPEHbl HECKONMBKO MPOCTHIX WMCIIEHHBIX MpOTenyp, ReNOCPeICTBEHHO
TOKATM3UPYIOIMX MUEIMYM byHKmum f(x) .

C moMOMBI0 YHCTIEHHBIX METOIOB MBI HETIOCPENCTBEHHO HIlleM MUHUMYM QYHK-
mn f(x) B HEKOTOPOM HHTepBae @ <X < b, B KOTOPOM, KAaK IIPEMIIONAraeTcs,
JIeXHT MUHMMYM, BBIKCIIAA 3HaUeHMst QYHKUMH B BRIGDAHHBIX TOUKAX HMAHHOTO
uHTepBaTa. HOI/Ia 370 eIMHCTBEHHO BO3MOXHAA cTparerus nomcka. Hampumep,
CTOMMOCTb TIPOBEASHHA XUMHUECKOTO NPOLECCa MOXKET 3aBUCETh OT TeMINepaTy phl
mponecca. MrxeHep 3HaeT, YTO CTOAMOCTH ABIAeTcA yHKIMed 0T T, X0T MOKeT
M HMe 3HaTh ABHOTO BHAA yHKIuH. ONHAKO OH MOXeT NMOCTABHTh SKCIEPHMEHT U
TIPOBECTH NpOLIece M PasJIMYHBIX TeMIlepaTypax H, clieflOBATE/IBHO, HAHTH CTOH-
MOCTH [Ifl 3THX TeMIEPaTyp M HaJesaThCA ONpeNeliTh MHHMMATBHYI0 CTOMMOCTh
U TeMNepatypy NpOBEACHUA IpOKecca, IPH KOTOPOH OHa MOCTHT 28TCA.

MoHO NOTBbITaThcA HANTH MOTOXEHHe MHHMMYMa B TOUKe, aNIPOKCHMUPYIO-
LeH 'eT0 ¢ HYXHOH TOUHOCTBIO, WM ONpEdeNuTs Manklll HHTEPBAJI, B KOTOPOM Ha-
xoputcs MUHEMYM. [TombiTaeMest JOCTHYD [IOCTABIICHHOR 1esIH ‘Kax MOXHO Goree
3K THBHBIM cNOCOBOM, T. €. OCYIHNECTBIIAA HauMeHplllee KONMYECTBO BBIUMCTIE-
Hu# byHKIMK, B PHBeNeHHOM BEIlIIE IPHMEpE, BEPOATHO, HEBO3MOKHO TOUHO pe-
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[image: image9.png]TYNHpOBaTh TeMIEparypy mpouecca,
Ho3TOMY TOWHOCTh B 1°C 'win maske B
10°C MoOxeT GbITb BIONHE MpHEMIIe-
mo#i. OmHaKo, TOCKONBKY TpoBefie-
HHE SKCHepUMeHTa TpelyeT onpere-
TeHHBIX 3aTPAT, WHXEHEp 3axOueT

TGS 3TOH TOUHOCTH, NpOBENSA
o X X x* X, X ] noGu > TIp

KAaK MOXHO MEHbIUE IKCTIEPHMEHTOB.

Pue. 2.1 Tipennonoxmm, 410 TOUKH 4 H b

onpenensioT (BO3IMOXHO, OYeHb Ipy-
60) HHTEpBAN, KOTOPSIA COMEPKHT HCTHHHYH) TOUKY MHHUMYMa, X BHYTDH 3TOrO
nHTepBaa GYHKIMA YHUMOJATBHA, T. €. HMeeT Of(MH MUHEMYM B Touke x*. Cre-
[OBATENbHO, faHHast GyHKUMA HMeeT GopMy, GiIM3KYyI0 K TOH, YTO NipHBefieHa Ha
puc. 2.1. Ecnu M3BeCTHsI 3HaueHusT GYHKIMM TAKOTO BUMA B TPEX TOUKAX Xy, Xz,
X3, TAKHX, UT0 @ <Xy <Xy <x3 <b,a f(x3) <f(x1) n f(x2) <f(x3), 10
xp <x¥<x;,

Torpia Touxa x* Gyper JIEXaTh BEYTPH HETepBaNa (X;; X3), MEHBILEro 1O pas-
Mepy, 4eM uHTepBan (a; b).

2.2. IOUCK METODOM ®UBOHAUYU

TIpe/INoNokUM, 4TO HYXHO ONpPENETHTh MUHHMYM KaK MOXHO TOUHEe, T. €. C
HAMMEHbLUMM BO3MOKHEIM HHTEPBANIOM HEONpe/ieNleHHOCTH, HO TIPH 3TOM MOMHO
BHINONHUTh TONBKO 1 BhMMCeHwit ¢yuximyu. Kak ciemyer BHGpats 7 TOUCK, B
KOTOphIX BhmucIsgercd ¢yHknua? C mepBoro B3ITIANA KAXKETCH SICHBIM, YTO He
ClleflyeT MCKaTh PellleHHe [IA BCEX TOYEK, NMOJTyYaeMBIX B Pe3yNbIaTe 3KCIEpH-
MenTa. HanpoTuB, Hano NONBITATLCA CHENATh TAK, YTOGK! 3HaueHHA GYHKIMH, TO-
TlyyeHHble B HpENBUIYIMX IKCIEPAMEHTaX, ONPENEAIM NONOXeHUe NOCITeLyHo-
mmx ToueK. JleficTBUTENBHO, 3HAA 3HAYCHUA (YHKIAY, MBI TEM CAMbBIM MMEEM HH-
hopMaukIo 0 camoil hYHKIHH H TOJNOKEHUH ee MUHUMYMA U HCTIONB3YEM ITY MH-
dhopMaiio B JalbHeHIeM DOHCKE.

TIPeANONOMMM, 4TO HMEETCS HHTePBAT HEOMpEMeleHHOCTH (X1, X3) # HIBECTHO
suauerve ynxuuu f(x,) BHYTpu 5TOTO uHTepBana (cM. puc. 2.1). Ecmi moxao
BBIMCUTh (GYHKLHMIO BCETO OIMH pa3 B TOYKE X4, TO T7i€ CTIeMTyeT IOMECTHTb TOY-
KY X4, [UIA TOTO YTOGHT NONYIMTH HAUMEHBIIME BO3MOXHBIH HATEPBAN HeoIpene-
neHHocTH? :

HonoxuM X, — x; =L u x3 — x; =R, npuyem L > R, xak TOKa3aHO HA
puc. 2.1, 1 9Td 3HAYeHUA OynyT (‘biﬂlKCHpOBaHbl, ©CITH M3BECTHBI X, X2 H X3. Ecnu
X4 HaXONHMTCA B MHTepBane (X;; Xz), T0:

1) ecmu f(xa) < f(x2), TO HOBBIM MHTEDBANOM HEOUDENENEHHOCTH GyZeT

(x1, x2) maumoM X, —x; =L;

2) e f(x3) > f(x;), 10 HOBBHIM MHIEPBAIOM HEOTpE/IENEHHOCTH ByneT

(X4, X 3) mAKHOM X3 — X4,

TIocKONbKy He M3BECTHO, KAKad U3 3TMX CUTyauuil Gyner uMeTb MecTO, BbiGe-
PEM X4 TakuM 06pas’oM, YTOGhI MEHMMUSHPOBAT, HAaUGOBLIYIO U3 [UIHH X3 — X4
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4

M X2 — X;. JOCTHIHYTb 3TOr0 MOXHO, CENAB WIMHBI X3 — X4 M X — X; PaBHBI-
MH, T. &. TOMECTHB X4 BHYTPH HHTEPBA/IA CHMMETPHUHO OTHOCHTENBHO TOUKH X ,
yxKe Jlexauledl BHyTpM uHTepBana. JlioG0e Hpyroe IONOXKeHHE TOYKH Xq MOMNeT
TIPRBECTH K TOMY, UTO NONyYeHHbIA HHTepBan Gyner Gonsiue L . [foMemas x; cum-
METPUYHO OTHOCHTENBHO X2 , Mbl HHYeM He PHCKYEM B JII0GOM clIyuae.

Ecity oxaxkerca, 4TO MOXHO BBINONHUTE elle OFHO BBIMMCHeHHEe GYHKIMM, TO
cilefyeT NPUMEHHTh OTMCAHHYI0 MPOHENYpY K WHTepBamy (X, X2), B KOTOPOM
yXe €CTh 3HaueHHe (GYHKUMM, BHMHCITEHHOE B TOUKE X4, HIH K HHTEpBAly (X4,
X3), B KOTOPOM yXe ecTh 3HaueHHe GYHKIMH, BEIUMCTIEHHOE B TOUKe X, . Crenona-
TENBHO, CTPATerUs ACHA ¢ CamMOTo Hauala. HyHO NOMECTHTb CITeMYIYK TOUKY
BHYTPH MHTEPB&TA HEOMpPENENeHHOCTH CHMMETPHYHO OTHOCHTENIBHO yiKe Haxomis-
weitca Tam Touxe. [fapanoKcansHo, HO, YTOGBI IOHATH, KAK CHETYeT HATMHATD BhI-
UHCTIEHNS, HeOGXOMMO pazoBpaThes B TOM, KAK €0 CIedyeT KOHUaTh.

Ha 7-M BEMHCTERMH 1-10 TOYKY CTIEyeT HOMECTHTh CHMMETPHYHO MO OTHOLUE-
HHI0 K (7 — 1)-# Touxe. ITonoskeHHe 3T0# Noc/IenHell TOYKU B NPUHIMIE 3aBHCHT
or Hac. Jing Toro 4roGhl MONMYuuTh HAHGONMbILEE YMEHBIICHHES HHTEPBANa Ha JaH-
HOM 3Tane, chefyeT pasfmeNluTb HONoNaM Hpemsinylmyi uHTepBat. Torma Touka
X, OyHeT cOBNafath ¢ TOUKOH X, _ ;. OMHAKO NPU JTOM MBI He TIOJTyyaeM HHKa-

Ko# HOBOI HHpOpManyH., OGBMHO TOYKY X, _ | KX, OTCTOAT [pYr OT Apyra Ha
AOCTATOYHOM PAaCCTOSHUH, YTOGH! ONPENENHTh, B KAKOK NOJIOBHHE, JIEBOH MM Npa-
BOM, HAXO[IUTCA MHTEPBAN HeONpeenenHocTH. OHU MOMEIUAIOTCA Ha pacCTOAHMK
€/2 TI0 0GE CTOPOHBI OT CepENMHbI OTPEIKa Ly, _ |3 MOXHO CaMHM 32/1aTh BETHUH-
HY € WM BHIGPAT 3Ty BEIMUMHY DABHOM MMHUMAILHO BOIMOXHOMY PACCTORHHIO
Mexqy AByma TouKamu. (IIpeanonoxum, 4Io B HallleM IpEMepe HHXEHep MOXKeT
PETYIUpOBaTh TEMIIEPATypy C MHTEPBaoM B 1°C, nostomy & = 1.)
HHTEpBAT HeONpeeNneHHOCTH Gy/ieT uMeTh WinHy L, , CIeHOBaTeNsHo,
L, _ | =2L, —& (puc. 2.2, HUXKHAA uacTh) .

Ha npempinymenm orane 10U X, _ | H X, _ , OOMKHBI GbITh TOMEILIEHB! CHM-
METpIMHO BHYTpM MHTepBana L, _ , Ha paccrosHum L, _ | OT KOHIOB 3TOTO HH-
TepBata. CrenoBaTenbHo,

Ly_,=L,_,+L, (puc.2.2, cpepHsd vacTs).
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[image: image10.png]Jamedanue. Y3 pUCyHKa ACHO, YTO HA IPEANOCIEIHEM 3TaNe X, _ , OCTRETCA B
KaYecTBE BHYTpeHHEeH TOUKH.
AHa/IOTHYHO

n-3 =L
B ofiwem cryuae
Lj_ =Lty npul<j<n. Q@0

Taxum oGpazom,

L n— 2 tLy,_ (puc.2.2, Bepxuas 4acTs)

L,_,=2L,—¢,

n

L, ,=L, . +L,=3,—

n-

=L, ,+L, ,=5L,—28,

L, 5=

=L, +L, ,=8L,~3¢ urp

Ecnu onpenenurs NOCTEHOBATENbHOCTs HCe)l OHOOHATH Cleqyoumm oGpa-
som:Fo=1,FysluFy=Fp _ +Fp _,mak=2,3,...,10

L, ;=F L,~F_,& j=L2..,n—1 2.2)
Ecii HauaIbHBIA WHTEPBAN {4, b) nMeet wuHy L, (= b —4), 10
Ly=F,L,—¢F, ,,
T. €.
L F,_
L= Dy gl @3
F, E,

CrienoBaretibHO, NpOM3BENA # BRMMCAEHKA QYHKIGIH, MbI YMEHBIUHM HauanpHbH
MHTEpBATl HEONpPeNeIeHHOCTH B 1/F, pa3 1O CPaBHEHMIO C €TO HAYAIbHOH TRHOH
(npeneGperas ) , ¥ 970 — HAMTYVIIMHA pe3yIIbTAT.

Ecny N0MCK HAYaT, TO ero HeCNOXHO NPOJONKHIb, HCHOMb3YS ONHCAHHOE BBIIE
NpaBwI0 cMMMeTpuH. CIefOBaTenbHO, HEOGXOMMMO HAHTH TONOXEHHe TepBOH
TOUKH, KOTOPAs MOMeINAeTcs Ha paccTosnuy L, OT OHOTO ¥3 KOHUOR HAYANBHO-
TO MHTEPBIA, NIPHUEM He EAXHO, OT KaKOIO KOHIA, IOCKONIbKY BTOPAs TOUKa II0-
MeLaeTca COTNacHo TPaBWIy CHMMMETPMH HAa PaccTosHMM L, OT BTOPOro KOHIE
WHTEpBATa:

Ly=F, \L,—¢F, ;=

L, (F.F,
—+e

—F.F)
F,

n

(~1)"e
+—
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[ocne TOr0 KaK HAMIEHO TONOXeHHe AepBOH TOUKH, ncna QuSonawm Gomsie
HE HyXHBI. I/ICHOIII;B}'CMOG 3HAYEHHE € MOJXKET ONPERENATLCA U3 NPAKTHIECKHX CO-
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a) xu<xp
fe<ry
HoBbiti unmepBan (Xy, Xy}, ' I
codepwani moyKy Xy I
Cmpoxa npozpamms! 330

12

8) Xy >x,
Fa </ £
/m!.m)z unmepfan (Xz,Xsz), 2 T
codepmatgul movKy Xy l
Cmpoxa  napozpammst 350 EA X Xz Xz

8) xy<ix,
74>0 7
e unmepban (x4,%3), “ %
codepmauiud mMoYKy Xy l
Cmpoka npozparmmel 420

X7 Xy Xz Xz

2) Xy>xp
Ta 21y
Hobbid uwmepban (X;,%4}, %
codeowauyud movky xy l 2
Cmpoka npoepamms; 460

Fa

x7 Xz Xy X3
Puc. 2.3

obpaxennii. OHO DOJKHO GbITh MeHpllle L 4 /F 1+ 15 B IPOTHBHOM CITydae MbI Gy-
JIeM HanpacHO TPaTHTh BPEMA Ha BeIMMCIIcHHe GyHKuMM (cM. ymp. 3 pasm. 2.8).

Taxum 0GpazoM, nouck Merogom OuGOoHauyw, HA3BAHHBLE TAK BBUAY [OABIIe-
HUA TIPH OMCKe Yuces1 PUOOHAuH, ABNIAETC UTEPALMOHHOMR IpoLeaypoi. B npo-
Uecce NMOHCKA HHTepBaa (X, X2) € TOUKOM Xz, yIKe JIexaueld B 3ToM HHTepBae,
cllenyomas TOUKa X4 Bcerda BhIGHpaeTcs TAKOH, UTO X3 — X4 = X2 — Xy WIK X4 —
—X{ =X3—Xp,T.€.

Xq =X; — X2 T X3, 2.5)

Eenu f(x2) = f2 1 f(x3) = f4, TO MOXHO PacCMOTpeTh UeThipe CHyYast
{puc. 2.3).

B mpuBeneHHON Huwke NPOTpAMME DeATU30BAHBI YKa3aHHbIE BhILUE CIIYYAH.
B TOM BHJIe, KaK OHA NPUBEIeHa 30ech, 3T IPOrpaMMa TO3BOIAET npomnoumb
10 40 Bbrycrenuit Gyrxuuu. B nporpamme uccnenyerca dymxuus f(x) = x*
— 14x3 + 60x* — 70x (cm. ctpoky 1000).

20 PRINT "MIOUCK METOAOM ®UBOHAYYU":PRINT ":PRINT "
30 REM B MPOCPAMME MPOU3BOAKWTCSH MOMCK OTPE3KA (A,B),
40 REM COAEPXAMENQ TOUKY MUHUMUMA YHUMOLANBHOR

50 REM PUHKUMK F(OXO, 34 N BHYUUCAEHWR PUHKUMK. PUHKUMA F(X)
&0 REM BWYMCAAETCS B CTPOKE 1000 B BUAE Z=F(X).

70 REM HEQEXOAUMBIE YUCAA BUEQHAYHU

80 REM BbHMUCAAMTCH 34ECH XE.

90 REM

100 DIM F(40)

110 PRINT "3ALARTE N“INFUT N

120 FOy=1:F(t)=1

130 FOR I=2 TO N

140 F(D=FU-D+F1-2)
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[image: image11.png]150 NEXT 1

160 PRINT "3AAAATE EPSILON:INFUT E
200 FRINT "3A4AATE WHTEPEAA (AR

210 INPUT A,B

250 X&: 2=A+((B~A)¥F (N-D+E* (=1 N)/F(N):X3=B
2460 X=XZ:B0SUB 1000:F2=Z

270 PRINT TEKUWMA UHTEPBAA"
280 K=1:PRINT X1,X3

290 X4=X1-XZ2+X3

300 X=X4:30SUB 1000:F4=Z

310 IF FA>F2 THEN BOTO 400 “
320 IF X2<x4 THEN GOTO 360

330 X3=X2:X2=X4:F2=F4:PRINT X1,X3

340 BOTO 500

360 X1=X2:X2=X4:F 2=F4PRINT X1,X3

370 80TC 500

300 IF X2<%4 THEN BOTO 460

220 X1=X4:PRINT X1,X3

430 BOTOD SO0

260 XI=XAPRINT X4,XT

500 K=K+l

510 IF K<=N THEN BOTO 290

600 FRINT “KOHEYHLA WHTEPBAI':PRINT X1,X3
610 PRINT "JHAHEHUWE PUHKUWW PABHO",F2
&50 END

1000 Z=XRXEXEX 14 KXXXXX+E0RXXX~TO*X
1010 RETURN

Tlpumep 1
Mclonpaonats MeTon OHGOHawUH [T IOUCKA MUHEMYMa byHKIEH f(x) = 2x* ~ o B -
Tepane (0, 1) mpu 10-kpaTHOM BEIUCTIEHHH QYHKIHH.
Kak BUAHO M3 NpHBEfIEHHOH HibKe paCIeuaTKH, 3HAueHYe ¢ BHIGPAHO PaBHEIM Hy IO
OxOHYaTEeNbLHBE MHTEPBAS HeOTPEIETIGHHOCTH HMeeT THHY

1

1
0,359550563 — 0,348314606 = 0,01123957 ~ B-F

10

C TOYHOCTHIO 1O IIECTOTO 3HAKA IOCHE 3auATON MHHMMYM JIOCTHTaeTCH B TOUKe X* =
= 0,357403, u B 3TO# Touke f(x*)= —1,174138.

MOUCK. METOAOM PUBOHAYYMA

JALARTE N
10
3AANTE EPSILON
0
3ALARTE UHTEPBA/ (A,B)
0 1
TEKYUMA KHTEPBAA
o 1 .
0 179775 "
235955 5179775 .
235955 47191
3258425 47191
3258425 41573
3258425 3820225
348315 .3820225
348315 3707875
35955 3707875
35955 .370785
KOHE4HHA UHTEPBA/
35955 370785 :
IHAYEHWE SUHKUMM PABHO ~1.474132
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Ipumep 2

Halttn MaruMy™ ¢yuxwm f(x) = x* — 14x® + 60x> ~ 70x B wurepsarne (0, 2). Henoms-
30BaTh 20 BIYUCIHenH# GYHKIHK {cM. yAp. 9 pasn. 1.4) .

QyHKWL Z = f(x) BbluMCNAETCS B cTpoke 1000 mpu N = 20 & = 0. Pacreuatxa pe3yliB-
TaTa OpHBENEHa HIXKe:

FIOUCK METOAOM PUBOHAYYU

IALAATE N
20

3AAANTE EPSILON
¢}

JALAATE UHTEPBAN (A,B)
o 2
TEKYEWA WHTERBAA

<] 2
o 1.236068
472136 1.2346068
472136 F442721
&524761 9442721
L524761 8328161
7213402 -8328141
763932 .B328161
763932 .B065038
27463932 7902443
.773985 7902443
+773985 7840378
7778313 .7840378
7778313 7816778
7793176 7816778
7801915 7816778
7801915 -7B104S3
.7804528 7810653
7807141 7810653
.780804 7810653
780804 7809753
KOHEYHBA WHTEPBAA
780804 .7809753
3HAYEHUE PYHKUKK FABHO -24.34%6

2.3. IOUCK METGIIOM "30JI0TOT'O CEYEHUS™

He Bcerma MOXHO 3apaHee OMpENENHTh, CKONBKO pa3 NPHUAETCA BBIMMCIATH
dynkmmo. B Metomre DufoHaYUH 3T0 HYXHO 3HaTh I OTpereneHus Ly, 1. e. No-
JIOKEHUs HauanbHOH TOukH (cM. ypasHeHue (2.4)):

Meron “3010TOrO ceueHus” MOUTH CTONb ke 3bdeKTHBeH, Kak u meTo Gubo-
HaY4M, OHAKO TpPH 3TOM He TpeByeTcs 3HATh X — KOJIMYECTBO BBIMMCIIEHHH dyHK-
MM, onpegensemMoe BHauane. [Jocile TOro KaK BHIONHEHO | BEIMMCITEHHH, HCXOAA
U3 Tex xe cOOGpaxerHi, uto 1 paHee (cM. ypaBHenue (2.1)), 3amachiBaeM

Li_ =Ly tly,. 2.6)

OpjHaKo ecnu 1 He H3BECTHO, TO MbI He MOXKEM HCIIONB30BATh yCnoBHe L, _ | =
= 2L, — ¢. Ecnu OTHOIIEHHE TIOCIE/NYOIHX HETEPBANOB GyIeT NOCTOSHHBIM, T. €.
L

i+l

=, .=, 2.7
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j il

rer=1+1/7
TakuM ofpasom, 7> — 7 — 1 =0, otkyna7 = (1 +4/3)/2 ~ 1,618033989. To-

roa

Li,
L

=7 1. 1.

J+1

L -1
CneuonaTenwo,—' =7 s
L

T.C.

L = Ly 2.8)
n s-1
B peayibTaTe aHATH3A IBYX PACCMOTPEHHBIX 3HayeHuH ¢yH1€uuw Gymet ompene-
JTeH TOT HHTEPB&1, KOTODBIA JOMKEH HCCIENOBATECA B JIAJIBHEHEIEM. 310T UHTED-
Ban Byser copepkaTh OfHY H3 IPEIbIAYIUX TOYEK U CJISAYIONIYI0 TOUKY, TIOMEINa-
eMyI0 CMMMETpHIHO eil. [TepBast TOUKa HAXOMTCSA HA pACCTOAHMH L /7ot opHoro
KOHIA MHTepBaIa, BTOPaX — HA TAKOM JKe PACCTOSHMM OT [pyroro. TlockonbKy
lim F, _,/F, = 1/n {cM. ynp. 2 pasn. 2.8), 10 3 ypaBHennst (2.4) BUAHO, 4TO

=
;lioncx MeTOIOM “*30I0TOr0 CeyeHuA™ ABIIAeTCs MpelenbHoil PopMOk MoucKa Me-
tofiom Pubonauwus. Hazpanne 7301010¢ cedenve” NPOH3OLINIO OT HA3BAHWI OTHO-
ILIEHUA B ypaBHEHUH (2.7) . BunHo, uro Lj _ , BeqdTcs Ha JlBev YacTH TaK, YTO 0:1'-
HOLIIEHHE LeNOro K Gomblleil yacTH PABHO OTHOLIEHKIO BONMBLIEH JACTH K MEHBLIEH,
1. €. paBHO TaK Ha3bIBaEMOMY ~"30JI0TOMY OTHOLICHHI" .

TakuM 0Gpa3soM, eCTH HINETCHA MHTepBAN (Xo, X3) U HMETCA [Ba 3Have-
A GysKM f1 M f B TOUKAX X; ® X2, TO CAEMyeT pacCMOTPETh [(Ba CIryuas
(puc. 2.4). . .

Crepymomas NpOrpaMMa peaTH3yeT NOUCK MeTOJIOM “30/I0TOTO CedeHHa . 3a-
[aHHAs TOWHOCTh MOMET, KOHEUHO, MeHSThCSH BRIGODOM 3HaueHwWT B cTpoke 300.
Huxe NMpHBETeHA acileyaTKa pe3yNbTaTa MCIOMB30BAHWS METOMA “30MOTOrO ce-

@ fi<f2 X
Holbit unmepban (Xg,%3)
Cmpoxa mpozpammsi 190 |

g X X2 X
g f2r
HolBsrt urwmepban (X;,Xz)
Ccmpoxa  npozpammst 250 |
Xo Xy £z Xy
. Puc. 2.4

1 -

vennAd” A GyHkuan f(x) = —e” *In(x). Tlouck NpOM3BOIMICA B MHTepBase
©,2).

HcTrHHBIA MHHUMYM HaxopMTes B Touke 1,76322211, re 3Hauenue dyHiumm
pasHO —0,0972601313.

S DEFDBL A-Z

10 PRINT » METOA 30A0TOI0 CEMEHUSA™PRINT “:PRINT
20 REM MROCPAMMA MPOU3BOAMT TMOMCK WHTERBAAA

30 REM (A,B), B KOTOPOM /IEXKT TOUKA MMHUMUMA

40 REM YHUMOAA/ILHOR SUHKUMU FOO.

50 REM OKOHYATEALHOE 3HAYEHWE X MOAYMEHO C TOYHOCTLH 4D
&0 REM FOO OMPEAE/IRETCA 8 CTPOKE 1000 B BMAE Z=..

90 PRINT "3AJAATE WHTEFBAA (A,BY:INPUT A,B

100 T1=,3819640113#:T2=1-T1

10 XO=AX1=A+ TLHE-ANX2=A+T2HB~A)X3>E

120 X=X1:B0SUB 1000:F1=7

130 X=X2:60SUB 1000:F2=7

150 PRINT "TEKUKMR WHTEPBAA"

170 PRINT XO0,X3

18C IF F2<F1 THEN BOTO 250

190 1=X2-XO0sN3=X2:X2=X1:X1=XO+T1#I

GOSUR 1000

210 F1=LiE0TO 300

250 I=X3-XI 1eX1=X2:X 2=X0+T2#1

OSUB 1000:F 2=2

300 IF I1>.00005 THEN GOTO 170

450 PRINT
470 PRINT ™
300 END
1000 Z=-EXP(-X)*LDG(X}
1010 RETURN

XL, F O0="F

METO& 30A0TOMO CEYEHMA

IALARTE UHTEPBAM (A,B)
o 2
TEKWMUA WHTEPBAA

o 2
7639320224 2
1.2340679774 2
1.527864044976863 2
1.708203932423137 2
1.708203932423137 1.886854381995464
1.708203932423137 1.B1964011246B496
1.708203932423137 1.7770B7639941836
1.73451516742761 1.7770B7639941836
1.7507746404949797 1.7770874639941834
1.750776404949797 1.76703744245955

1.756987644980199 1.767037464245955

1.760826402424398 L76703764245955

1.760826402424398 1.76446465159878096
1.762292677297335 1.764665159878096
1.762292677297335 1.763758952169844
1.76229267729733%5 1.7631988B5008787
1.74624638817842288 1.763198885008787
1.762638817842288 1.762984958387139
1.7642771031765554 1.762984958387139

1.74627710317465554 1.762903243688782

1.7628215329%0448
1.762821532970448

1.762903245488782
1.762872034215326
X= 1.762852744461857 FOO=~9,726013243198395D-02
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[image: image13.png]2.4. ATIIPOKCUMAHYST KPVBBIMK

B mBYX OpefbloyLMX pasfeniax ObUla coenaHa NOTBITKA HaitTy Mablii HHTEp-
Bajt, B KOTOPOM HAaXOOHTCA MuHuMYM dyHKIpH. B creaylolpix ABYX pasienax
MpUMeHAETCS KHOM TOIXOM. MICHONB3YeTCH HeCKONBKO 3HAYEHHHA (YHKIWMU B Olpe-
JleTIeHHbIX TOYKAX ISl AMIPOKCUMAIH GYHKIMM OGbIYHbIM OTHHOMOM 110 Kpait-
Helt Mepe B HeGOMbod 061acTy 3HaveHud. 3aTeM NONOXKeHHe MUHHMYMA byHK-
MK AMNPOKCHMUPYETCA TOTOXKEeHHeM MHHUMYMA TIOJIMHOMA, IOCKOMBKY TOCITeNt:
HM# BBIMKCITATB [IpOLLE.

o 9
YltoaT: waé A S KBALPATHUHAS MATEPNIONALNS
1%

Eciu M3BecTHbI 3HaueHws GyHKIMM f(X) B Tpex pasiuuHBIX TOUKaX &, f§,7,
paBHble COOTBEICTBEHHO f,, f| iR fy, 10 bynKuwsa f(X) MOKeT GhITh AMIPOKCUMH-
poBaHa KsaaparuuHoi dynKumed

o(x) =4x* +Bx +C, 2.9)
rre A, B u C onpenensioTcs 3 ypaBHEHHH
Ad® + Ba+ C=/[,,
AB*+ BB+ C=f (2.10)
Ay*+ By+ C=f,.
Tlocne mpeoGpasoBaHuii 3THX ypaBHeHHH NOTy4aeM
A=1G-B Lo+ @=D fi+ - fl/4,
B=1B—y) f,+ G - f+ (@~ ) f,V/4, @.11)
=By~ B [, + yala— ) [y + af(B— @) f1/4,

rne A= (a— BB - 1N — a). Acno, uro ¢(x) Gymer ©MeTH MHHUMYM B TOUKE
= —B[24, ecniu A > 0. CemoBaTeIsHO, MOXHO annpoxcumposa'rb TOYKY MH-
HPIMyMa Gyaxmuyn f(x) 3navenmem .

[ @) o+ P fyr (@ =) f,
d B=Pfur G—D S+ @B ],

JTOT METOI MOKET HelOCPECTBEHHO NPUMEHATECA K (QYHKIMAM OIHON fepe-
MeHnod. OH MOXeT GbITH OUeHb NOJe3eH [JIA BBINOIHEHNA JIHHEWHOTO NMOUCKaA B
npouelypax, ONMCaHHbIX B IN1. 4. B 21X Nponenypax rpeyercs HAKTH MHHAMYM
dymicam f(X) B TOUKax OPIMOR Xo + Ad, Ilie Xo — 3aaHHAs TOUKa, a d Onpene-
NAeT 3aIaHHOE HalipanyieHue. 3HaueHus GyHKIMA f(Xo + Ad) Ha 510#l NpAMO#H AB-
NAI0TCA 3HAYSHUAMH GYHKUMH OHOM NlepeMeHHOH A:

@) = f(%o + Ad). (2.13)

Unen ¥ pesynbTaTl, H3NOXEHHDBIE BbILS, MPeOBPa3y0ONCA B BHIMACTUTENLHbIE
TIpOUey PEL, OTMCaHHbIe fanee. [IPeMTIONOKUM, YTO 3a[{aHE! yHUMOZATbHAR ByHK-
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| | L

AH A AtH A ArH A28 X X X X
Puc. 2.5 Puc. 2.6

1Us OHOH NepeMenHO# f(x) , HayaIbHAs aNIPOKCUMALNA TIOTOXeHHA MHHHMYMa
W [UTMHa 1ara H, ABIAOasca BeIMUHHON TOTO Xe MOPANKA, IO H PacCTOAHHE
OT TOUKH A 10 TOYKH MCTMHHOIO MMHMMYMa X* (YCIIOBMe, KOTOpOe He Beermga
OpOCTO YAOBNETBOPHTH) . BIMMCIHTEN HA TIPOLEAYPA MMEST CTEAYIOIHME LIarH:

1. Borumenurs f(A) u f(4 + H).

2. Bom f(A) <f(A +H), 10 B3aTb B KauecTse TpeTheil TOuKH A — H M BhIymc-
nuth f(A — H). B NPOTHBHOM CITyyae B KauecTBe TpeThel TOUKH B3sth A + 2H
u Haiity f(A + 2H) (pue. 2.5).

3. Mcrionme3yss 9TH TpM TOUKH, HaiTM § u3 ypaBHeHus (2.12) M BBIMMCIHTH
7).

4. Ecnu pasHuMIa Mesiny HauMeHbIMM 3HaueHueM GYHKIME U CIIeYOIMM Han-
MEHBLIMM 3HaueHHeM QYHKIHM MeHbllle 33/1aHHOM TOYHOCTH, TO NPOlleaypa 3a-
KaHIMBACTCH.

5. Ecni mipouenypa He 3aBepiMnacs Ha mare 4, To TOUKa ¢ HauGOMBIIAM 3H3-
JeHHEM OBBIYHO OTOPACKIBAETCS, H MBI BO3BPAILACMCS Ha Iar 3. Ho ecni, octa-
BHB TOUKY ¢ HauGOMBIZM 3HaueHneM bYHKIMH, Mbl\OI?s.g)‘l‘eHHRKOHeHHMe rpa-
HUUBL MHTEPBANA, B KOTOPOM JIEKHT MUHMMYM, TO CHemyeT HAeHCTBUTEIBHO
OCTAaBUTh 370 3HAYEHWE M 3aTeM BepHYThCA Ha wiar 3. Hampumep, Ha puc. 2.6
OCTaBAEHBI TOUKH Xy, X3 H X4, HE TOUKH X1, X7 ¥ X3.

B nporpamme, pacmeyarka KOTOpOH NPHBENEHA HMOKE, PEalM30BaHA 3Ta IpO-
egypa.

3aMeTHM, UTO eCITH TOYHOCTH £ 335aHa CMIITKOM MATof, 10 &, 8, 7, a Takxke [,
f3>' [, GymyT ouens Gnu3ku Apyr K ApyTy B 3Hatenme § (cM. ypusHenue (2.12))
MOJET CTaTh BOOGIIe HEFOCTIHMMbIMY. UTOObI MPEOAONIETh ITY TPYOHOCTD, Nepe-
mimieM ypapHerre (2.12) mis BTopoii ¥ NOCTENYIUIMX HHTEPIIOMIMHA

1o —fB-NG—a

S=4a+p)+ . (2149
B-Nfat =D S+ e—B Sy
10 PRINT "KBAAPATUYHAR WHTEFTOAAUKA"
20 REM MPOrPAMMA PEA/IM3YET MPOLEAYPY
25 REM KBALPATHYHOR WHTEFMOASALWM MAYIAAA SAA
30 REM NOUCKA MUHWMYUMA PUHKUMU FX,
40 REM BbHUCAREMOR B BUEE Z=F() B CTPOKE 1000
100 PRINT"3AZARTE HAYAMLHOE 3JHAYEHME:INPUT A
110 PRINT"3ARAATE WAM H':INPUT H
130 PRINT"3AAAATE TOYHOCTEL E™INPUT E
130 REM HAYATL fIFOUECC C MEPBMWX TPEX TOYEK
200 DIM X{4),F(4)
210 X(W=A:X=X(1):60SUB 1000:F(1)=2
220 X(2)=A+H:X=X(22BOSUE 1000:F(2)~Z
230 IF FICFI2) THEN X(3)=A-H:iX=X(3:GOSUB 1000:F(3}=Z:60TO 250
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[image: image14.png]240 X(3=A+2%HIX=X(I160SUB 1000:F(3)=2

230 PRINT" TEKYMUE 3HAYEHUR"

260 PRINT" X Fuy

270 REM BbLMUC/EHWE TEPBOTO AMDPOKCWMAPYIMETO MUHWUMUMA
275 REM B CTPOKAX 300-3%5C

300 DN=(X(2)~X{3N*F (1}

310 DN=DNAHX(S)—XANF () + X1~ X2N aF (3}

320 NM=(U2)%XE2)-X(Z)HXSNRF (1)

330 NM=NM+X(S#X(I)-X1*XIRF(2)

340 NMsNMEO(1#X~X(2)RX(2D#F (3)

3IWO XCA)=NM/(2#DNX=X(4):GOSUB 1000:F{4)=2

380 REM YIOPRAOYUTL 3HAMEHUA PUHKUWKW B CTPOKAX 400-4560
400 FOR J=1 TG 3

410 FOR K=J+1 TO 4

420 IF F(D<=F{K) THEN 60TO 460

430 X=X(IRXTr=XUOXUO=X

440 FeF(IF (mF e K)=F

450 REM MNOMEHATE MECTAMK F(D M FUO, A TAKXE X3 M XK,
455 REM EC/M OHM HE UYNOPAAOHEHL

450 NEXT KGNEXT J

470 FOR I=1 TO &PRINT X(D,F(D:NEXT I

480 PRINT "™PRINT

490 REM 3AKOH4WTL, EC/M MOAYYEHA 3JALAHHAA TOYHOCTH
500 IF ABS(ML-X(2)KE THEN GOTO 800

510 REM 3ANOMHUTE TPM AYYLKX TOYKH

520 S1=SBNX(2)-X(1):5Z=SBNO(I)- X1}

530 S3I=SENX(4)-X(1)

540 JF S5i=82 AND 51=-83 THEN X(3)=X(4%:F(3)=F(4)
550 REM BTOPAR MHTEPNOAAUMA

560 DNmOX(2)-X(SN#HF (D+XSI-XUNRF 2+ XA-X2NRF(I)
570 F=(F(1-F(2)/(2%DN)

B0 Fef#X(2)-XSNRXI)-XUAD

TP X(H)=(X(L+X(2N/2+F

600 X=X(4RBOSUB 1000:F (412

&10 REM NMOBTOPUTL BTOPWH WHTERMO/ALKA

&20 GOTO 400

B0O0 PRINT" "

B10 PRINT"X="X(1),"F="F{1)

850 END

1000 Z=2%X4X—EXPOO

1010 RETURN

Hpumep 1

Hcnonb3ysd KBAAPATHUHYIO MHTEPHOIILMIO, HAWTH MMHMMYM OYHKUMH Z

TourocTsio (,001. B KauecTBe HayaNkHBIX 3HaYeHuH onoXuts 4 = 1 u H = 0,5.
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Hipke npeficTapneHa paciedaTka pesynbTaTos.

KBALPATUHHAR WHTEPMOAAUWA

3ARAATE HAYAABHOE 3IHAYEHWE 1

3AAAATE WA H .5

JANAATE TOYHOCTE E 0005
TEKWMWE 3HAYEHKSA

X F(D
5 -1.148721
0470197 -1.043721 -
1 ~.7182818 .
1.5 1.831102€-02
3745917 -1.17376
5 -1,148721
0470197 -1.043721
1 -.7182818

w? - e

4

-3615043 ~1.174117
3745917 ~1.17376
B3 -1.148721
-0470197 -1.043721
357937 -1.174138
3615043 ~1.174117
-3745917 ~1.17376
0470197 -1.043721
3575219 -1.174138
357937 -1174138
3615043 ~1.174117
-0470197 -1.043721
X= 3575219 F=-1.174138

(mwsrog RabBer

2.6. KYBUUECKAS MHTEPHONALIAS

KBapaTnunas nHTepnONALNA, pacoMOTpEHHAT B MpeaRITyLIeM paspene, yacto
HashIBaeTCA Me1onom Ilaysnma u ammpokcamupyer dywumo maupar;xm{bm
Tplex'meHOM. HBJIaraeNuulﬁ B HactoAIneM paspgene MeTOof I[aBPlI!OHa OﬁecnelmBaeT
GobItYio TOWHOCTS W ampOKCUMEpYeT (yHKIMIo xyGHgeckum nonuomom. His
Kyﬁﬂ'-IeCKOPl HHTepl‘IDHmmH B 3TOM MeTO/e chonb3yloTCﬂ 3HAYECHUA (by“K’:uflﬂ H
[ Hp0H3BO)JHOﬂ, Bbm?ﬂeﬂﬂﬁle B IBYX TOUKax. Jrot MeTon UMPOKO choﬂb:iyeT'
;ﬂ6f,uré§[0]::§}l;§ay);:;f‘leﬂﬂoro TIOHCKA B TI. 4, H MMEHHO C 3TOR TOYKH 3pCH.Hﬂ MbI

PaCCMOTpPIM 33024y MEHHEMH3AUHY QyHkuwK f(X) Ha I -
I T
q_) (x) Ha PAMOR X, + Ad, 1. e,

W) =[x, + hd) =
=fxo; + hd,, xo, + hdys .oy Xg, + hd,);

dyp of of o @13
dhka‘x,(x‘ﬂ hd) d, +6_x;(x°+ hd)d, + -+ + o, (xo + hd) d,,.
CrnenoBarensHo,
~ = Vf (X, + hd)"d = g(x, + hd)T .
P o g(xo + hd) ) (2.16)
Tpernonaraen, aro ussecrasr Cepylonme SHAUCHUA :
D=9, ¢@=v,,
dy de
P (P)=G,» e (@=G, 2.17)

9Ty HHGOPMAUKIO MONHO HCLIOREIOBATH JUIS TIOCTPOEHHA KYGUIeCKOTO IO IH-
HOMA

29

<)



[image: image15.png]a+bh+ch? +dh?, (2.18)

KOTOpbI GymeT anmpoKCHMUPOBATh DYHKIMIO (). Eam p = 0, 10 ypaBHeHHsA,
onpenenswoume g, b, ¢, d BRTALAT TaK!

a =¥,
ty dg =9,
a+ bg + cq q q (2.19)
b =G,
b+2eq+3dg? =G
Im YPaBHEHHUA HMEIT CTefyIolIee pelleRue
(G, + 2 G, +G,+2z
a=9¢, b=G, c=——* ), d=—t__12 , (220
q 3¢
‘30,9 )
Eals B AN Y

4 Manin 5 2y
Touxu mefieTHBa KyGMueCKOrO IONMHOMA SABIAITCA PEIICHHEM YpaBHEHMs

h h\?
G,—2G,+ -+ (G, + Gq+2z)(A) =0.
q q

CTIenOBATENbHD, €CM 7 ABIALTCH TOUKON MUHMAMYMA KYGHUSCKOTO NONHHOMA, 10

G+ DG, + P -GG, + G+ 27 Gprztw )

q G,+G,+ 2z G,+ G+ 2z (2.21)
roe

w= (@2 -GG . (2.22)

OpHo w3 sHavemwit (2.21) COOTBETCTBYeT MMHHMYMy. Bropas mpoussojHad
paBHa .

2c + 6dh. (2.23)
Ecnu Mb1 BHIGHpaeM NONOXHTENbHBIA 3HAK, TO TIpY
h G, +z+w .
7 G, +G+2z
BTOPAd NpOU3BOMHAR GynReT
_ 2G, + 2) . 2G,+ G, +22) ) @G, +z+ W) _
q q’ (G, + G, +22)

1 2w
== (=2G,~2z+2G, + 22+ 2w)=—>0.
q g

30

G, +z+w
7G +G, +2z

Jlyulime YHCIEHHDbIE pe3ysbTATEL HONYYATCA HpH HCIOIbIOBAHAK cdieuylomeu
SKBMBAIEHTHOH HOpMyIbL:

r i Gy +w—z z+w—G, 5
q G,— G+2w G,—G,+ 2w’ 225

JokazaTeNsCTBO IKBUBAIEHTHOCTH ypaBHeHu# (2.24) u (2.25) octasmeHo B
KAUeCTBE YNpaxHeH S,

BoiGop TOUKH ¢ OcTaBNeH Ha Halme ycMoTpeHue. Ecmu Gp < 0, 10 cnenyer BHIG-
paTk 3HaueHNE ¢ TONOXUTENILHBIM, T, €. CHENATh AT B HampaBJieHun yGbIsaHua
dyuxmm ¢(h), B NPOTHBHOM Clyvae 3HayeHHe ¢ clelyeT BHIGPATh OTpUUATEIb-
HbIM. 3HaueHye ¢ OONXHO GhITh TAKHM, YToGh! HHTepBan (0, ¢) comepan MUHH-
MyM, 310 GyneT COpaBeminBO, eciu @y > @ {puc. 2.7,a) Wi ecmn G >0
(puc. 2.7,6).

Ecnu HM OfHO M3 3THX YCOBHH He BBLINOMHEHO, TO Mbl YABAHBAEM 3HaueHHe
q, NOBTOPASA 370 B Cyyae HeOBXOMMMOCTH [0 TeX TOp, NMOKA YKA3aHHbIH WHTEp-
Ball He SyDeT COIepKaTh MUHUMYM,

Ocraercst 3a/jaua OmNperieeHHs HAYATBHOTO 3Havewuss ¢. MMeworcs peanbHbie
TPYAHOCTH B ONPE/IENEHHH TaKOTO 3HaYeHuA, KOTopoe Bbiio GbI NpuemiIemo Ui
Beex 3anay. Jlasumon, ®neryep ¥ Iayamin Npemnoxuwm BHGUPaTs ¢ ClIeAYOLHM
obpasom:

q=min {n, -2(¢, - em)/Gp} , (2.26)

TRE ¢y, — OLEHKA HAKMEHBILUETO 3HAYEHWA MCTMHHOFC MUHMMyMa ¢(h), a n —
KOHCTaHTa, 3HaUeHHe KOTOpOH OBBIYHO BEIGHPaeICA paBHbIM 2 KK 1.

2249

T2 UTEpaLMOHHAA NPOLe/lyPa HMeeT CIIE/yIolMe AT :

1. Hatimu @, =f(xo) 1 G = [g(x0)]Td.

2. HpOBepHTb BbIl'lOnHﬂeTCﬂ nu yenobue G, < 0, 1 eciii OHO He BBITIONHACTCHA,
TIPOU3BOIUTD NOHCK snom, Hanpasne}mx —f Br16pats g u3 Beipaxetus (2.26).
Ipu 310M HeOBXOEUMO yTanats” @, .

3. Borancruts ¢, = f (%0 +qd) 1 G, = [g (%o + qd)] Td.

o(h) ofh)

[ 123
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[image: image16.png]4. Ecnu Gq > 0w [ > ¥p, TO HHTEPBAT, conepxaupi MHHEMYM, HalimeH.
B IpOTHBHOM Cllyyae 3aMEHMTb § Ha 2g M BEpHYThCA K wiary 3.

5. Wicnonp3oBats ypasHeHue (2.25) WiA aMIPOKCHMALHH TOYKH MHHAMYMa Ha
unTepBate (0, ¢) 3HAUCHHEM 7.

6. Ecu (dg/dh| = | [g(xo + rd1]Td} = |G,| <&, rne ¢ — 3ajatiHas TOUHOCT,
TO OCTaHOBUTCA.

7. BepHyTecA Ha-luiar 5, mcnonssys unrepBan (0, 7), ecnu G, > 0, 5mbo ue-
none3ys untepean (1, ), ecmu G, < 0.

Ha ware 6 npou3BOMTICH NIpOBepka 3HayeHust Mpom3onHod. [IpeniecTsyio-
e NMPOBEPKH MPUBOOAT K OCTAHOBKe TOI[A, KOrAd MOTOKEHNEe MHHHMYMA HE
U3BMEHACTCH. Cne}:[yex OTMETHTb, YTO B oBmem cly4ae mpoine HalTH MHUHEMYM
Q)yHKuHH, yeM TONOXKeHUE TOYKY MHMHMMYyMa. TlocnenHee ONIPEHENACTCA ¢ MEHb-
1IIedl TOYHOCTBIO.

OrmUcaHHbIA Bhille AITOPUTM PEATIH3yeTCsi CIeAyIoILed 1pOTPaMMOi :

20 PRINT "KUBMMECKAR WHTEPMONALUMR"
30 REM B MPOrPAMME WMETCS MAHMMUM SUHKUMU F(X+LAMED)

40 REM BAOAL MPAMOR X+LAM¥D. BHAHEHUA PUHKUAM FXLX2,..)
20 REM BLMUCAANTCH B CTPOKE 5000, FAE Z=F(XL,XZ,..XN}

60 REM BEKTOP-TFALUEHT FUHKLUU F(X) BHUYUCASETCA B CTPOKE
&5 REM 6000 B BUAE G(1),6(2),...B0N)

100 PRINT "3ALAATE YUCAO TEREMEHHWX “:INPUT N

120 DIM X(ND, PN, @), DIND, BEN)

130 CC=0:rTT=0

150 PRINT “HAYANLHAR TOYKA

160 FOR I=1 TO NeINPUT X(D:NEXT I

200 PRINT "HATIPABAEHWE
220 FOR I=1 TO NiINPUT D(D:NEXT I

300 PRINT "3ALARTE TOHHOCTH E"

310 INPUT E

350 PRINT "MPELMOAATAEMOE JHAYEHWE MAHUMUMA™INPUT Frt
400 PRINT " TEKYMME 3HAYEHUR"

410 FOR I=t TO N:PD=X(DPRINT "X;T,XINEXT I

500 REM DEPBAR TO4YKA F

510 GOSUB 5000

520 PRINT "WTEPAUMA ™CC;"  3SHAMEHME “jZ

530 FPeZ:BOSUB &000:G:
500 GP=
410 FOR I=t TD N:GP=BP+BD*DINNEXT T

620 IF GP<=0 THEN GOTO &80

625 REM OMPEAEAMTL HAYAGHBIA WAT W, EC/M HEOBXOAMMO
626 REM W3MEHUTEL HAMPAB/EHWE CMUCKA HA NIPOTWBOIO/OXHOE
630 QU=ABS(2¥(FP-FM)/GPRIF 0X>1 THEN BX=i

&40 FOR Is1 TO N

550 X(D=PUO—-@X#D(:PD=XD:NEXT T

660 GOSUB S000:FP=Z:PRINT "BO3IMOXHA HECTABMALHOCTL?"

470 BOSUB 6000:G1=60:G0TO 600

480 QX=ABS(Z#(FP—FM/GPXIF GX>t THEN GX=1

690 HH=BX

700 REM HARTH CAEASHKYR TOYKY @

710 BB=HH

720 FOR 1=1 TO N

730 RUD=PD+BB*DDXD=AMD

740 NEXT T

750 GUSUE 5000:
760 BOSUB 60003
770 BA=0

780 FOR I=t TO N
790 BE=GR+BIDDD
800 NEXT 1

32

810 IF G@>0 OR FE>FF THEN GOTO 830

815 REM BBINO/HUTE KWEMYECKHK WHTERMOASLUR WAM YABOWTL

B1&6 REM WAM AR TOMO, YTOBW TOYKA MHHWMUMA

817 REM BXOAW/A B UHTEPBA/ HEOMPEAENEHHOCTH

B20 HH=2#HH:B0TD 700 .

830 ZZ=38(FP-F@)/HHIZZ=17+GP+GQ

B40 WW=ZZ#ZZ-GP*GR:IF WWCO THEN WW=0

850 W=SORWW)

850 DD=HH*(1~(GR+W—-Z2)/(GE-BP+2%4))

B70 FOR I=1 TO N:X(D=P(I}+DD*D(D:NEXT I

880 GOSUB SO00:FR=Z

890 GOSUE 6000:531G0

895 REM BbMWUCAUTE FPALMEHT B HOBOM TOYKE

900 BR=0

910 FOR I=1 7O N:BR=GR+G(D*DINEXT 1

920 IF GR>0 THEN GOTC 1000

25 REM HARTU HOBLIA WHTEPBAA W MPOWIBECTW MPOBEPKY

927 REM UC/IOBUS OKOH4YAHUA NOMCKA MMHUMUMA

930 IF ABS(ERIKE THEN GOTO 1300

940 HH=BB-DD

950 FOR I=1 FQ N:P(=X(:PRINT “X";IX(INEXT [

P60 CC=CCHLPRINT "WTEPAUMA  “CC;*  3HANEHUE "52

970 FP=Z:BF=BRiG1=G0:60T0 830

1000 IF ABS(ERIKE THEN BOTO 1300

1005 REM MMOBTOPWTL KUBUYECKYH UHTERNOJALMN. HOBHA

10064 REM WHTEPBAA BYAET BB-DD (CTPOKA 940} UM

1007 REM DD (CTPOKA 1010}

1010 HH=DD

1020 FOR ‘I=1 TO NaRD=XI:FRINT “X'51,XDNEXT 1

1030 CC=CC+LPRINT "UTEPAUMA  'SEC;"  3HAYEMUE;Z

1040 FRe=Z:6 :62=60:60T0 830

1300 FRINT "MUHUMA3AUUR 3AKOHYEHA"

1310 FRINT "KOMYECTEO WTERAUKA='CL IHAYEHUE MAHUMUMAS"Z

1320 FOR I=1 TO N

1330 PRINT "X'3L,X(D)

1340 NEXT I

1350 END

5000 7=0

5010 Z=100%(X(2)-X{1*XAN~2

5020 7=2+01-YUN"2

5100 TT=TT+1

5200 RETURN

6000 GO=0

6100 Bi1)=—300# XX~ XIRXLLN

6110 GI=B—-2#(1-X(1)

6200 G2ImZ00MX(2)-XIHXAN

7000 FOR Iel TO N:BO=GO+G(D#GIRNEXT I

7010 BO=SER(BO)

7500 RETURN
Tpumep 1

Haitvn vumuMym dyRKum f(x,, ;) = 100(x, —x?)® + (1 — x,) * Ha upsMOH, poxo-
nsutel yepes Touky (—1; 0) B Hampasnehun (5; 1).

CootsercTayioume OANIPOrPAMMEI HAUMHAIOTCH B PACHEATKe C ONEPATOPOB B CTPOKAX
5000 1 6000. BarGpannl staucitus £ = 0,0001 1 ¥y = 0. Hrxe IpuBesieHa pacrieyaTka peaysh-
TATOB:

KUBWYECKAR WHTEPTIONALUA

IARAATE HMCAO MEPEMERHBIX 2

HAYANLHAR TOUKA

-1

[+]

HANPABAEHWE D
5

i
2 3ak. 768 33




[image: image17.png]3AMAATE TOYHOCTbL E

.0001

NPEANOAAIAEMOE 3HAYEHME MIKHUMUMA O
TEKWUME 3HAYEHUA

X1 -1

X2 a

HTEPALKA o AHAYEHKE 104

X1 ~.3994247

X 2 1201151

WTEPAUMA 1 SHAYEMUE 2113823
X1 —.3365114

X 1326977

WTEPAUUA 2 BHAYEHWE 1.824123
X1 ~.3413863

X2 A317227

WTEPALUA 3 AHAYEHUE 1.82235%
X1 2422956

X2 .24843591

UTEPALUR 4 BHAYEHUE 4174696
X1 5813204

X2 3162641

MTEPALKR 5 FHAMEHUE .2222494
X1 .S5611688

X 2 .3122338

WTEPAUMA & SHAYEHKE 1932893
X1 9545786

X2 3909157

WTEPAUMA 7 FHAHEMUE 27.07376
X1 5638282

X2 3127654

WTEPAUMA ] 3HAYEHME 1928843

MUHUMUBALKSR 3AKOHYEHA

KOAMHECTBO WTEPAUKA PABHO B 3HAYEHWE MUMHUMWMA PABHO .192B458
X1 54334697

X2 3126739
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2.8. YIIPAXHEHUA
1.EnuF,=1uF, =1l aF,=F, +F,_ ,nuan> 2, TO MIOKAXHUTE, YTO

Tl (—g)~+ D)

Fn B
N

34

me = ~ 1,618033989.

1+/3
2

HICTIONB3Y S 370 PEKYPPEHTHOE COOTHOUIEHHUe, NOKaxwTe, yTo F, = 2, Fy = 3, F, = §,
Fy=8,F, =13,...,Fy=89,...,Fy,= 6765, F; = 10946.
2. Tloxaxure, yTo

D FyiFpg —Fpfy_ 3= (*1)" {cM. ypaBHenue (2.4));

2 F, T 15 s Gonsmmx n;

3) Fpy _ (/Fp =~ 17 pnz Gonpumx a.

3. Ecnu paccTosiHUe Mexqly TOYKAMM PaBHO 10 KpaltHeH mepe € , TO 2€ GyNeT HAUMeHhLINM
HHTEpBAIOM HEOPEeNeHHOCTH; CIEOBATEIEHO, HepaBeHcTBO L, > 2€ yCTaHaBnuBaeT
TpaHUIlY [UIK 71 — UMCTIA IIONE3HBIX HKCIePHMEHTOB. [IOKMKNUTe, TT0 5TO HEPABEHCTRO MpPH-
BOJIAT K COOTHOWeHMIO ¢ < L,/F, 4

4. Tloxaxure, YT0 [Vis COKPAILEHUS MHTEPBANIA HEOTIPENEACHHOCTH Ha 1 % OT HauaJIkHOW Be-
JIHUEHE! HeoGXoRMMe caenath 11 Bemucnenn#t by HKUMH NPH UCTIONB3OBAHMH METONIE Du-
Gouayun. Eciy pasmellleHie TOUeK 3allaTh B Hauale, KAKOBO GYIeT MHHMMAIBHOE YHCTIO
Heo6xoaumbix Touek? (He paccunthibaite Ha MOMyYeHHe YAAUHEIX PE3YNLTATOR.)

5. IpunvieHure MeToR PuGoHayu NpH HaMyuy 10 BLMACTeHUH DYHKUMM J715 ONpe/eseH s
MiHEMyMa byakuun 2x* + 3¢~ Ha nrreppane (0; 1).

6. Bocronsaylirech Meropom OuGoHayuy s HAXOXKIEHS MUHUMYMA QyHKIME x* — 14x° +
+ 60x* — 70x Ha wHTepBanie (5; 7) ¢ TouHocTwO 0,01. CKONBKO Pa3 HeOGXOMUMO BBIMMC-
nuTh GyHxumo?

7. Ucnonsayfire Merop “3070TOTO CedeHWA” I ompefjelleHusd MHHMMyMa byHKIMM 2x2 +
+ 3e™%¥ ¢ TOWHOCTBIO 10 [IBYX MECATHMHBIX 3HAKOB. B KaueCTRe HAUANEHOTO HHTCDBANA He-
OTpEMENIeHHOCTH HCemonb3yire uaTepan (0; 1). CkonAbko pa3s HeOGXONMMO BEMHCIHTE
dynxnmo? CpaBHuTe ¢ yup. 5.

8. Tpu o = 0, =, ¥y = 2f HOKaXwTe, YTO & B ypaBHeHHH (2.12) Npumer ClemyoLmit BAML:
Yy

4 — 20— 2

H YTO NPH 3TOM JOCTUTACTCS MEHEMYM, e f, + £ > Zfﬂ.

9. lpuMesKTe KBA/IPATHUHYIO HHTEPTONALMIO QI ONpeHesicHUs TOUKN MUHIMYMa GYHKIMK
—e"¥in(x) Ha wrepsane (1, 3) ¢ TownocTsio 0,001. (IlpoBeprTe, He UCIIONB3YETe JIM Bh
OTPUUATENLHEIX 3HAUEHUH X, HGO B IPOTUBHOM Ciiyyae IIOTYUHTe OIIKUGKY pH paboTe Ipo-
TPaMMBL.)

10. IIpaMennTe KBAIPATHUHYIO HHTEPHONALMIO IS IONCKa MUHHMYMa OYHKIMY [ (x,, x,) =
= x} + 3x} + 2x,x, Ha npAMo# &+ Ad, roe a = (‘1’) nd= (%), € TOUHOCTHIO IO ABY X
AeCATUUHBIX 3HAKOR.

11. TIpoeprre cpaBemMBOCTE ypasHermi {2.11), (2.12) u (2.14).

12. TipoBsepbTe ClipaBeXIMBOCTE ypaBHeHns (2.20).

13. TIporeprTe CpaBeIUBOCTL ypaBueHnt (2.24) u (2.25).

14. Iinn xpuBoM y = ax® NOKaXuTe, UTO KacaTenbHas B Touke (x', y') nepecexaeT och X B
Touke x'[2. TIopTBepXKaaeT I 3TO PABUITHHOCTE BLIGOPA ¢ B ypaBHenun (2.26) 7

15. Pemmre ypapHemue e” sinx = 1. [lombiralitect MUHKMU3HPOBATE GyHKIMo f(x) = (1-
—e¥sinx)?.
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3.1. IPEABAPUTEJIBHOE OBCYXIEHUE

Ha pa3paboTKy METONOB IpAMOTO NOUCKa IS OTpENENeHnA MUHIMYM2 yHK-
upit 7 niepeMeHHBIX GHUTO 3aTPayeH0 MHOTO yCwiMid. MeTors1 IpAMOro Noncka AB-
TAITCA METOJAMH, B KOTOPBIX MCHIONBIYIOTCA TONMBKO 3HadeHusA dyHkimu, Msl
x <p.x8) ﬂzczﬁgrpgm TOAPOGHO NHING OBa

. [IpakTka noxasaia, uro
) 3TH JIBa METOOA 3(PeKTHBHBI I
@ TpHMEHMMBL 1S HIMPOKOT'O YHCTIA
TPHITOKEHHH.

PaccmoTpuM  byHKIWMIO IBYX
4 5 nepemenHbix. Ee numum nocross-
HOTO ypoBHA' INpermcTaBieHs: Ha
puc. 3.1, a MHHHMYM NexuT B
touke (xf, x§). Tpocreitinim me-
TO[IOM IOHCKA ABIACTCS METON| IOKOOPIMHATHOTO cniycka. M3 touku A et mpo-
H3BO[IAM TOWCK MHHUMYMZ BO/S HATIpABNeHHA OCH X, H, TAKUM 0BGpa3oM, Ha-
XO7MM TOUKY B, B KOTOpO# KacarelbHas K MMHMM MOCTOSAHHOTO YpOBHA Mapai-
JIEMbHA OCH X1 . 34TeM, IIPOM3BOJA MOUCK H3 TOUKM B B HANPABHEHUH OCH X, , 1O~
nyuaeM TOuKy C, HpOM3BOMS MOHCK NMAPAUIETBHO OCH X , OMyYaeM T0uKy D, u
1. A. Takum 06pa3soM, Mbl IPHXOPKM K ONTHMATbHOH Touke. JoGoi u3 ogHOMep-
HBIX METOJOB, OTMCAHHBIX B NPeIbIAYineit riaBe, MOXeT 6bITh HCTIONb30BAH 3A,ECh
I MOHCKA BROME OCH. OueBWTHBIM O6pa3OM 3Ty MIYI0 MOXHO IPUMEHUTb UL
GYHKIIMH 72 TIepeMEHHBIX .

Teopetuuecku panHsIH MeTOR 9heKTHBEH B Cyyae eMHCTBEHHOTO MUHHMY-
ma GyHkupm. Ho Ha npakrtiKe OH OKa3bIBACTCH CIMIIKOM MeleHHbIM. Hostomy
Gbutn pa3paboTanbl Gonee CIIOXHEBIE METOHBI, HCHONB3YIoNHe GOnbIne HHGOPMA-
LM Ha OCHOBAHHH Y)Ke TIONydeHHBIX 3HaUEHMHA yHicuun.

BrUIO NpenIoskenHo HecKONbKO (GyHKUMH, KOTOpble H3-3a CBOMX CBOHCTB AB-
TAITCA TECTOBBIMA JUISL TAKHX METON0B. Hixe IpHBENIEHO HECKONbKO NPHMEPOB
Takux GYHKIMH.

Xy
Pac. 3.1

Dynxunsa PoseHbpoxa:

FGox2) 21000, —x3)2 + (1—x:)%; x*=(1; 1). 3.0

Dynuxuus [Taysnna:
FG) = (x1 +10x,)? 5005 —xg)® + (xp — 2x5)* ¢ 10(xs — x4)%;

x*=(0; 0; 0; 0). G2)

! Jimmuelt OCTOSHHOTO YDPOBHA HA3LIBACTCS KPUBAX B IBYMEPHOM CeYeHUH IIPOCTPAHCTEE
MapaMeTpoR (B NEHHOM CRyuae — B IUIOCKOCTH (X, X)), 3HaYeHHe DYHKUMH HE KOTOPO#H —
KOHcTaNTa, — [Tpum. ped.

* Mmeercs B BUAY pan 3uavenudt ot 0,1 go 1 ¢ utarom 0,1, — pum. ped.
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JIByMepHaA IKCTIOHEHIMANBHAE QYHKINA:
S x) =3 [(e79% — emax1) — (e=@ — g—104)]2
a
rmea=0,1(0,1)1% x*=(1; 10). (3.3)

JhoBas cepbe3Hast ONTUMH3ANHOHHAA NIPOLEAYPA NOMKHA IbHEKTHBHO peuIaTh
sagaw (3.1), (3.2), (3.3) u ApyrHe TeCTOBBIE 3202UM.

3.2. METOI XYKA ~ JDKMBCA

JT10T Meroa BblT pazpaboTan B 1961 rofy, HO 10 CHX MOp ABIAETCA BecbMa 3d-
(eKTHBHBIM ¥ OPHTHHATbHBIM. [IOMCK COCTOMT M3 MOCIIENOBATENbHOCTH iUd208
MCCTIENYIOMEro MOKWCKA BOKPYT OA3uUCKOIl TOWKuW, 32 KOTOpOH B Cllyuae ycmexa
CIeNyeT noucK no o6pasyy.

Onucanue 370# TPOLEAY pbI NPEACTABHO HIKe:

A. BriGpath HauanbHywo GasucHyso Touky by ¥ luar AmMHOM h; W K&KIOH Me-
PEMEHHOM Xi s i=12, , 1, B NpuBeeHHON Hyke IIpOrpamMme HIA KauIoh
HepeMEHHOH HCTONs3yeTcs LIar 2, OJHAKO YKa3aHHas BhIe MOJHGHKAUMA TOXE
MOXET OKa3aThCA NOME3HOR.

B. Boicnuts f(x) B GasucHO# TouKe b ¢ IeNpko TOMyYeHHs CBEAEHHHA O JIo-
KabHOM TNoBefeHu GyHxuuu f(x). OTi cBemeHuA GynyT UCHONDB3OBATHCH A
HAXOKIEHKA FOIXOAILErO HAlIPABTIeHIA IOUCKA M0 06pasily, ¢ IOMOLIE0 KOTOPO-
r0 MOJKHO HaJIeiThCA TOCTUYD GONbLIEro YOIBaHHA 3HAYCHHA cbyﬂxuym.fbyﬂxunﬂ
f(x) B GasucHok Touke by HaxomUTCA ClemyIUMM 06pasoM:

1. Bermcnsercs 3Havenue dytxupu f(b;) B GasucHo# Touke b .

2. Kaxpas mepeMeHHas [0 OYepe/ld H3MeHsAeTCA NpuGABIeHNeM [IMHDI Lara,
Taxum 06pasom, Mbl BbiucifeM 3HaueHde Gyrkiun f(b, + 7€), rme ey —
eMHAYHDIA BEKTOP B HANPaBIIeHUM OCH X . EC/IM 9T0 IPHBOIUT K yMEHbIICHUIO
3HaueHus byHKUKH, TO b, 3ameHserca Ha by + hye;. B npoTMBHOM ciyuae BbI-
urcisieTca 3HayeHne GyHkumm f(by — H;€,), M €CTH ee 3HaueHue yMeHbLUH-
n0ck, T0 b, 3ameHsieM Ha by — ke, Ecliu Hyr O7IMH M3 TIPO/IESTAHHBIX LIArOB He
TIpUBOIMT K YMeHBLUICHHIO 3HAYeHUA (YHIAIMHA, TO TouKa by ocTaercs Hemamen-
HOM ¥ pACCMATPUBAKTCS M3MeHEHHA B HAIpAaBIEHHM OCH Xz, T. €. HAXOIMTCH
3nauenre Gyukuuu f(b; +hye;) u 1. 0. Korma 6ynyT paccMOTpeHsI Bee 1 Ie-
peMeHHble, MbI GyIeM HMETh HOBYK §asucHyIo TOUKY b, .

3. Eciu by = by, 1. €. yMeHbIleHie QyHKIMY He GhUIO IOCTHTHYTO, TO HCCIIEI0-
BaHMe NOBTOpsETCA BOKDYI TOH e 6a3ucHOH 1ouKH by, HO ¢ yMeHpIIeHHOMR
nnuHo# wiara. Ha mpaxTuke yiOBNETBOPHTEIIbHBIM SBIACTCH YMEHBIIEHNE HIa-
ra (I1aros) B [ECATh Pa3 OT HAYATHHOM JLTHHBL.

4. Fenn by # by, To NpousBouTcs AoucK 10 06pasiy.

B. Tlpu noucke no ofpasily HCHONb3YeTCA HHGOPMALMA, [OMyYeHHad B Npo-
Uecce MCCIeROBAHUA, 1 MUHAMH3AMA YHKIMH 32BEpLIAETCH TIORCKOM B Hallpas-
IleHun, 3a1aHHOM 06pasnoM. JTa IpOLeypa IPOU3BOHTCSH CLeYIOIMM 006pasoM:
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[image: image19.png]1. PasymHO nBurathca u3 0Ga3ucHo# Touxu b, B HampasneHmu b, — by, mo-
CKONBKY TOWCK B 3TOM HATIPABNEHWH YXKe HPUBEl K YMEHBIUCHUIO 3HAUCHUA
dysxuu. [lostomy BermenumM GyHKImI0 B TOUKe 06pasua

fepBas- xogpdunama

P, =b; +2(by - b;). G
B obuiem cayuae YGenyvume xgopdunamy
P;=b; +2(b;., —by). (3.5) na wae

2. 3arem HMcCNIeNOBaHue CEHYeT IPONOTXATL BOKpYT Touky Py (P;).
- Pynryus
3. EciM HauMensllee 3Hau€HUe Ha mare B, 2 MeHplle 3HAYEHUS B Ga3UCHOMR TOU- yerenswunacs ¢
ke by (B oBmem coyuae b, (), To nomywawr HOByl GasucHylo TOUKY bj
(b; + 5)» TIOCITE 9€TO CyenyeT MOBTOPHTS war B, 1. B mpotuBHOM ciryuae He mpo-
M3BOIUTE TOMCK 10 06pasily u3 rouxu b, (bi ¥ l) , & TIPOJIOJIKHTEL UCCIIEN0Ba- Ymenpuruins KoopOUHEMY

st B T0uKe by (b, (). Ha wae

] T'. 3aBeplmTs 3TOT NPOLECC, KOTAA YIxHA mara ([VIMHBI 11aroB) 6yzieT yMeHb-
1IeHa [0 33aHHOTO MAIIOTO 3HAYCHHUSA.
Hixe npuseena GIoK-cxeMa JAHHOTO MeTO/A.

Pynryus
yMeHbuLAaACs 2

\ Ganornume
Boiuchumes 3HaYEHUE PYNK HoBpe sHaveruE
wuy 8 Sasucrod A g””’aﬂ”ﬁagg:gz/’b”” Koapurams
moKe 1 Koopdunamsl u Hoboe
il N FHAYEHUE
‘ il i pynxyuu
- Bsimonmums uccredobanue

Bee koopdu-
wamet  GeiAw pac-
cmampenst 2.

Pacomompens, caedyto-| Hem
wyyre  Koopdunamy

Texywee nave= Hem
Hue Mensue Jnavents 8 5 Aa
i UKo moie 2,
| Boixad

Yae docmamoysd
man 2

Basms  Hobyw Puc. 3.3

|

‘ Basucryr movky

i ¥
Clenams wae

noucka g abpalyy

10 PRINT "METOL XUKA—1KMBCA"
Hem 20 REM PUHKUMA BWYWC/NAETCA B BUAE Z=F(XL,X2,u.XN) B CTPOKE 2000
30 PRINT "BBEAMTE YMCAO NEPEMEHHBIX':INPUT N

40 DIM X(ND,BIND, YIN),P(NY

50 PRINT "BBEAMTE HAYA/ILHUN TOYKY X1,X2...XN"

60 FOR I=1 TO NiINPUT XCDINEXT 1

70 PRINT “BBEAMTE LAUHY LAFAMINPUT H

80 K=H:FE=0

Boimosnums  ucenedobanue

Ymenswums 90 FOR I=t TO N
dnuny waza [ 100 Y(D=X(DPDeXDBD=XDNEXT I
Texyuee U0 BUSUR 2000:F1=Z

120 PRINT "HAYAALHOE IHAYEHME SUHKUMK'Z

130 FOR I=1 TO NPRINT X(D§"  “uNEXT LPRINT ™
180 PS=0sBS=1
150 REM WCC/EAOBAHUE BOKPUI BAJUCHOA TOMKMW

Hem 180 JmisFBeF1

200 XD+

i 210 GOSUB 2000

i 220 IF z<FI THEN GOTQ 280

i Puc. 3.2 230 XD=VDK

Jnavenus 8 dazuc-

H 1 - FHAYEHUE MERELIE

#od maiKeZ




[image: image20.png]240 BOSUB 2000

2%0 IF Z<F1 THEN GOTO 28O

280 X(D=Y()

270 60T 290

280 Y(D=X(DH

290 BOSUB 2000

300 FI=Z

310 PRINT "MCCAEAVHKMA FIOUCK"Z

320 FOR I=t TO NiPRINT X(D3* "RNEXT LPRINT ™"

330 IF J=N THEN BOTO 340

340 JIwJ+l

350 00TO 200

wme 3460 IF FICFB-1E-0B THEN GBOTO 5S40

370 REM NOCAE OMNEPATOPA 360, EC/M PUHKUMA UYMEHLWH AACH,
APOUIBECTW NMOUCK M0 OBPA3LUY

380 IF PS=1 AND BS=0 THEN 8OTO 420

390 REM HO EC/M UCCAEAOBAHUE NPOWIBOAWANOCE BOKPWI TOYKM WABAOHA PT,

395 REM M WMEHBWEHWE PWHKUMM HE EWN0 AOCTUMHWTO, TO MINEHHTE SAIUCHUN
TOYKY B ONEPATOPE 420

400 REM B MPOTHBHOM C/MYAE UMEHLLMTE A/MMHY WAMA B ONEPATOPE 450

410 GOTQ 490

420 FOR I=1 TO NeP{D=B(D:Y(D=BUIRX(D=BINNEXT T

430 GOSUB 2000:1B5=1:PS=0

440 FI=2:FB=Z

430 PRINT "3AMEHA BA3UCHOA TOHYKWK"2Z

460 FOR Isl TO NiPRINT X(Iy" "INEXT DPRINT

470 REM (CAEAWET 3A KOMMEHTAPUEM B CTPOKE 395)
W NPOBECTW WCCAEAOBAHUE BOKPYI HOBOA EAIWCHOA TOYKM

480 J=180T0 200

490 K=K/10

500 FRINT "WUMEHLWWTL A/MHY WArA"

510 IF K< 1E-08 THEN GOTO 700

S20 REM ECAM NOMCK HE 3JAKOHYEH, TO NPOU3BECTH HOBOE

525 REM WCCAEAOBAHWE BOKPNIM HOBOR BA3UCHOR TOYKM

530 J=1:60TD 200

535 REM NOUCK MO OBPA3UY

540 FOR Imi TD NiP(Dm2#Y()-B(I)

550 BD=Y(DaX(D=P(D1Y(D=X(1}

560 NEXT I

570 BOSUB 2000:F B=FIiPS=11BS=01F [=Z

580 PRINT "MOMCK MO OBPA3LLE"Z

590 FOR I=1 TO NsPRINT X(Iy" "sNEXT LPRINT ™

&40C REM NOCAE 3TOM0 NPOM3IBECTU WCCAEAOBAHWME BOKPYI
NOCAEAHER TOYKW OBPA3LA

610 J=180TO 200

700 PRINT " MWHKMUM HAAGEH"

710 FOR Imt TO NIPRINT “X"[“="P(DINEXT IsPRINT

750 PRINT "MAHUMUM SUHKUMW PABEH "FB

760 PRINT "KO/AMYECTEO BBMUCAEHWA PWHKUWM PABHO “FE

790 END

2000 Z=(X(1)-2)"2+(X(2)-5)"2+(X(3H+2)"4

2010 FEwFE+1

2020 REM CHETHUK KO/MYECTBA BHYUCAEHMA SWHKLMU

2030 RETURN

TIpuBenennan BhILIe IPOrpaMMa peallu3y T OMMCAHHYH0 NpoLenypy. OaLoH uin
[BYX TOYeK OBIBACT HEMOCTATOUHO /1A ONpeReNeHus HauansHOH ToukH. Ileppas
TOYKA BCETAA OJIXKHA BEIGHPAThCA OCMOTpPHTENbHO. IBM paBoTaer ToMbKO ¢ 02pa-
HUYEHHOU TOMHOCTHIO, H OUMOKH MOTYT HAKAIUIMBATHCA B NPOLECCE CHHOXHBIX BBI-
WCTIeHuH, OCOOEHHO eCH LT uMeeT "HeynoGHYw™ pmuHy. (O6bHO MEI 6ymem
naberats “HeyRoGHOR™ JUIMHBL, HO MPOrpaMMa IOTKHA GbITh pabOTOCTIOCOBHA | B
TaKkux curyaumsx.) Ilostomy B cTpoke 360, rme BrlAcHAETCA BOTPOC OB H3MeHe-
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MK Ga3UCHOM TOYKH, MBI M30eraeM YMeHBILEHIs! ITAHBI LIATa ¥3-3d HaKaITHBA-
A OUMOKH BBeleHMEM [UIMHBL Lllara, paBHOM 10™%. Mb1 oTcresKmBaeM, e npo-
M3BOOMTCH HCCNeOBaHue — B GasucHoit Touxe (BS = 1, PS = 0) wu B Touke 06-
pasua (BS =0, PS = 1). Kaxk MOxXHO yGeIuTbCA Ha MPAKTHKE, ECIH He IpHHIMA-
JOTCH TaKHe Mepbi IPEJOCTOPONKHOCTH JaXe NPOrpaMMa C yIOBIIETBODHTENLHON
JIOTHKO# GymeT HepaGoToCcTocobHa.

B npHBemenHO# NporpaMMe MUHHMAIbHAA JUIHHA 1Iara paBHa 1078, Ho oHa mo-
skeT GbITh M3MeHeHa (Halpumep, B cTpoke 510) . Iist KOHTPOsIS 32 BHINONHEHNEM
Ipolenyphl B NPOTpaMMy BBe[eHAa [eUaTh NPOMEXYTOUHBIX pe3ynbTaros. [is

e/IHueHMA CKOPOCTH CUeTa MOTYT GBITh YHleHnl CTPOKH ¢ Homepamu 120, 130,
310, 320, 450, 460, 500, 580, 590,

TlopnporpaMMa, HauMHalomAgcA cO cTpokn 2000, BEMUCTIACT 3HAYSHHE MUHH-

MHU3UPYeMOH QYHKIHH
f(x X2, %3) = (g — D2+ (2 —5)2 + (x5 +2)°.
MuHEMYM, OueBMIHO, Haxomutca B Todke (2 ; 5 ; —2). JnA HauanbHOH TOUKH
(4 ; —2; 3) ¥ HauaBHOTO IUAra IMHOM 1 NpUBeNEHb! HEKOTOPbIe IPOMEKYTOU-
Hble Pe3ynbTaThl. 110 HUM MOXHO J1erkO MpOCTENUTh 32 MIMEHEHHAMH B XOIE He-
CTIeIOBaHM M TMOKCKA TO 06pasiy. 3ameTuM, uto 3Hayenme 97,0000001 ©* +
+ 42 + 3% = 97) gensierca 3HadeHMeM (QYHKUHMM B TOUKe, OTyueHHO padee. Ko-
JIMYECTBO BHIMONHEHHBIX BbIUHCTeHMH (GyHKIMM 3aHOMUHACTCA B CUeTUHKe. ITO Ha-
CTO MCTIOTIB3YETCH KaK CPEACTBO CpaBHeHMs 3 (EeKTHBHOCTH PA3/IYHBIX METOTIOB
nowcka. UeM Jydllle MCTO[I, TeM MeHbLIe B OG1IEM criyyae TpeByeTcs BBIMHCTIEHHA
3HAYeHHH DYyHKINH.

METOA XUKA-LXMBCA
BBEAWTE “YHCAC NEPEMEHHHX 3

BBEAWTE HAMAAGHUN TOUKY X1,X2,...,XN 4 -2 3
BBEAWTE A/MMHY WATA 1

HAYA/LHOE 3HAYEHUE SWHKUWM 678

) -2 3
WCCAEAYRKKA FOMCK 675
3 -2 3
MCCAEAUHNMA NOUCK 662
3 -t 3
WCC/EQYIOMMR TIOUCK 293
3 -1 2
noucK fo OBPA3LY 104
0 1
WCCAEANHKWA MOUCK 106
2 o 1
MCCAEAURMMA NOUCK 97
2 1 1
KCCAEAYIOMMA NOWCK 32
2 t 0
NOMCK M0 OBPA3LY 5
1 3 -2
UCCAEAUINMA MOWCK 4
2 3 -2
MCCAERWNMMA MOMCK 1
2 4 -2
WCCAEAUOMUA TIOUCIC 1
2 4 -2
noucK MO OBPA3LY 20
2 7 -4
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[image: image21.png]UCCAEAUNKUM MOUCK 20

2 7 -4
WCCAEAYKKUA NOUCK 17

2 6 -4
WCCAEAYHEMR TOUCK 2

2 & -3

3AMEHA BA3SUCHOR TOYXM 1
2 4 -2
WCCAEAYNRUA FIOUCK 1

2 4 -2
UCCAEAYHEMA NOWCK ©

2 5 -2
UCCAEAYHMUA MNOUCK ©

2 5 -2
TIoUCK 1O OBPA3LY 1

2 & -2
UCCAEAYNKMA NOUCK 1
2 & -2 '
UCCAEAYHMMA NOUCK ©
2 S -2
MCCIEQYHMMA. NMOUCK. O
2 s -2
3AMEHA BA3BUCHOA TOYKM O
2 5 -2
HCCﬂEAUWMMﬂ noucr o
2 5 -2
MCCHEJIQHJUMH NOKWCK O
-2

MCCHEAQWIMH fIOUCK 0

2 5 -2

UMEHBWMTE A/IMHY WATA
UCCIELUMUHI TOUCK @

MCCAEAYHLMUA MOUCK O
2 -3 -2
MCCAEAUNMWR MOUCK O
2 5 -2
MCCAEAUWEMM NOUCK ©
2 5 -2
MMEHBWMTE A/MKY WA A
MUHWUMYM HAAAEH

N

2¢ 3¢ %
UN
an
No

MUHUMUM PUHKUMK PABEH
KO/MMHECTBO BHYUCAEHWUA WHHKHMM PABHO 127

3.3. METOL HENIIEPA — MHUIIA

Meron Henpepa — Mupa! senserca PaIBHTHEM CHMITIEKCHOTO Metonia Crien-
mm, Xewcera u XuMcBopTa. MuosectBo (% + 1) - paBHOYRIANEHHOM TOUKH B 7i-Mep-
HOM HpOCTPaHCTBE HA3IBACTCH PEryNAPHBIM CHMIUIEKCOM. 3Ta KOHQHUTY pauust
pacemartpuBaercs B merope Crerpnm, Xekcra 1 XumcBopra. CreoBaTensHo, B
[BYMEPHOM NIPOCTPAHCTBE CUMITTIEKCOM ABIIALTCA PABHOCTOPOHHMIA TPeyTONbHIK,

4 B TPEXMEPHOM NIPOCTPaHCTBE — HPABHIBHBIA TeTpasp. Mnest MeToma cocTonT B

CpaBHeHUH 3HaueHud QyHkumd B (7 + 1) BepumHax CHMILTEKCa B NepeMele-

! HaseIBaercs Takxe NOHCKOM MO neOpMHUPY eMOMY MHOEOTPEHHHKY. — IIpum. ped.
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HHH CHMIVICKCA B HAMNpaBIIeHHH ONTHMATBHOH TOUKH C TTIOMO L0 HTCp&u}lOHHOﬁ

Foue BYphL. B CHMIDTEKCHOM MeTOfie, TIPEATIOKEHHOM MepBOHAYAILHO, PEryasp-
HEIH CHMIDTEKC HCTONB30BANCA Ha KaXkI0M JTare. Hennep 1 Mup ipenioskumy He-
CKOIMBRD_ MOTMQUKALMA 31010 MeTona, JOMYCKAIIINX, YTOBhI CHMIDTEKCHI GBI
HETPABIILHBIMA | B pesyisTate NONyUWICA OUeHb HafeXHBIE MeTOH pPMOTO I0-
HCKA, ABIIARIMHCA OTHIM M3 CaMbIX 23QQPeKTHBHBIX, eCliE # < 6.

B Metone CHeHANH, Xexcid i XHMCBOPT2 CAMITIERT TEPEMENIaeTcs ¢ NoMO-
LI TPEX OCHOBHBIX ONCPALMi: OTPAMERUA, PACTANeHUs K cxaTust. CMBICT 3THX
onepauuit CTaHeT MOHATHBIM [IPH PACCMOTPEHHH IIArOR MPOLENyphl.

A. Haiigem 3Hauenua GyHKIHAM

y =f(x1), fa =f(x2) -~-fn+1
B BeplLIMHAX CHMITIEKCA,

b. Haiiirem HanGombluee 3Hauelie GyHKmMu [, clemylouee 3a HaubONbIMM
3paueHueM (YHKIMM fy, HaHMeHbIIee 3HAUCHHe GYHKIMHA f; 1 COOTBETCTBYIOIIME
MM TOUKH Xy , X U X;.

B. HaiineM LieHTp TsXecTu BCeX TOUEK, 3@ HCXITIOUEHHEM TOUKH Xy, - [1ycTs ueHT
POM TAXKECTH BymHeT

0:1 S x, ‘ ; (3.6)

Ritn
% BBUHCIEM f(Xo) = fo.
T. YmoGuee scero Hauarh MepeMeilieHHe OT TOUKH Xp, . OTpasus TOUKY X OTHO-
CHTENIBHO TOUKH Xo, MIONTYUHM TOUKY X, M Hallfem f(x,) =f.
Onepauus OTpakeHna wuTocTpHpyerea puc. 3.4. Eom o > 0 — xoadduupment
OTpXKeHHA, TO NOJOKEeHNE TOUKH X, OTPENeNATCs CTefyIImM 06pasom:

X, —Xo =0(Xo — Xp),
T.e.
= (1+ )Xo —0xy, . [€X)]

=S (x4 1)

Sameuanue. o= 1%, — xol/1xg — x|
I CpaHum 3Havenus gyHkumit f, u f;.

1. Eenn f, << f}, TO Mbl HONyuwIH HanMeHbIIee 3HaveHme yruum. Hanpasne-
HUE U3 TOUKHK Xo B TOUKY X, HauGoniee yjqoGHO s nepemewerys. Taxum of-
pa3’oM, Mbl TPOM3IBOIMM DACTAKCHHE B 3TOM HANpaBJIeHHH 4 HAXOHHM TOUKY
x, W sHaveHue byHxumn f, = f(x,). Pucysox 3.5 wulocTpupyeT ollepannio
PAcCTANEHNUA CHMIUIeKca. KosgduimenT pacTsixerus ¥ > | MOXHO HaHTH H3
CTeYIOLIMX COOTHOLLeHHI |

Xe
xg Xo
Xy *r

Xy

Prc. 3.4 Puc. 3.5
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[image: image22.png]Xe = X0 = Y(%, —Xo),
T. €.
X, =71+ (1 -7)x%0. (3.8)
Bameuanue, ¥ = |X, ~Xo /1%, —Xo |-
a) Ecmn f, < f}, T0 3aMeHsAeM TOUKY X;, Ha TOUKY X, M TpoBepdem (1 +
+ 1) -y TOUKy CHMIUTEKCA Ha CXODMMOCTh K MUHUMYMy (cM. wiar 3). Ecnu
CXOEMMOCTb [OCTHTHYTA, TO TIPOHECC OCTaHABNAUBAETCA; B TIPOTHBHOM CIy-
yae BO3BpalllaeMcs Ha luar B.
6) Ecmu f, 2 f;, T0 0OT6packiBaEM TOUKY X, . O4eBHIHO, MBI IEPEMECTINCD
CTIMILKOM JIAEKO OT TOUKH Xo K TOUKe X, [103T0My criemyeT 3aMeHHTb TOU-
KY X; Ha TOUKY X, , B KOTOpO# Gbiro momydeHo ynmywmenue (war 1, 1),
NPOBEPATH CXOIMMOCTb W, €CTIM OHa He NOCTHIHYTa, BepHyTbCA Ha iwar B.
2. Eomn f, > f7, HO f, <[y, 10 X, ABNscrcs NyUIIed TOUKOH IO CPABHEHHIO C
OPYTHMM JBYMS TOUKAMH CHMIUTIEKCA i Mbl 38MEHAEM TOUKY X; Ha TOUKY X, H,
eCilM CXOMMOCTD He AOCTUrHyTa, BO3BpaiaeMcs Ha war b, 1. €. BHINOIHAEM
NyHKT 1, 6, OMMCAHHBIA BBILLE.
3.Ecnu f, >f; uf, > f,, 10 nepeiinem na wer E.

E. CpanuM 3HaueHus GyHxomi f, u fp .

1.Ecu f, > fj, , TO MEpeXOmMM HeNOCPeACTBEeHHO K mary cxarud E, 2.
Eom f, < f; , TO 3aMeHAeM TOUKY X, Ha TOUKY X, K 3HaueHHe QYHKIIH fj
Ha 3HaYeHue GyHKuUM f,. 3allOMMHaeM 3HaveHHe 5> fg u3 mara ]I, 2, npuse-
NEHHOTO BhIle. 3aTeM MepexouM Ha uar E, 2.
2. B a10M cityuae f, > f; , M03TOMY SCHO, YTO MBI TIEPEMECTHITHC CTHIIKOM
[ATEKO OT TOUKH X; K TOUKe Xo . [IoNbiTaeMcA HCTIpaBuTs 370, HallAs TOUKY X,
(a3arem f,) C TOMOUIBIO IHAra CXATHA, IOKA3aHHOTO Ha pyc. 3.6.
Ecnu f, > Jj, , 10 cpasy MepexofuM K IIAry CKATHS M HAXO[MM TOUKY X, U3
COOTHOLIEHHA
Xe —Xo =8(X; —Xo),
rae 8 (0 <g <1) — xoabuument cxarus. Toraa
X =Bx, + (1 - B)xo. (3.9)
Ecnn f, <[, 10 cHavana 3aMEHUM TOUKY X;, Ha TOUKY X,, 4 33TeM IpOH3Be-
mem cxarye. Torna Touxy x, HalieM U3 COOTHOIIEHHUs

X — X0 =B (X —Xo),

T.e.
X =6x, + (1-B)xo (3.10)
(puc. 3.7).
€
Xg
Xy Xy xi X Xc xp
Puc. 3.6 Puc. 3.7
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K. Cpasuim snavenns dynkunii f, u fp .

1. Eoimn f, <[y, TO 3aMeHsIeM TOUKY X; HA TOUKY X, H €CJTH CXOIHMOCTb He
[OCTUTHYTA, TO BO3BpalllaeMcs Ha Iuar B.

2. Ecau f, > fj, , TO OYeBMIHO, YTO BCe HALUM NOIBITKH Hail TH 3HaYeHHe MeHb-
Iee fj, 3AKOHUWIHCH Heygavei, MOITOMy MBI EPEXOIuM Ha Iuar 3.

\3. Ha 570M 1m1are Mbl yMeHb1L2eM Pa3MepHOCTS CHMITEKCA TERHeM TOMONaM
PadCTOAHNS O KaXIOH TOUKH CHMIVIEKCA [0 X; — TOUKH, ONpeeNsaoilel Han-
MeHblillee 3HAUEHHE DYHKIMM.

Taxum o6pazoM, Touxa X; 3aMEHACTCA Ha TOUKY X; + A(X; — X;), T. €. 3aMeHA-
€M TOUKY X; TOYKOH

B(x +Xp). (3.11)
3arem BpumcaseM f; mini =1,2, ..., (n+ 1), OpoBepAeM CXOQUMOCTb H,
€CTiM OHa He JIOCTUIHyTa, BO3BpamaeMcs Ha 1ar B.
H. Tporepka cXOMMOCTH OCHOBaHA Ha TOM, UTOBbI CTAHIIPTHOE OTKIIOHEHNE
(7 + 1)-ro 3HaveHHs yHKUMH GBUIO MeHblie HEKOTOPOFO 3aaHHOTO Manoro
3Hauenns €. B 370M cnydae BoumcnAeTeS

n+t

o= 3 (fi—=NHn+ 1)

rae f=Sfifn+1.

Ecnu o <€, 10 Bee 3Hayenusd GYHKIUH OeHb GITH3KH APYT K APYTY, U NO3TOMY
OHH, BOIMOXHO, eXaT BOIM3M TOUKH MuHEMYMa dynximu x;. Mexonsa us storo
TAKOH KpUTepUH CXODMMOCTH ABIAETCH pasyMHbIM, XoTa Boxe, lIssuc u CrenH
[1] npennaranT 10, uTo OHY cuMTAOT Gomnee  FeIONACHOR MPOBEPKOH.

Hllary 10# HpONEmypsI pefcTaBIIeHbI B BUAE GTOK-CXeMBl Ha pHC. 3.8.

Koadduuuentsi «, §, ¥ B BhIUCHPHBEIeHAOH Npoliefype SABIAKICA COOTBET-
CTBEHHO KOybPrIEeHTAMY OTPAXEHH, CKaTHA U pacTaxkenns. Henmep u Mup pe-
KoMeHgyrT Opath a =1, 8 =0,5 5y = 2. PekOMeHJallis OCHOBAHA Ha Pe3YNIbTATaX
3KCTIEPHMEHTOB C DPasfNYHbIMH KOMOHHALMAMY 3HaueHWi, DTH 3HAavueHMs napa-
METpOR NO3BONAKT Merony Obits 3QeKTHBHLIM, HO PAGOTATH B PRIMMUHBIX
CIOKHBIX CHTYAUMSX.

Hauanssbiit cuMiieke BoI6HpaeTcs Ha Hallle YCMOTpeHye. B naHHol nporpamme
TOUKa X; SBJIAETCA HAUABHOH TOUKOH, 3aTeM B HPOrpamMme GOPMHPYIOTCS TOUKH

X, =X, + ke, .

(3.12)

3.13)

X3 =X, + ke,
X=X, + ke,

rae K — NpOM3BONbHAS TMHA 1I1ATa, 3 € — eJMHUYHBIH BEKTOP.
OGo3HaueRusA, HCTIONMB3YeMBIE B IPOFPaMMe, B LEJIOM COOTBETCTRYIOT 0GO3Hade-

HMAM, IPHBEACHHBIM B TEKCTE, 32 HCKJTIOUEHHEM TOTO, UTO NCIIONB3YITCH IPOHHC-

Hbte 6yxerl FE = f,, XC = x,, u 1. 1. Bepumsbl cumimiexca oGosHauatores S. [Ipu

31om S (1, J) sBnserca J-if xoMmoHeHTON I-if BeplmHI, T. €.

S, D =xy.

(3.14)
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Puc. 3.8

fIporpaMma cOOTBETCIBYeT GIOK-CXeMe, W 3T0 JIETKO MpOCTICHNT, UHTad G
BMecTe ¢ omeparopam PRINT, cOnpoBosIalOUMMK BBOM, H OTIEpaTOpaMi REM.
B pacrmieuaTxe IporpaMMsi B cTpoke 5000 cofepxutca Havano [O[IPOT PAMMBI,
BEUHCTAOWEN MAHAME3MpYeMylo (ynkipio Iayonna (cM. ypasHeude (32)).

OTMersM, YTO TIH NpoBepKe cxOMuMOCTH (cTpoku 2060 — 2180 nporpammbl)
HCTIONB3YETCA XOPOLUO H3BECTHOE COOTHOLIEHHE i
n+ . nt .

S U= -

i1 1

7SI BBIUMCITEHUA CTOAIEH CT1eBa BOTHUMHEL.
Pacrieyarka poOrpaMMel NpUBEReHa HIDKe.

20 PRINT "CHMITAEKCHbIA METOA4 HEAAERA-MALA®
40 PRINT ™

60 PRINT "QUHKUWA Z=F(X1,X2,..-,XN) BHHYUCARETCH B CTPOKE 5000" A

80 PRINT TEV=0

100 PRINT “BBEAWTE YWUCA0 NEPEMEHHBIX"

120 INPUT N . :
140 PRINT "HAYAALHOE MNPUBAUXEHUE" P
160 DIM S(N+1,NY
180 FOR J=} TO N

Havassusie MoIKU /

@315y

200 INPUT SU,d

220 NEXT J

240 PRINT "BBEQUTE A/MHY LIACA®

260 INPUT K

70 REM MOCTROWTL NEPBHA CUMNAEKC BOKPNT HAYAALHOM TOUKM"
80 FOR 1=2 TO N+1 N

00 FOR J=1 YO N N

0 IF J=1-1 THEN S(L,J=Sd,J+KBOTO 360

390 SU,N=SL,D

440 DIM X(N,XHINY, XB(ND,JL{N), XD(NY

440 DIM XRIN), XCN), XEMND,FN+1)

470) REM BHIHUC/MUTEL 3HAYEHME PUHKUMU

480 FOR 1=1 TO N+1

SO0 FOR J=1 TO N

520 XD=6(I,3)

540 NEXT J

560 GOSUB S000

580 F=7

600 NEXT 1

610 REM HAATH HAWUBOABWEE W HAMMEHLWEE 3HAYEHUA
. 615 REM PUHKUMW W COOTBECTBUNMME MM TOMKK
620 FH=-1E+20:FL=1E+20

440 FOR I=1 TO N+1

660 IF F(DSFH THEN FH=F(DiH=l

&80 IF F(DFL THEN FLaFiba=1

700 NEXT I

710 REM HAATH BTOPOE HAMBOABWEE 3HAYEHKE W
715 REM COOTBETCTBNIMUA EMY TOUKW

720 FG=-1E+20

740 FOR I=1 TO N+1

760 IF I=H THEN GOTO BOO

780 IF FUDFG THEN FO=F(DiGE=1

80O NEXT I

820 FOR J=1 TO N

840 XD(N=0

840 FOR I=1 TO N+t

8E0 IF I=H THEN BOTO 910

P00 XOWI=XOW)+S(T,d)

910 NEXT I

920 REM ONPEAE/MTH TOHKK XO,XH,XG,XL

P40 XDID=XDED/N

F60 XHII=EH, T

. 980 XB(N)=S(B,d)

1000 XLAD=SIL, T

1020 NEXT J

1040 FDR J=1 TO N

1060 X(D=XOW)

1080 NEXT J

1100 GOSUB 5000

1120 FO=Z:PRINT “BWYWC/MTE UEHTP TAXECTH B CTPOKE 1120"
1130 REM ZA/EE BLNOAHMTE OTPAXEHUE

1140 FOR J=1 TO N

160 XR(I=XDUI+AL*XOD-XHI)

180 X(H=XRWD)

1200 NEXT J

1220 BBSUB SOO0:FR=ZIPRINT "BHINO/HATE OTPAXEMWE B CTPOKE 1220
1230 REM EC/MM FRCFL, TO MPOMIBOAUTCA PACTHXKEHUE
1240 IF FRFL THEN 6070 1300

1250 REM EC/M FROFL W FRMFG, TO MPOBEPWTL FR W FH
1255 REM B MPOTUBHOM CANNAE, JAMEHMTL XH HA XR
1260 IF FRYFG THEN 60TOQ 1600

"z
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[image: image24.png]1280 GOTO 1520

1290 REM AANEE BbINOAHRETCR PACTAXEHME

1300 FOR J=1 TO N

1320 XE(N=BA®XR(II+{1-GAIXDD

1340 X(JI=XEW)

1360 NEXT J

1380 GOSUB SO00:FE=Z

1400 IF FE<FL THEN GOTO 1440

1420 GAOTO 1520

1440 FOR J=1 TO N

1460 S(H,)=XE(J}

1480 NEXT JfF(HI=FEPRINT "BHNOAHMTE PACTAXEHWE B CTPOKE 1480
1490 REM NPOBEPUTL CXOAMMOCTb B CTPOKE 2060

1500 BOTO 2060

1520 FOR J=1 TO N

1540 S(H,D=XR{D

1560 NEXT JeF(H)=FR:PRINT "BHIMOMMTE OTPAXEHUE B CTPOKE 1560"
1580 BOTO 2060

1600 IF FR>FH THEN 60TD 1700

1620 FOR J=1 TO N

1640 XHIH=XR(I)

1660 NEXT J

1680 F(H)=FR

1690 REM AAMEE CAEAVET CXATHE

1700 FOR J=1 TO N

1720 XC(N=BE*#XH(I)+(1~BEMXIKD

1740 X(J»=XCW)

1760 NEXT J

1780 BOSUB SO00:FC=Z

1800 IF FC>FH THEN BOTO 1920

1820 FOR J=1 TO N

1840 SH,J=XC(H

1860 NEXT J

1880 F(H)=FC:PRINT "BHI‘IOI]HMTE CXATHE B CTPOKE 1880 37
1900 GOTO 2060

1910 REM QAAIEE C/EAYET PEAUKUMA CHMITAEKCA

1920 FOR I=1 TO N+t

1940 FOR J=1 TO N

1960 S(I,D=(S(I,N+XLIN/2

1980 X(M=SI,

2000 NexT J

2020 GOSUB S000F(I=2

2040 NEXT I:PRINT "BMITO/IMKTE PEAYKUKIO B CTPOKE 2040"
2050 REM RANEE CNEAYET [IPOBEPKA CXOAWMOCTH

20460 S1=0:52=0

2080 FOR 1=1 TO N+1

2100 S1=51+F(1}

2120 S2=G2+F(D*F (D

2140 NEXT 1

2160 SIG=S2-S1#51/(N+1:SIE = SIG/IN+D

2180 IF SIG<IE-10 THEN GOTO 2220

2200 GOTO &20

2220 PRINT "MWHUMUM HARAEH B TOYKE ™

2240 FOR J=1 TCI N

2260 PRINT
2280 NEXT J.PR!NT
2300 PRINT “3HAYEHUE MWHWMUMA GUHKUWM="F(}
2320 PRINT "KOAMYECTB0 BbLYWCAEHWA PUHKUWU="TEYV
2340 END

5000 Z={X(1H+10#X(2)02+5#(X(3)-X4AN~2

S020 Z=Z+(X{(2)-2¥X(3N"4

5040 Z=Z+10#X(1)-X(4N"4 .
5060 TEV=TEV+1

5100 RETURN
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flpumep 1

Wcnonbaorars meron Hemmepa — Muma nns MuHnMuzauyy GYHKIMK Po3zenGpoka f(x,,
x;) = 100(x, — x3)? + (1 — x,)?. Tonoxus k¥ = 0,5 u BEIGPaB B KauecTBe HAYALHOTO
fipubArKeHHA TouKy (1,5; 2), n pas K02 HUNEHTA CXaTH HCIONB30BATL 3HAYSHNS o = 1,

B=05uy =2

[pu NpaBUIBEHOM H3MeHeHuu CTPOKU 5000 B MOANPOTpaMMe HAYATIO H KOHEU PACHCUaTKH
pe3yNETaToB BHIITIALAT TAK, KAK 3TO MPEAICTABIIEHO HiOKe. IIpH 3TOM IOCTATOUHO MPOCTO MOX-
HO TIPOCTENMTE 3a paboTod Mpouepyphl. BhiBoz Ha NevaTs B crpokax 1120, 1220, 1480, 1560,

2040 MOXHO “IOMABUTE", ¥ 3TO NOBBICHT CKOPOCTD BHINONHEHHS [[POrPaMMBI.
VICTHHHBI MHHAMYM HMeeT 3raueHue 0 B Touke (1; 1).

CMMNAEKCHBIA METOA HEAAEPA-MWAA
PUHKUWR Z=F(X1,X2,...,XN} BBYUCARETCA B CTPOKE 5000

BBEAWTE YUCAC NEPEMEHHBX 2

HAYA/MBHOE MNPUE/MXEHME 1.5 2.

BBEAMTE AAWHY WArA .5

BBELUTE ALFA,BETA,GAMMA 1 B 2
BLMUC/MTE UEHTP TAXECTW B CTPOKE 1120
BHIOMHWTE OTPAXEHWE B CTPOKE 1220 225
BBNC/AHWTE CXATHE B CTPOKE 1880 &£6.07813
BLYUCAUTE UEHTP TAXECTW B CTPOKE 1120
BOMOAHUTE OTPAXEHWME B CTPOKE 1220 88.45312
BWNOAHMTE CXATUE B CTPOKE 1880 17.93848
BLHUC/MTE LEHTP TRXECTW B CTPOKE 1120
BLNOAHUTE OTPAXEHWE B CTPOKE 1220 20.9228%
BHNOAHKTE CXATHE B CTPOKE 1880 4.80719 ¥
BBYUCAMTE UEHTP TRXECTU B CTPOKE 1120
BHMNO/MHWTE OTPAXEHME B CTPOKE 1220 51.29157
BLNO/HUTE CXATUE B CTPOKE 1880 .2411101
BLMWC/MTE WEHTP TAXECTW B CTRPOKE 1120
BHNCAHUTE OTPAXEHME B CTPOKE 1220 3819754
BBNCAHATE OTPAXEHME B CTPOKE 1540

BHYUCAUTE LUEHTP TAXECTH B CTROKE 1120
BbNCAHWTE OTPAXEHWE B CTPOKE 1220 7.3273646
BHMNOAHUTE. CXATHE B CTPOKE 1880 1.0944%5%
BHHUCAMTE UEHTP TAXECTH 8 CTPOKE 1120
BLAOAHWTE OTPAXEHME B CTPOKE 1220 &4.877291E-05
BHIMOAHUTE OTPAXEHME B CTPOKE 1560

BHYUC/MTE UEHTP TAXECTW B CTPOKE 1120
BuINOARUTE OTPAXEHME B CTPOKE 1220 1.433001E-0C4
BHNOAHUTE CXATHE B CTPOKE 1880 2.787433E~03
BLYUCAUTE UEHTP TAXECTU B CTPOKE 1120
BbNO/HUTE OTPAXEHME B CTPOKE 1220 3.54833E~05
BLINOAHUTE CXATUE B CTPOKE 1880 8.852308E~-0&
BHY4MCAMTE UEHTP TAXECTU B CTPOKE 1120
BLNOAHUWTE OTPAXEHWE B CTPOKE 1220 2.15590%E-05
BHMONHATE CXATHE B CTPOKE 1880 5.518512E-0&
MUHUMYUM HAAAEH B TOYKE

X1 = 1.000634

X 2 = L0013%7

IHAYEHUE MUHMMUMA PUHKLUMK PABHO 1.194424E-06
KO/MYECTBO BLIMUCAEHWA PUHKUMWK PABHO 108
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3.5. YIIPAXKHERHWSI

. TlonpobyiiTe HamMCaTh NPOTpaMMy Ha A3blke BefcHK, peanusyioulylo MeTon HOKOOpAK-
HATHOTO CMycKa. MOXKeTe MPHMEHUTS B KayecTBe MOMIPOrPaMMBL [l 3TOTO METOLA JIo-
6Ol M3 AITOPUTMOB OJJHOMEPHOTO MOMCKA Ji1A (QYHKIMH ONHON TepeMeHHOH, NpuBeneH-
HBIX B . 2.

2. Acnons3yiiTe NpOrpaMMy, HAIMMCAHHYIO Bamy B I. 1 ympaXHeHu# miis NOMCKA MUHUMYMa
dyHKkmHM (x, — 1)2 + (x, — 2)* + (x, — 3)> u Gynxnmm Pozenbpoka 100(x, — x})* +
(- x)?

3. Bocnols3y#Teck nporpamMmol, peanusyiomedt Meron Xyka — JUKHBCA B MEHHMH3ALIH
dyHKImA. CpaBHHTE KONHYECTBO BBIMHCICHHH (YHKINH, NOTPeGOBABILKHXCS B 3TOM Cly-
uae ¥ B CIy¥ae MeTo/a MOKOOPAMHATHOTO CIIyCKa.

4. TlosTopute ynp. 2 1 ynp. 3 ¢ pa3HbiMu HauaTEHBIMH TOYKAMH.

5. Monu¢muupyite meton Henmepa — Muna, 3aMeHHB KO3(GGUIMEHT, YMEHEIIAIO LN A/~
Hy 1uara, T. e. BMecTo 10 uemonsayitre (a) 2, (6) 4, (8) 8, (r) 100. Bemossure moBTOp-
Ho ymp. 2 u ynp. 3. CpaBHuTe KOJHYeCTBO BEMMCTeHUA GYHKUMHA, HeOGXOAMMBIX ATk [0~
CTIHKEHHS KOHEUHOTO Pe3yybTaTa.

6. Wicnonesya nporpammy Henmepa — Muma, MsHuMuskpy #te Gyrkumo Posenbpoxa, Gynk-
unr Tlayarma, AByMepHYIO sKCHOHeHUManbHyw dyukumo (ypaewenus (3.1) — (3.3)).
Hcrions3y#Te pasIuuHble HaanbHLIe IHAUCHUS M CPABHUTE KONHYECTBO BBIUMCIIEHM! DyHK-
. OcoGeHHO HeyIOBHRIMY IS MHHWUMH3ALUY ABJMIOTCT ToukH (—1,2; 1) nns pyHx-
unn Posenfpokau (3; —1; 0; 1) s dynxumu Maysnna.

7. OsnakomeTecs ¢ paGorolt Bokca, [IsBrca 0 CBeHa, HCHONBE3yHTe NIPENTIOKEHHYIO HMH TIPO-
BepKy CXOOMMOCTH B mporpamme Hemmepa — Muma # OpHMeHHTE pe3yNbTaThl K QYHKIM-
AM, YIOMSTHY THIM B yTIp. 6.

8. Monuduuupy#ire nporpammy Hemmepa — Mupa, Mcnosib3ys pasiuuHble 3HayeHus ansd
a, § ¥ v. IlpoBeUTe OLEHKY NOMYHAIOUMXCA Pe3yNETaToB. O3HAKOMBTECH €O CTATheH

[3] u ¢ samevannsMuU N0 3TOMY BOTpOCY.

9. O3HaKOMETeCk C paGoToit [6] Hanuumre mporpamMmy Ha s3bixe Belicuk, peanusyomyio
Meroft Crienyiu, Xexcra 4 XUMCBOp1a, H IIPHMEHHTE €€ Ha ApaKTHKe. Yem OHa OTNHYaeTCS
ot mporpammsl Heriepa — Mupma B OTHOIICHMH TpeGyeMOTO KONMYECTBA BhIYHCIIEHHI
DyHKuma?

10. MusnMu3upyfite GYHKINTO

Flxy, %) = x3 +x5 +2x}x] — dx, +3.
11. MusuMMBHpYitTe hYHRKLIMIIO

ox, X)) = E+x, — 1D+ (x, +x} =~ T2
12. Pelmare ypaBHenus

x+x, =11,
x, +x;="17
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Kax moxHo uemons30Bats ynp. 11, uro6r1 momous PeIUeHBH 9THX ypaBHeHHH?
13. Peiunre cucteMy ypaHeHust
x+y+z=6,
X +y? 472 = 14,
x*+y? 4z =36,
14. INepemenntie F u C cBA3aHEI cOOTHOWeHAEM F = @ + bC, O TIPH U3IMEPEHHH BelIHTUHS! F
NOSBIIAETCA ONIHOKa,
OnpenenmTe 3Ha%eHmA 4 U b IO CRENYIOMYM TaHHBIM:
F 51 68 84 103 121 14t
C 10 20 30 40 50 60

HenonsayitTe NPUHLMN HaUMEHBLUMX KBAMPATOR K HallMTe @ b 1o Ppe3YNIBbTaTaM MHHM-
Mu3anH QYHKIMN

6
S=3 (F,—a—bC).
i=1
dt0 — mpoctas samava NuHeHHo# perpeccwn. JlaHHBIA Bompoc PaccMarTpHBaercs BO MHO-
PIX KHUFAX 70 3MeMeHTapHON CraTHCTHKe, CYLIeCTBYIOT JOPMYJBL, 10 KOTOPIM JIEFKO
BLIHCTHTE 4 11 . TIpOBepETe MOMYeHHSTH BAMY OTBET, HCHOJB3YS 9TH PE3YIBTATHL.

15. M3BectHo, 4To mepementbie £ U /1 cBAIaHLI COOTHOUIEHHEM (06YCIOBNEHHEIM OMUGKOH
B namepennd @) Q =¢h™, rne @ 1 n — nocrosHHbIe. )
Vicrionsay st npuBenettble HiXe NAHHEIE, IOKAXHTE, YTO 3TO COOTHOLIGHHE HMEeT CMEICTT,
H IOTIYUHTE SHAYCHUA 4 ¥ 71

h 4 6 8 i0 12
g 650 1740 3640 6360 9790

Bamenanue. Ecnu Q = ah’®, 1o In (@) =In(@) +n In(h) . Takum 06pa3omM, MOXKHO TIPUBECTH
HACTOAWYIO 330129y K 3ajave JHHEHHON perpecci ¢ NPeoBPAIOBAHHBIMA MepeMEHHEIMK
In(Q) u In¢h). Peunre ee ¢ momommo npeoGpaloBanus i 6e3 Hero, OCHOBRIBAACH Ha TpHH-
LI HAHMEHBLINX KBAIPATOR, T. €. MUHHMUSUPY#Te BYHKIMK

DS, =z @) - @ -nhe)?,

2 5, == (Q; - ahf)?,

HM3MEHAH 3HAYCHHS @ U 71. [IONyWwIACh K OTBETH OIMHAKOBEIMU?

T ABA 4. TPAIHEHTHBIE METORGI

4.1. METOJI HAUCKOPEHIIETO CIIYCKA

B 970 riaBe paccMAaTpUBAIOTCA METOMbI HOKCKA, B KOTOPBIX HAPALY CO 3Have-
HHAMY  GYHKIMM HCTIONB3YeTcss M e¢ rpamuent. C. HOMOIB yIOMAHYTOTO B
pasg. 3.1 METOAa NMOKOOPIHHATHOTO CITyCKa OCYLECTBAACTCH MOUCK M3 3aaHHOM
TOUKH B HAIPABIICHHH, IAPAIIENBHOM OJIHOH H3 OCelt, 4O TOUKH MUHHMYMa B [aH-
HOM HATIpaB/IeHHU. 3aTeM MONCK MPOMIBOMMTCA B HAIIPABNEHHU, NMADAIENBHOM
Hpyro# ock, 1 T. 1. Hanpasrenust, koneuro, dmiccupobansr. Kaxercs pasyMHbIM
TOTBITATECA MOMUIMPOBATh ITOT METOf| TAKUM O6Pa3oM, YTOGH Ha KaXIOM
9Talle TMOUCK TOUKH MHHHMYyMa NPOM3BOIWICA BIOMNb “HaWIyWIlero” Halpabe-
Hysl. He sCHO, xaxoe HallpaBneHne ABAAeTCA ~HAMTYUIIAM”, HO M3BECTHO, UTO Ha-
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[image: image26.png]-

[ipaBleHHe TpaueHTa ABAACTCH HamnpasJleHneM Hancxopeﬁmero BO3pacTaHuA
d)yHKHHH. CH&HOB&TGHBHO, MPOTUBOIONIOXKHOE HanpaBlieHne ABJIAECTCA Hanpasire-
HEEM HAaUCKOpeiilero yGpIBaHus (GYHKLMH,

70 CBOACTBO MOXeT GbITh 0GOCHOBAHO cienyoILmM 0Gpazom. Tpennonoxam,
YTO OCYIIECTBAAETCH MepeMellieHNe H3 TOYKH X B CIIENYIOLIy0 TOUKY X + hd, e
d — HexoTOpOE HanpaBiieHHe, a B — 1Har HEKOTOpPO# [yUHb1. CrefOBATENBHO, TTe-
peMeliieHe IPOM3BOMUTCA M3 TOUKH (X1, X2, .+ - » X,) B TOUKY (xy +8x1, X2 +

+8x2, ..., X, +6xp,), THE
8x; = hdj, 4.1
ad; — KOCHHYCbI HanpaBniesus d, Takue, 4To
" \
Y di= 1 4.2)
i=1
UsMeHenne 3HaueHnit GbyHKIUHUH ONpefieNifeTcs COOTHOUICHUAMH
df =f(x; + 0x;, X, + 0%y, ..y X, + 0X,) — F(Xy, Xy o0 X,) =
g 17 9
:—f—éx,+—15x2+-~~+ 7 dx, 4.3)
ox, X, .

¢ TOYHOCTBIO [0 NEPBOTO NOPAAKE 5xl~, [pH4YeM YacTHbIE NPOM3BOIHBIC BBHIYKCIIA-
0TCA B TOUKe X (B cOOTBeTcTBHU ¢ ypasHerHeMm (1.4)). Kak cienmyer BpiGpats
HallpaBilenns d;, yIOBNCTBOPAIOLME YpaBHeHUIo (4.2), 4T06bI IOy uHTs Harbob-
fliee 3Hayensie M3MeHeHHA byHxuun df?

3rech BO3HMKAET 3aayd MaKCUMM3ALHM C OrpaHHUYEHMEM, M s €€ PELICHUs
NPEeOBOCXHTAM 3[1€Ch PE3YIbTATHI cneuyxomeﬁ IT1aBbl, HCTIONIB3YA METOI MHOMKUTE-
steft Jlarpatka, ¢ IOMOIIBI0 KOTOPOTrO oNpenenuM GYyHKIMI

o(dy,dy,. 0. dy) =df + A (2 d,? - 1.
Bemmuuna df, ynoBieTBOpsioman orpaHnuennio (4.2), MOCTHIaeT MaKCHMYMa,
Koraa GyHKuus ’

g &) &)
Pdydy.d)=h(-Lg, L L ez a2 -0
0x, ox, ox,
focTAraeT MakcumyMa. Ee pousBopHas
o U 4.4)
——=h—+ 2Md, M j=1,2,...,n. (4.
adj laxj /jy TpH n
 Ecmn
¢ h of
—=0, dj=———. 4.5
a0 YT ey, 5
CrnepgoBatensHo,
52

n

d, d, d,

K o

ax, ox, ox,

n

(4.6)

Torna d; ~ 0f/ox; u nanpasiienne d Napa/InENEHO HANPABIEHUIO Vf(x) B T0uKe x.

Takum 06pasom, HAMBOMbLIEE AOKAABHOE BO3pacTaHne QYHKIUM A 3a7aHHO-

TO Man020 wara i uMeer Mecto, xoraa d ects Hanpasiekue Vf (x) unn g(x) . Io-
STOMY HATIPABIIEHHEM HaUCKOPEHIIIero CIycKka sBIAETICS HANDABIEHHe

-Vf(x) wm —g(x).
B Goxee mpoctom BHfe ypaBHenue (4.3) MOSKHO 3aIMCATE TAK:
df=1Vf(x) |ldx|cos 8,

rae 6 — yron Mexqy Bextopamu Vi (x) # dx. [Insa 3aganunoi Benmuunst dx MbI Mu-
HuMusHpyeM df, BeiGupast 6 = 180°, ytoGrr Hanpasnerue dx coBmanano ¢ Hanpas-
nenuem —Vf(x).

3ameuanue. Hanpasnenne rpamenta NepNEeHANKYIISIPHO B 0G0 TOYKe IHHMH
TOCTOAHHOTO YPOBHA, IIOCKOJNbKY BAOMb 3TOH NMUHUN GYHKLMA NOCTOSHHA. Ta-
KuM o6pasom, ecu (d,, da, . . . , dy) — Maabli War BAOTH THHUK YPOBHA, TO

flxitdy,xs+dy,. .., x, +dy) =f(xy, %2, .0, xy,)
Y, CICHOBATEJIbHO,

zg
df = Z,T: d;=[Vf(x)Td=0.

(puc. 4.1).

B Merome Hanckopeiimero crycka se-
JIATENbHO  HCMOJIB30BATh  PACCMOTPEHHOE
CBOHCTBO HamnpasileHHus rpagueHTa. Toato-
MY, €CIIH MBI HaXOJUMCH B TOUKe Xi Ha
HEKOTOPOM 1Lare HPOLEcca ONTHMU3IAHI,
TO NOUCK MHHMMYMa YHKUHH OCyle-
CTBAAETCA BAOND HaNpaBieHus —V.f (xj).
JanHbit  Merom  ABNseTCH HMTEpaIIOH-
HbiM. Ha mare  Touka MIHEMYMa aImpok-
CHMHpYeTCA Touko# X;. Cremyrowell an-
TNIpOKCUMAUCH ABIAETCH TOYKA

X =%~=4Vf(x),
TAe A; — 3HaueHHe A, MEHUMU3HpYIOLICe QYHKIHIO

(A =f1x,— AVf(x)].

7

(4.8)

Puc. 4.1

“49)

(4.10)

3HaueHye A; MOXeT GbiTh HalieHO ¢ NOMOILBIO OIHOTO H3 METOIOB OIHOMeEp-
HOTO NOWCKA, OTHCAHHBIX B IJT. 2. BIIOK-CXeMa MeTOfja HaHCKOpefiiero crycka
MpHBe/ieHa Ha puc. 4.2.
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Puc. 4.2

RINT "METOA HAMCKOPEMAWENO CrUCKA" .

ig ';RINT RQUHKUMA Z=F (X1,X2y00, XN) BBIMWCARETCH B CTPOKE 2000 CTPOKE 3000
60 PRINT "HACTHHIE NPOW3IBOAHBE §(1),B(2)y..., BN BHHUC/IANTCA 8 O EonanALH®
80 PRINT "OAHOMEPHHA MOWCK MPOMIBOAUTCA METOLOM KBAAFATUHHO!
100 PRINT "BBESWTE YMCAO NEPEMEHHBIX':INPUT N

O DIM X(N), YD, GON), DINY,L(4),FF(4) )
1‘2‘0 REM HA(;CKB\:I L("‘) H’FF(A) WCROAR3YHTCR TPH KBALPATHHHOR WHTERMOARUWAWM
160 PRINT "BBEAMTE HAYA/MIBHUN TOHKY"
180 FOR I=1 TO N:INPUT X(D:NEXT 1
200 PRINT "BBEAMTE HAYA/ALHNA WAT*:INPUT L
250 PRINT " TEKYRME 3HAYEHWA"
260 REM 3AT0A0BOK AAR NMPOMEXYTOYHOIO BHBOAA |
300 FOR I=1 TO N:Y(D=X(I:ENEXT I
320 GOSUB 2000:608UB 3000:IF GO<.000001 THEN GOTO 1200
340 FOR I=t TO NsD(D=—G(I)/GONEXT I
360 REM 3AAATL HAMPABAEHME HAMCKOPEAWErO CHYCKA M3 TOYKM YD
370 REM [PABHOA B HAYAAE X(DI
380 LIN=:FF(V)=TiZI=T
40U L{3=L
410 FOR I=1 TO NeX(D=Y(D+{(SI*DIENEXT T
430 GOSUB 2000:FF(3)=2
440 GOSUR 3000
450 62=0
360 FOR I=1 TO NiB2=G2+G{H*D(DMNEXT I
470 IF FF(3=FF(1) OR G2>=0 THEN GOTO 500
480 L=2=L:B070 400
500 REM 8 CTPOKE 480 UYBOMTH A/MHY WATA,
S10 REM WTOBH "HAKPHITL" MAHAMYM
520 L2)=L/2
S40 FOR Ist TO NeX(D=Y(IH+L(D*DURNEXT I

560 GOSUB 2000:FF(2)mZ

S80 REM BHNOAHATL MEPBUK KBAAFATHHHYH WHTEFTIOARLIMI
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600 L= %(FF{2)- . 7S*FF (. 25#FF (3)/(2#FF (2)-FF (1)-FF(3)
620 IF L(4)<0 THEN PRINT "BHUMAHUE"

640 FOR I=1 TO NiX(D=Y(D+L(4)*DINNEXT I

660 BOSUB 2000:FF(4)=Z

680 REM MMEEM 4 3HAYEHWA LAMEDA 4 4 IHAUEHMA PUHKLUY,
490 REM YNOPRAOHUTL MX B MOPAAKE YEHBAHUR

700 FOR J=1 TO 3

710 FOR K=J+1 TO 4

720 IF FFWINK=FF(K) THEN 80TO 760

730 LL=L(Dal (D=L GOl (O=LA

740 FO=FF(INFF(M=FFUFF(KI=F0

750 REM MOMEHATL MECTAMA FF() M FFGO, EC/M OHK HE YNOFRAOHEHY
760 NEXT K:NEXT J

790 REM 3AKOHYMTL ROWUCK B AAHHOM HANPABAEHWU,

795 REM EC/M TOYHOCTb AOCTMFHUTA B CTPOKE 800

800 IF ABS(L(-L(21<.00005 THEN GDTO 1000

810 REM 3ANOMHWTE TPW JWHLMX TOYKM

B20 S1=8GN(L{2)-L{1)NSZ=SENI D) ~L(1)

B30 SI=SENILI4)-LAn

840 IF 81=52 AND $1=-83 THEN L(3)=L(4nFF(5)=FF(4)

850 REM BTOPAA U MOCAEAHAA WHTEPMNOAAUWS

860 DNe(L(2)—L(SN*FFHLIII-LUNRFF (2L ~LIZHRFF(F)

870 F=(FF(1)-FF(2)/(2%DN)

BBO F=F#L(2)~LSNHLIZ)~LAY

890 LAl QI+LI2Y/2+F

P00 FOR I=1 7O N:X(D=Y(D+L(S)*DIMNEXT I

?10 GOSUB 2000:FF(4)=Z

F20 REM MOBTOPUTL BTORYK WHTEPMOAALMH

930 BOTO 700

1000 FOR I=1 TO NsX(DaY(D+L(1)#DXI)

1002 Y(=X(IuPRINT
1005 NEXT I
1010 PRINT ™
1020 GOSUB 2000:30SUER 3000

1040 PRINT "F="Z:FRINT

1080 L=L/2

1100 IF G02.00001 THEN GOTO 340 -

1150 REM MEPEXOA HA HAYAMQ CAEAUKMER WTEPAUMWA MOMCKA M3 TEKUYMEA TOHKM
1200 PRINT "%PRINT

1220 FOR 1=1 TO NzPRINT “X"I;"=";X(:NEXT I

1240 PRINT "MUHUMUM PUHKUKW FX1,X2, XNy="Z

1300 END

2000 Zm(X(1)—1)"2+(X(2)~3)" 2+ 4 #{X()+ 512

2090 FEwFE+{

2100 RETURN

300C GOm0

3100 G(Om2#X(1)-1)

3200 G(2)=2#(X(2)-3)

3300 B(=BH(X(I)+B)

3800 FOR I=1 TQ NiGO=GO+G*G(IMNEXT I

3B10 BO=SQR(GO)

4000 RETURN

Beutite mpuBeneHa MporpamMma, peaTHIYIOWAS MeTO[ HAUCKOPEHINEro cIrycka.
B Heit HCTIONB30BAHBI Te ke 0GO3HAYEHMS, YTO K Ha Bnox-cxeMe, TONBKO 3allHcaH-
Hbie NPOIMCHbIMK GyKBaMH, a MHO¥mTenb Jlarpamska X ofo3HaueH uepes L. Bek-
TOP B CTpOKe 340 ABNACTCH EMHHYNBIM.

Inst novcka MuHEMYMa GyHKLHM

o(A) = f(x; + ) (4.11)
B HanpaplieHuH d; #3 TOYKM X; HCTIONB3YETICHA METOR KBafpaTHUHON HHTEPIIOM AIHH.
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[image: image28.png]Puc. 4.3

B Touke X; A = 0, U MBI BLIOHpaeM UIMHY 1ara A Takoit, 4yT068I LIAr “nepe-
kpout” MuHAMYM yRKIME ¢ () . [Iponspofmas
de .

i g(x; + Ad)Td,. (4.12)

B cTpoke 460 1porpaMmbl BEIHCIAETCA BHIPAXKEHHE (2.16) , xoTOpPOE 0BO3HAYA-

erca G2. B crpoke 470 npoBepsierca yclIoBHe epexphITHA’ MHHUMYM3, KOTO-

poe BEUIONHAETCA, ecyi B0 ¢ (N) Z ¢(0), mo dy M) /dA(=G2) = 0.
3ameuanue. dp(0)/dN = —g(x) Tg(x;) <O (puc. 4.3, ay ub)).

Ecny MEHEMYM He Tonan B o1pesox (0, X)), 10 A ynBanBaeTcd, H 370 MOBTOpA-
TCs CTONBKO a3, CKOMBKO HEOBXOGHMO VISt BHINONHEHHA YCTIOBHA “TlepeKphl-

»

THS .

YnoctoBepuBLMCh, uT0 0Tpe3oK (0, A) ComepXuT MHHMMYM, B Ka4ecIBe Tpe-
Thelt TOUKH BO3bMeM TOUKY A/2. MMHMMAIEHYI0 TOYKY CIIIAKHBAIOLLIErO KBanpa-
TIMHOrO TONMHOMA HAaXOOAM B COOTBETCTBMH ¢ cooTHOulemmem (2.12) (em.
ynp. 8 pasp, 2.8) mpu £ = A2, UTO OTPaXKEHO B CTPOKe 600 nporpamMmbl.

Teneph KBaJ{PATHIHAA HHTCPIIONAIMA OBTOPAET IPOTPAMMY, TIDHBEJLEHHYIO B
pasy. 2.4, 32 HCKITIOYEHIEM TOTO, YTO HOMEPA CTPOK YBEITMUEHBI Ha 300. ToysocTs,
3amannas 8 crpoke 800, KOHEYHO, MOXKeT ObITh K3MEHEHA,

B crpoxe 1000 MpOH3BOMTCH MPUCBAMBAHUE X; . 1 = X;, H €CIHt lg(x; , )1 mo-
CTATOWHO MANO, TO TPOLEce 3aKaHuMBaeTcA (3712 MPOBepKa NPOMSBOIUTCA B CTPO-
ke 1100 nporpammsl) . [ITuHy mara yMEHBIIAIOT B CTpOKe 1080. B mpouecce mo-
HCKA TIPERTIONAraeTC CXOMMMOCT K 3KCTPEMYMY, NO3TOMY [lst 3 deKTUBHOCTH
NpOLETypEI Pa3yMHO YMCHBIIMTH [yIiHy wiara. [Ipu 5TOM feleHne ara HMEHHo
Ha 2 BBIGPAHO NPOU3BOIIBHO.

Tpumep 1

Mctions3y s NpHBeLEHHYIO BHIE NPOrPaMMY, HAHTH MUHHMYM yHKUMH
FGy, %p, %) = (6 — 12+ (x, —=3) +4(x; +5)%.

Jina pelieHus JAHHOW 3ajaud NOAXOIHT NMPHBCHCHHARA BRIIie IporpaMma, MmHEMYM, oue-
BHJHO, paBeH HyMO TIpH X; = 1, x,= 3, x, = —5. V3 HavanBHOM TOUKH 4; —1; 2) ncna-
YanNBHEIM LIATOM JJIMHON 4 ¢ IOMOILIBI0 NAaHHOHN NpOrpaMMBl MOXHO HaliTy MHHEMYM 3a 11
wurepauuit. Hypke IipUBesieHa pacriedaTka pesymptara paboTe HpOTpaMMbL.
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METOA HAMCKOPEAKETO CNYCKA
PUHKUUA Z=F(X1,X2,.... XN} BWHMCARETCR B €
p— TPOKE 2000
gasgzggH::O:gﬁgﬁH:goa(l),G(Z),...,B(N) BHUUCAANTCH B CTPOKE 3000
3BOAUTCH METOAO!
BBEANTE. OGS HePLHa AOM KBAAPATHHHOMA MHTEPTIOAAUMK
3
BBEAUTE HAHAABHUYN TOYKY
4

-1
2
BBEAUTE HAHANLHWA WA
4

TEKYKME 3HAYEHKR
X 1 = 3.23220%
X 2 = 0237267
X 3 =-5.166087
F= 1395128

X 1 = 1189384
X 2 = 2.747488
X 3 =-4.558105
F= .BBO715

X 1 = 1.140915
X 2 = 2812114
X 3 =-5.010485

F= .0555979
= L.01195S

2.98406
=—4.972104

X1
X 2
X3
F= 3.50976E-03
X 1 = 1008896
X 2 = 2988139
X 3 =-5.000662
F= 2.215617E-04
X | = 1.000754
X 2 = 2.998995
X 3 =-4.99824
F= 1,394853E~05
X 1 = 1000561
X 2 = 2.999252
X 3 =-5.000042
F= 8.804964E-07
X 1 = 1.000047
X 2 = 2.999937
X 3 =-4.99989
F= 5.51017E~08
X 1 = 1.00003%
X 2 = 2.999954
X 3 «-5.000003

F= 3.422542E-0%
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[image: image29.png]= 1000004
= 2,999995
=-4,999793

F= 2.6B357BE-10

= 1.000003
= 2.999937

F= 1.964782E-11

X 1 = 1.000003
X 2 = 2.999997
X 3 =5
MUHHMUM BUHKEUU FX1, X2, XN 1.966782E-11
Kpurepuit 3aepluetus KaXIOH yTepaliy npusenet & cTpoke 800. Kak moxa-
3BIBAET OIIBIT, He OGA3ATENBHO NPOBOMWTS ONHOMEPHEIN TOHCK TiuarensHo. HeoG-
XO[UMO FOGHUTHCS JTHING yMEHBILIEHHSA 3HaueHus QYHKIMU 10 CPABHEHHUIO CO 3HA-
venueM [(x;). [losromy, BepOATHO, NyUlle 3aMEHHTh ONEPaToOp B CTPOKE 800 Ha

oneparop
80 IF FF(1) <ZZ THEN GOTO 10pp

Ha TepBbIil B3ITIAL 9T0 MOXKET OKA3aThCA OBONBHO IPYGEIM MIpHEMOM. OpHako
061LeM BBIUMCHEHHIT IpH TOYHOM NOUCKE MMHIMYMA MOXeT OKa3aThCs BECbMA 3Ha-
auTenpHbIM, [IpaKTHuecKuil OTIHIT pellleHust TOJOGHOro poaa 3amay noxazhmae:,
4T0 310 HeonpaspasHo. To, YTO TepseTcs Ha ITOM 3Talle B ~NOTOHe 33 TOWHOCTBIO”,
KOMIIEHCHpYeTCS ~HPOFBIKEHHEM K MUHMMYMY [0 H3MEHAIOIMMCA OGXOMIBIM
Harpapnesusam”. IT0 IPOJEMOHCTPHPOBAHO B PEICHHH CIIGAYIILEro MpUMepa 2.

Hipunep 2
Haitti MuHHMYM GYHEKHEH

[y, %y %) = (2, — D)4 F (0, =3P +40x, + 5%

QueBHOHO, uTO MMHEMYM (YHKIMM paBer HyTio B Touxe (15 3; —5) . PacmeuaTa pe3ysinTa-
Ta paGOTEI MPOTPAMMBI NpHBEACHa Hike. JUIS MOMCKA PeUIeHUs TIOTPeSOBANOCh BEBATE HTe-
pauui.

METOL HAMCKOPERWEFO CTIUCKA
QUHKIMR Z=F (X1,X2,.-,XN) BUUMCASETCA B CTPOKE 2000
HACTHBE TIPOWIBOAHBIE B(1%,G(2),...,6(N) BBMUCAAKTCH B CTPOKE 3000
OAHOMEPHWA MOWCK NPOM3IBOAMTCH METOAOM KBARPATUMHOM WHTEPMOARUUM
BBEAWTE HUCAO MEPEMEHHBIX

3

BBEAUTE HANA/LHUN TOSKY

I

2

-1

BBEAWTE HAYAMBHHA AT

4
TEKYMKE 3HAHEHUR

X 1 =-.1757255

X 2 = 2.077328

X 3 =-2,237252

F= 33.29327
58

X 1 = .643106%
X 2 = 230976
X 3 =-5.021118
F= 4944397

= 7308417

2.975843
=-4.9394602

X1
X2
X3
F= 2.042376E-02

-7408926
2.982069

F= 4.8427BBE-G3

= .8003951
3.012736
282102

= 2.224726E-03

= .B051051
3.008985

Terleps Bce BHUMaHHE MOTKHO GhITh COCPEIOTOUEHO HA Mporpammad. Kaza-
JT0Ch Obl, JOCTATOYHO 33MEHATh NIOMIIPOTPAMMbI BRIMHCAECHHA GYHKUUM H apry-
MexTa, Ecn 6b1 Bee Bbuto Tak npocto! Ha ceropmsimmit eHb He CyluecTByeT
”YHHBEPCATBHOTO ONTHMU3AIOpa”, KOTOPbIA BCErfia [apaHTHPYeT yRAuHbli pe-
3ynbTat. [lpuBeneHHEIe IPOTPAMMBI BIIOJIHE SICHDL, OJTHAKO NIPH UX HCTIONb30BAHHH
Tpebyerca 0cTOpoxHOCTs. UX paboTa MOXeET HeOXMIAHHO 3aBepUIMTHCA HEYIa-
uel 1332 CTAGOrO M3MEHEHHS KPHTepHS 3aBeplieHHs (HalpuMep, OT 3HaueHmil
< 0,00001 o 3unavenuit < 0,0001) . Eciu TpebyeTcst TOUHOCTb GONMBINAS, YeM MO-
*KeT oBectiemts IBM, 10 mpOrpaMma Moser “3aUMKIHTBCA”. ITO CHpPaBETUBO
WA BCEX TPOTPaMM, NO3TOMY GyabIe OTOBRI B OTAGTBHBIX CHYYasAX HpOABHTH
HACTOMUMBOCTD.

Crnenyer ckasaTh, YTO METOJ] HAMCKOPEMLIIEro CNCKA He PeKOMEHOYeTca B Ka-
uecTBE “Cepbe3HON” ONTHMU3AUMOHHOR nponemypsl. Ha mepsbiit Barisan od npu-
BJIEKATEIEH, HO UTA MpaKTHYeCKOTO MpUMEHeHHA ~'pafoTaer”’ CIMIIKOM Me[jIeH-
HO, Jleno B TOM, YTO CBOMCTBO HaHCKOPEHILEro CIycKa ABNAETCS JIUIIb A0KAAb-
HelM CBOHCTBOM, H TO3TOMY HEOGXOIMMO YacTOe H3MEHeHHe HANpaBylet s, UTo 1
HPHBOJMT B MTOTE K HeaddeKTUBHOH BBIMKCMMTENBHOM Npouenype. Meton oka-
3BIBACTCA HONPUTOMHBIM VIS MCUO/B30BAHUA BTOPBIX IpPOM3BOMHBIX HeMeBOM
byHKIHH.

Hamnywmmit cioco6 npuMeterus BTOphIX NPOMSBOXHBIX COCTOHT B PaspaGoT-
Ke MeTO/[2, OCHOBaHHOIO Ha CBOMACTBAX KBaNPaTHYHbIX YHKIMIA, KOTOpPbIE ABIS-
H0TCS ONHAMHU M3 TpocTeAWNX. Ecnu ucrnonb3oBath pasnoxenne B pan Teinopa
(1.4), 10 MOXHO 3aMeTHTh, YTO B OKDECTHOCTH MHHUMYMA Jto6ad bYHKIHA Mo-
KeT OBITH AIMPOKCHMHUPOBAHA KBANPATHIHOH bYHKUMEH, 6CITH ee BTOpble POHU3-
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[image: image30.png]BOMHbIe He paBHb! Hy/o. [105T0My METORB! TIONCKA YIS KBAPATHHBIX QyHKIMA
§ 24017070
MOTYT YCHELHO IIPUMEHATHCS M TS APYTHX GyH . _
B cnenyiomem paspelie GyIyT NOAYYeHB! HEKOTOPble BaXHBIE CBOUCTBA KBaJpa
TUYHOH (YHKIMU A TIePEMEHHBIX.

4.2. KBAJIPATUUHBIE OYHKIIUN

Ksanparuysas Gynuus

] ' (4.13)
F(x)=a+x"b+ ix"Gx, 4.
Ifle @ — KOHCTanTa; b — nocTOABHBIA Bex10p H G — MOMOXKHATENIBHO 2npe;[enem{aﬂ
CHMMETPHUECKast MaTPHLA — HMeeT MEHIMYM B TOUKe X¥, IIPHUeM X* Onpefenser-
oA crenyouMM 06pasoM:
VF (x¥) =b+Gx* =0, (4'142
orkyna x* = —G~'b. s ypasuenus (1.4) crenyet, 4T0 My BBIOIHEHNM YCTIOBHH
HENpPepHIBHOCTH T06YI0 (QYHKIMIO MOXHO aNIpOKCHMHPOBATH B OKPECTHOCTH
TOUKH Xo PyHKIMER

@) = f (%) + (x = %)T Y/ (x0) + §(x — %)" G} (X — X0), (4.15)

B TOUKE Xo.
rie G(Xo) — Marpuua I'ecce, BHIUMCIIEHHAS

Pa3yMHOH annpoKCcHMaiHed MUHIMYMa bynxuun f(X) MOxeT GhITh MUHUMYM
dynxumm ¢ (x) . Eci nocneiuilt HAXOQUICS B TOUKE Xy , TO

VF (%) + G(x) (X, — X5) = 0,

oTKyAa

Xy =X — G (xp) V(%)

Wi

X = X — G~ (%) 8(xo). (4.16)

TaxuM 06pas’oM cienyer MOMGbUUKHPOBATD UTEPAMOHHOE YpaBHEHIe 4.9),u
TOUKOH X; CTIEyI0IIeH aNMPOKCHMALKH MUHEMYMa Gyrer

4.17
X=X — Gl (x,) g(x) .17
WK, B 6onee ynoGHOM BUAeE,

X0 =%— 4, G7!(x)g(x), (4.18)
rie JUTMHA Iara A; ONPENENseTcA ONHOMEDHBIM IICHCKOM B HATPIBIIEHUM

-1 k
¢ Mg,;gug ggﬁrona — Padicona ocHoBaH Ha nocitenHeM ypastennu. He Gynem pac-
CMATPUBATH €r0 BO BCeX NOJPOBHOCTAX, YIOMSHEM JIHILEL HEKOTOPBIE ero 0coBeH-
HocTH, Ypasaerus (4.17) u (4.18) B TOM BHIIe, KaK OHH 3aIMCaHbl, TPeByIOT BhI-
upcenus ¥ 06palieHus MaTpulbl Iecce Ha KKIOM LLare, UT0 yacTo ilBIIHCTCi oc-
HOBHO¥ YacTbi0 BhIMCIeHWA. ECli TOuKa X; GITM3KO PacloNoxeHa K TOUKe X¥, 10
CXOMMMOCTb GymeT BBICTPOH, MOCKONBKY B O6IIEM cysae dyHkuMA ¢(x) Byner
XOpOUIO anIpOKCHMHUpOBaTh GyHKIMIo f(X) B 3TOH OKpecTHOCTH. Kak sopmy
rpagpenta 1g(%;, ;) |, Tax W paccrosHMe mMexuy TOUKamum |x; . | — X,| creayer
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TIPOBCPHTE HA BBINONHERUE KPHTEPHA 3aBepileHus. HHTepecHO OTMETHTB, Y10 IO
CPABHEHHIO ¢ NPOCTBIM METO/IOM HaUCKOpPEHLIero cllycka HanpaBeHueM clycka
B JlaHHOM cityuae Gyfiet He ~g(X;}, a —G ™' (x;) 8(%;) , T Y TBIBAIOTCA | BTOPbIE
npousBopnele. Mertomom IlaBumona — Dneryepa — Ilayamia Moxuo NONYUHTh
HaWTYYUIMi pesynbTar, MPOU3BOMAA NOUCK Ha i-M JTale B Hanpapiesnn —H; g (x;),
e H; — MONOMMTENsHO OpepienieHHas cHMMeTpHYeCKast MATPULIA, KOTOPAsS B KO-
HEYHOM CHeTe CTaHOBHTCA paBHol ~G ™! (x¥) !, Takum 06pa3cM, 3TOT Merog, 06-
XOJIMT KaK BBIHCIEHHe, TaK H oGpanienue Marpuubt G(X;) pu Kaxo# aTepaiim.

CrenosatensHo, HalpasiicHie OUCKA TTPU KOKIOH HTepanuu ABIAeTCS pelazo-
UMM $aKTOPOM, €CIH TOBOPHTS 06 I((HEKTUBHOCTH HTEPAMOHHBIX METONOB
noucka. [lpn Kaxmo#l UTepalun XeNaTelbHO NPOM3BECTH OJHOMEPHELH TOHCK B
HAWlyylleM HanpabieHnu. JIs KBaupaTHaHoM (GYHKIMM 1 NepeMeHHbIX BMAA
(4.13)  HawTywlMM HATIDABIIEHHEM FBASLETCA HANIDABITEHHE, CONPANEHHOE C npe-
HBIAYLWM HAlpaBTeHneM NOuCka. CHAYana MamumM eMy OlIpefierieHue, a 3aTem {1o-
SCHUM, YeM OHO LIONIE3HO,

ToBOpSAT, UTO NBa HAMPABIIEHHA P U q CONPAXKEHbI OTHOCUTENLHO CHMMET pH-
YeCKOH NI0JIONMTENBHO OlipenenieHHok MaTpunpt G, eciy

piGa=0. (4.19)

Moaio noxasats, uro ecnu po, py, . . . » Pp 1 ©CTh  B3AHMHO COLPSKEHHEIX
HarpabJIeHki B 1-MEPHOM TIPOCTPAHCTBE, TO OHH JIMHEHHO He3aBucuMsl, Ecin a1o
He TaK, TO CYINECTBYIOT NOCTOSHHBIE Go, &y, . . . , & _ 15 HE BCE PABHbIE HYITIO U
TaKHeE, UTo

GoPo tQipit...tay _ p, _, =0.

Torma pis nroGoro &,._ , (0<k<n~ 1) cnpasennuBo pasencIBO

T
on;yua (Ikkapk = 0, TaK KaK u3-33 cOHpH)KeHHOCTH BCE BPYTHe WIEHB! HCYE3a0T
(pp Gpg=0,k#j).

Tockonmky py # 0 u Marpuua G HOTOKUTETHHO onpeneneta, &, = 0. Orcona
GHEAYLT, IO BEKTOPLI Po, P1s ..., Py, _ | THHEAHO He3ABHCUMBL

Tepen mansuefiumMy BrMECTEHUAMT yno6Ho nepemicars byHKIMIO (4.13) B
BHIE

Fx)=a+xTb+4x"Gx,
TIpHYEM e MUHHMYM HAXOMMTCA B TOYKe
x*=-G b
! DTOT upeneNnbHbIA Tepexon BOIMONEH NpH BHIIONHEHMH onpeieNeHHEIX ycnosuit (cM.

paboty [}11 ). — Hpum. peo.
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[image: image31.png];(x) = F(x*) + (x = x)TVF(x*) + §(x— MTG(x—x*) =
= F(x*) + 3(x — x*)7 G(x — x*)(raxxax VF(x*)=0) =
=g+ 2*Tb + T Gx* + Jx — ) Glx — x*) =
=a—ibTG b+ 3(x—x*) Gx— x*)

4.20
wm F(x) =c + }(x — x*T% G(x — x*), (4.20)
= $bTG™'b — KoHCTAHTA,
raec=a— zb eren
Jll'Ip::)1!10110)|<le, 4TO UIA TIOMCKA MUHHMyMa QYHKHEH (4.20) ucroNB3Yy:
WTepAHOHHAA [IPOLeTy pa. onea
Szﬁo 410 HE cnefyer cpasy IpHHMMaTh pellieHue O HaHpai;X)eHl;ﬂ; y:ml: e
a 0 CIycKa),
€TONIOM TNOKOO PAIHHATHOT
KaK, HarpuMep, TIPH TIOUCKE M e -
sgam;mampwﬂ(bopmaunw, HOTY4eHHYI0 Ha NPeNbIAYIIMX JTAMAX TOUCKa, AT
YTOGBI OTPENeNATh NabHef e HAMABIeHHA IOUCKA. © w0 HaXOXC
HauseM M3 TOUKH Xo 4 IpOBENEM TOMCK B HANpaBNeHUH Po

HESL MUBMYMA B TOUKS )
Xy =Xo * NoPo» '

rfie Ao — HEKOTOpas CKaNApHasn Be/IHIMHA.
OrMeTHM, 4IO B TOUKE X HAMPABIIEHUC g(x1) = VF(x,) OpTOTOHATBHO

paBIleHUIo Po ¥

g(x)Tpo =0

(cm. ypaptenna (2.16) u (4.12)).

B obuieM cirydae Ha miare { IpOH3B
P; © e/IBI0 HAXOXKMEHUA MHHHMYMA B TOUKE

Ha-
(4.22)

OIUTCA TMOUCK U3 TOYKHU Xz B HanpaBiIeHHA

(4.23)
X+ =%t NP
rie A F(X) ciipaBemyiuBbl COOTHOLUCHHUA 29
g4 )= 0 G

#
g(x) = Glx —x9).
TOBTOpPHEIM TIpAMEHeHHEM ypaBHeHA (4.23) mocne 1 WAroB MOMYYMM

X, =Xp_ 3t Ay 1 Puo1=

=xn—1+lnw2pn72+’ln-lpn412 (4.26)

n—-1
=X; t 3oAp

i=j+1

st Beex j B uHTepBane 0<<j <n — 1.
Taxum 06pasoM, cOracko ypasHenuio (4.25)
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n—1
G(x,— x) = G(x;,, — x*) + Z 2; Gp;.

.27
i=j+1
CreoBarensho,
n—1
80)TR =3(x, )T+ 3 ApT Gp; (4.28)
i=j+1
W U3 ypaBHeHusA (4.28) nomyyaem:
n—1
gx)'p;= 3 iplGp, (4.29)
i=j+1
Teneps, ecnt Bee BeKTOPLI Po, Py, Pay .« o+ » Py — ; B3AHMHO CONPAXEHHI TAK, 410
pfcp]. =0 mpui#f, (4.30)
TO U3 cooTHOIeHuA (4.24) crenyer
g(xn)Tp].=O mpu j=0,1,...,n—1. (4.31)

Ho nockonbiy B 310M cinyuae BexTops po, P1,%.. 5Py _ ; THHEHHO He3aBHCH-
MBI H, TZKHM 06pa3omM, 06pasyior 6asuc, 10

8(xy) =0, 432
OTKYIa

Gt —x%) =0 (433)
"

X, = x*

Crlefl0BaTeNbHO, €ClH NOMCK TPOMABOMATCA N0 BIAHMHO COTIPSKEHHBIM Ha-
TIPABTIEHUAM, TO MUHHMYM KBaJpaTHIHOH bYHKUNY 7 iepeMeHHBIX GyneT Halnen
He Goree yeM 3a # waros. Meron Dneryepa — PuBca, H3M0KEHHADIN B pasn. 4.4,
OCHOBAH Ha 3T0H Hfee.

4.3. METOJl IABUIIOHA — QNETUEPA — ITAYDIIJIA

Meron Jasunona — Qnervepa — Ilayamta (ZIOIT) OCHOBAH Ha UCHIONB3OBAHMU
cooTHoleHuA (4.16) u (4.18), HO B HeM He Tpe6yercs Ha KaXIOM Liare BBIUMC-
naTh 0GpatHblit reccnan G~ (x;) , Tax Kax HANpaBJIeHHe TOMCKA Ha LIAre / ABII-
erc Hanpasnennem —H;g(x;), rie H; — nonoxarenso onpenenennas CHMMETpH-
HecKas MATPHIA, KOTOPAs OGHOBARETCA Ha KAKIOM LIATe, KaK 3T0 BY/IeT OMMCaHO
Hike. B npenerne matpuua H cranosutest pasHoii 06paTHOMY reccHaHy.

HayHem Nowck w3 HawambHOM TOUKH X, B3AB B KAYECTBE HAYa/IHHOIN MaTpHLy
Hy (0Bermo epunumunyio MaTpully, XOTA B 3T0M Cilydae MOXeT NOoHTH MoGas
CHMMETpUUECKAA NONOMMUTENBHO ONpENeNeHHas MaTpuua). Hrepaunonnas npo-

Uenypa MoseT ObITh IIPEICTABIIEHA CIl ey IOLHM 06pazoM (BMecTO g(x,-) yoo6uee
THCaTh g;) :

1. Ha ware / nMeioTcA TOuK4 X; M LOTIOXKUTENHHO ONpefieNleHHan CHMMETPH-
veckad Marpunia H;.
v
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[image: image32.png]2. B xauectBe HanpapJleHUs NONCKA B3ATh HAllpaBJIcHHE
d4,=—Hg, “34)

3. UToGbi Hailti ¢dyHKIHIO );, MAHEMMHpylomyl dysxmao f(x; + M),
IPOU3BECTH OJHOMEPHbHI IOKCK BHOMD IPAMOR X; + Ad;.

4. [fonoxurh

v; = Ny (4.35)
5. Tlonosxurs

X+ TX TV (4.36)

6. Haitre f(X;, ,) W &, ;. 3aBEpINTS (POLENYPY, eCTH BEMMMELL |g;, |
WIH {V;| ZOCTaTouHO Maihi. B IIpOTUBHOM CIryyae MPOFOMKUTE.
3ameuanue. Vs cootromenus (4.24) cnenyer, 910

g7, %=0 4.37)
7. TlonoxuTth

=8, 8 (4‘38)‘ i
8. OBHOoBHTE Matpury H criegyronmm o6pazom:

Hi,,=H;+A; +B;, (4.39)

e

Ay =¥l (V) (4.40)

B; = —H;uuTH/ (uH;u;). “4.41)

9. YBEIMUMTH { HA eUHHILY H BEPHYTHCA Ha war 2.

TosacHuM Npoleypy, cilenys apryMenTaunuy Onervepa u [layanna.

a) TIpouecc Byner ycToiluuB, ecytn GyHKUHS V; yObIBACT ¥ BEHUMHA A; HONOXKH-
TenbHa. TIOCKONbKY §; ecTh HallpaBeHye HAHCKOPERLIEro BO3PacTaHus, QYHKIHL
V; 6ynmer y6bIBaTh TOrAa, KOT/a PON3BENEHHE

—vig=—gvV =
/ 4.42)
=8 Hig ¢
TIOTIOMHTENBHO .

3710 cnpasemmupo, ecnu H; — cHMMeTpuueckast HONOKUTENBHO OlIpeyielicHHaA
Marpuia i smoGoro /. Hawansnas marpuua Ho o6ramgaer stuMu cBOiicTBAMU 1O
onpenenenuio. IIponecc OGHOBTeHHA B COOTBETCTBHU C COOTHOLIEHUAMH (4.39) —
(4.41) coxpaHseT CHMMETPHUHOCTb reccuatia. MeTOIOM MEIYKIMM AOKAKEM, HTO
nocse o6HOBMeHHs MaTpuua H; ocraeTca nonoxaTensHo onperenennon. Bt 310
YCTIOBHE CTIPaBeITHBO, TO

CiC; =C,C] =H,. (4.43)
TlonoxuM -
p=Cn v 9=Cu, (4.44)

re N — NPOUSBONBHEI BEKTOP.
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Torpa
nvvin _ " H,u;uf Hq _

' H, =n"H,n+
nH = Hn Tu, WHu,

, (e (')
T
-9 (')
= — >
qZ

Vi

vig

S (.IIT vi)Z

> (4.45)

nockosky p2q? = (pTq)? cormaco Hepasexcty iBapa.
3HaMeHaTeNs B COOTHOWEHNH (4.45) HONOXMTENEH, TaK KaK

T — T —_ T
Vi “_i_vi[gi+l_gil ==V &>

TIOCKOILKY V1g; 4 ; = 03 ypapHenms (4.37).
- CrnepoBaTensHo,

Viu, = LgTHg >0, (4.46)

TaK KaK )\1 > 0 u marpuna H; n0moxumtenIbHo ONpenieNeHa.

Taxum oBpazom, nTH,- Y] > 0, uI0 K JOXa3biBaeT MONOXMTEIBHYIO Olpere-
nennocts Marpunst H; , .

6) Teneps fiokaxem, uro eci Meron IOl mpHMEHACTCA K KBAJZpPAaTHUHOM
bynxumn (cM. (4.13)) ¢ cuMMeTpHYeCKO# TIONIOXKUTENILHO OIpe[IelieHHOR MaTpH-
ueit G, 0 H, = G~ 4 nouck MHHHMYMa 3aKOHWHTCS Yepes # 1aroB. Jina gokasa-
TeBbCTBA JIOCTATOUHO MOKA3aTh, UTO Vo, ¥y, . . - , V; — JIHHERHO He3aBHCHMBIE COG-
CIBEHHBIE BexTOphl Matpuupl Hy . G ¢ cOGCTBEHHBIMM 3HAYCHHAMH, PAaBHBIMH
emuuutie. Torna marpuma Hy, G pomima GBITh eQuHIMHOM.

OTMerHM, 410 B3 cooTHONIeHNUS (4.38) clenmyer, 4TO

u=g, 8
=Gx,,, ~ Gx, = wn
=Gv,. , '
Kpome toro,

Hi, Gv,=H, ,u; =Hu + Aju; + By, =
=Hu+v,—Hu,,
. 410 ClefyeT W3 coortHoweHuA (4.39) — (4.41) u u3 Toro, UrO v}'ul- " “?Hi“i
MOXHO COKPATHTB.
3 3ax. 768 65




[image: image33.png]Takum o6pazom,
H;, ,Gv;= 2 (4.48)
Jlanee METOIOM MHAYKUMHM 10 k MOKaxeM, yro @is k =2, 3, . . ., 1 clipaBemiu-
BBI COOTHOLIEHHA
viGy=0 mpn0<i<j<k, (4.49)
H, Gv;=v; mpu 0<i<k. (4.50)
Ilns poxasatenscTsa B cootHouiehnu (4.48) monoxmM ¢ = 0w nonyqum H, Gvg =

= Vo, T. €. cootHomenue (4.50) mpu & = 1. Tlpu k = 2 cooTHoweHue (4.50) Gymer
HMeTh BHT,

H,Gvo =ve u H,Gv, =v;.

BTOpOE paBEHCTBO CIefyeT H3 COOTHOWeHNA (4.48) mpr i =1.
Ilns nepBoro paBeHcTBA HMeeM

T T
viGv, H,u,ufH, Gy,

H, Gvy=H; Gvy + v, — T
iy U B,

Hpa mocrieniix wieHa B NPABOi# Y4CTH PABHBI HYIO, IOCKOIBKY
vi Gvy=v{ Gv, ~ vI G(-4, H,g)) =

=—4 8 H,Gy,=

=—A 8l v,=

=0,

ura clepyer u3 cootHowerua (4.48) npu { = 0'u w3 cootrowenua (4.37) mpu
i = 0. Kpome toro, u, = Gvy, 1ax 90 4 H, Gv, = vIGv,. Takum 0fpasom, noKa-
3aH0, 410 cooTHOMeHHe (4.50) cnpasemmeo npu & = 2. Ilocne neperoca B Apy-
I'YI0 YaCTb ypaBHeHHUA NOJMYUMM TpeByeMBlil pe3ysbTar:

T
voGv, =0,

4TO ABNAETCA cOOTHOWEeHHeM (4.39) npu k=2,

Telleps 0O MHOYKUHH TOKaXeM, IO ecii cooTHomeHna (4.49) u (4.50)
CTIpaBeIuBb! IpH K, TO OHHM CIpaBeUTHBE M IIpu k + 1.

Hmeem

g =b+ Gx, =
=b+G(x,_ +Vv,_ )= ’ v
=b+G(x;_,+ Vv, ;+V,_ )=
=g+ Gy F Ve V) 4.51)
Mz cootnoenus (4.49) npu § <k — | nonymm
V,? 8 =v;_rg,-“=0,

66

¥ u3 cooTromenunst (4.37) HeNOCPECTBEHHO CIIENYeT, IO

T =
Vi - 1gk 0.
Torna

| vig, =0 opr 0< i<k,
H 13 cooTHOLIe A (4.50) cnemyer, 10
» N )
§ v;GH g, =0 npu 0 < i <Kk,
b npHYeM
TGd =

B iGdk 0

u
1 _V?Gvk =0, TIOCKOMBKY Vg = A, dk'

CrefoBaTeNbHO,
v,chk =0 npu0< i<k,

T. €.

| viGv; =0 apr 0<i<j<k+1.

W3 cooTroleHui (4.47) u (4.50) Taxxe uMeeM

(0)"H, Gy, =upy; =

=vIGy;=0 npn 0<i <k(<k+1).
Torpa u3 cooTHomeHuit (4.39) — (4.50) crepyer

T T
v vi Gy, H,uu H, Gy,

H,,,Gv,= H,Gv, +

T T
Vi Uy w, Hu,
TaK KK
TGy, =
Vkai =0
u

Wl H, Gv,=ulv,= V] Gv,=0 npu0<i<k
Taxum 06paszoM, NOKa3aHO, YTO
Hy ;. Gv; =H Gv;=v; npu 0< i<k

' Tlpu i = &k umeem

T T
v, v; Gv, H,u.uiH, Gv,

= H, Gv,,

H, ,Gv,=H,Gv +
ke GV = H Gy,
A viu, ul Hyu,

=Hu, +v,— Hyu,,

TOCKONbKY

VIGy,=viy, u uHGy=uyHu.

(4.52)

(4.53)

(4.54)

(4.55)

(4.56)
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[image: image34.png]Cnenosarensio, Hy . ;G = v u k3 cooTHOmenus (4.56) ToNyuaem

H,, Gv=v; mpu0<i<k+l. 457

Coomnoumrenns (4.54) u (4.57) Tax e CUpaBemyHBBI 1A CleAYIOWENO K, Kax
H cootHOweHnA (4.49) u (4.50). CrefoBaTeNBHO, I0KAIATENBCTBO 11O MHIYKIHR
3aKOHYEHO.
Ua cootromenus (4.49) cnenyer, uto BEKTOPbI Yo, V1 ...,V, _ ; JHHEHHO He-
. 3aBHCUMBI. OHH SIBNAITCA B3AHMHO CONPAXEHHLIMH 0 OTHOLIGHWIO K MATpHIle
G. U3 coomHomwenna (4.50) cuenyer, uro vo, vy, . . ., Vy _ 1 ABIAOTICA COGCTBEH-
HbIMM BeKTOpamu Marpuubt H, G ¢ coGerpennbIM 3HaveHUeM, paBHBIM enuHuIe.
Torna Marpuua H, G nomksa Gb1Th eqUHIHOR. CrepoBarensHo,

H,=G™'. (4.58)
U3 cootrowieHus (4.52) crentyer, U0 MEHMMYM HalifTeH 33 # wrepauuii, Bex-

TOp 8, HOJKeH GblTh OPTOrOHANEH KAXIOMy M3 7 He3aBHCHMBIX BEKTOPOB Vo,
Vis.-.,Vy _ 4. CrenoBatensto,

g, =0. (4.59)
B) Cnoco6 o6moBnenns Marpuubt H OmickiBaeTca B COOTHOMIeHHH (4.39):

n—t
H,=H,+ Y A+
i=0

i

n—t

"B,
i=0

f
n—1
Toxaxem, g0 G™' = 3. A,. U3 ycnosuit oproronamsaocts (4.49) cnenyer
i=0
VTGV =D,
Ie V — MaTpHua, cOCTOAWAS M3 BEKTOPOB V;, 2 D — MaroHaTbHAT Marpuua ¢
MeMenTamn v, Gv;.
CrnenoBaTensuo,
Ty oy e
G= (V) 'DV!,
Torpa
R 1y T
G '=VD'V',
2 MOCKONIBKY D — JuaroHansHas MaTpuIla, TO MOSGHO TPOMIBECTH HHBEDCHIO M Ile-
PEMHOKHTE MaTpHLBI [T THOTYUeHHS BHPAKeHI

-1 -1
“ A

G-\’ 2_‘ iVi
T
i%; izo Vit
(cM. cootHOmICHNE (4.47)) .
Taxum o6pasom,

T
ViV

T
vi Gv;

n-t
Gl= ,-é'o A, (4.60)

TlockonbKy cooTHOMIEHHE (4.48) momxHO BHNONHATHCA, TO
03Ha4aeT, at0 V; = H,GV; + A,Gv; + B,Gv;. Tak xax

68

B 1 GY; =V, a0 |

s

i

Vi
A;Gv;=Au= =V
Vi
TO
B, Gv; (4.61)

Otciofia IPOCTo HaliTh B; (XOTA ¥ HEOIHOIHATHO) :
—HyuzZ"T —Hwz"
2" Gv;
[e Z — NpOM3BONIBHBNT BeKTOp. ITOCKONBKY MBI XOTHM, YT0GEI MaTpuua B; Gbuta
CHMMETPUYECKOH, 10 BEIGepeM B KauecTBe BekTopa Z = Hyuy , Takoi, uro6n1
T
_ ~Hjuu[H,
ul Hu;
I1UM 3ABEpLIACTCA TEOpeTHUECKOe M3noxeHue MeToga JPII, kOTOpbI# HCTIONMDL-
3yeT KaK ufed Metopa HetotoHa — PadcoHa, Tak 1 CBOMCIBO CONMPAXCHHBIX HA-
IpaBNieHUH, ¥ NPy TIPEMeHeHNH U1 MHHHMH3aIHM KBaapaTnuHol dyHkmmm 7 me-
PpEeMEHHBIX OH CXOIMTCA He GONee ueM 3a i uTepalnil. ITO BecbMa MOLIHAA OITH-

MM3ALMOHHAA NpOleRypa, 0ueHs ¢ipeKTHBHAS HOpH ONTHMH3AUMH GONBUMHCTBA
(hyHKIpIH He3aBACHMO OT TOTO, KBA[IPATHUHbI OHY UM HeET.

s

2T,

B (4.62)

P]Momu/nb [=i+] | |

Havams U3 movKY Xi,
. ¥
——)——[ flonowmums d;=-Hig;
Hadmu swavenue Ay,
MUHUMUSUPYIOUEE LYHRYULID
¥
fonowums
¥
Hadmu Givs
Hemomsaobams M, Vi &
Ui=Gir-g; A

H (i=0)
]
S(xi+Ady)
Kiap =X+ A= X+ vy
[]
popmupofarnun  Hiy

Puc. 4.4 6




[image: image35.png]Huxe npuenenst GroK-cxeMa npoueypb! (puc. 4.4) M TeKCT ItpOrpamMMBl, pe-
AIN3YIOIMA JAHHBI MeToA. B noNmonHeHMM K IpoTrpamMMe HOTKHBI ObITH HalMca-
HBI HOlIHpOrpaMMbI BbIYMCHAEHHA paCCManKBaeMOﬁ q)yHKlLHH H ¢¢ IPOU3BOHBIX.
Jloruueckoe MOCTpOEHHE METONA OTPaXeHO B Mporpamme. OmHOMEpHBI# MOMCK
OCYILECTBIIACICA KyOWYeCKOH MHTeplONAume, HO NMOHCK 3aKAHUMBAETCA He NpH
DOCTHXKEHHH TIPEfleNbHON CXOMMOCTH, 2 TOCHe TOro, Kak Gy/IeT MOMyUeHo ynyy-
nieHe 3HaveHus QyHKuuk, TeOpeTHuecky 3T0 O3HAUZET, IO METON YTPauMBaeT
CBOHCTBO CXONMMOCTH A KBANpaTHUHbIX QyHKIUMH, HO MPAKTHYECKH ABNACTCA
a¢pexTusEbIM U BbicTpEIM. K TOMy e JOTIONHUTENbHaA paBoTa, BHIIOTHACMAs
B CNIy4ae TIONMHOTO 3aBEPIICHHA OBHOMEPHOTO TIOHCKA, cKopee Beero, He- Gymer
ONpaBAAHHOM,

B TexcTe NpOrpaMMbl HCIONB30BAHEI 0GO3HAYCHHS, TIpHBE/ieHHbIE B ANTOPHIME
M UMeETCA KOMMeHTapuu. s ofHOMepHOro nomcka B crpokax 600 — 1010 ue-
TIONB30BdHA NPOUEAypa KyOuueckod HHTepNONALMA M3 a3z, 2.6, OTINYAOIIAACA
B [IaHHOM CNyYae TeM, YTO OHa 3aBEPIUACTCH MPEKME, YeM JOCTUIACTCH CXOH-
mocTh. Takum oBpaszom, cTpoxa 920 peanu3syer BHIXOX U3 TIPOlENYphl OJHOMep-
HOTO IIOHCKA, 6CTTH HHTEPIONMPOBAHHOE 3HaYeH e BYHKIMM MeHblle, 4eM 062 3Ha-
uennsa (yHKIMH, HCHONb3YeMble B 3710 Hponemype. Ilocnemyronmi WHTepsat
TIOHCKR, eCTH TAKOBOIH CYWecTBYeT, olpeneaecs B ¢Ipoke 930.

Mpumep 1

Hcnoneaya Touky ¢ koopmmratamu (3; —1; 0; 1) B KauecTBe HaualbHON TOUKH, MEHUME-
3upoBath pynkump IMayanna

S X x5, %) = (g + 102,) + 5005 — x,)2 + (X, — 2x)* + 10(x, — x,)*

TipuBenieHRas HIDKe TONMPOTPaMma CTIpaBedNuBa [Ui% NanHol (yHximi. [Ipemoxennas
HauaHad TOUKA SBJIACTCH ONHOH M3 Hey[auHLIX WIS JaHHOR (yHKumMK. MEHUMYM paBeH Hy-
mo B Touke (0; 0; 0; 0).

100 PRINT "MWHUMU3AUWR METOAOM APN"

120 REM OAHOMEPHLIA NMOUCK FPOU3BOAUTECR KYUBUHECKOW WHTERNOAAUMER
150 REM PUHKUMA F(X1,X2,...XN) BWYUCAAETCR B CTPOKE 5000

155 REM 3HAYEHUA 5(1),6(2),-..6(N) BH4YUCAARTCA B CTPOKE &000

200 PRINT "BBEAWTE YMCAO MEFEMERHBIX":INFUT N

220 DIM X(N), PN}, Q(N),RINY, DINY, BN, LIKND, VIND, Y (N}, MIN)

240 DIM H(N,NY

300 REM MEPBOHAYANLHO 3AAATL H EAMHMHHOR MATRULER

320 CC=OsFOR I=t TO M:FOR J=1 TO N:HU,H=OmMEXT J:H(,D=1:NEXT LTT=0
330 PRINT "BBEAMTE HAYA/ILHYN TOYKY”

340 FOR I=t TO NiPRINT SINPUT X(IBNEXT L:PRINT
3460 REM NPOMEXYTOYHLIA BbLIBOAL

380 PRINT TEKYUUE 3HAYEHUA"

400 FOR I=1 TO NeP(D=XMD:YD=X(D:PRINT
410 GOSUB 5000

420 FPRINT "WTEPAUMWA"CC:"
430 FP=2:B0SUB 6000:G1=G0
440 REM FAAMEHT 3AMOMHWTL B U U BLIERPATE HAYA/ILHOE HAMPAB/AEHWE D
450 FOR 1=1 TO N -

460 KD=GInDN=0

470 FOR J=1 TO N

4B0 DXD=D(N-HI, 5D

490 NEXT J

S00 NEXT 1

400 GP=0

610 FOR I=i TO NiGP=GP+G(*D(ENEXT I

420 IF GP < O THEN 8OTO &80

3HAYEHUE 32

70

&25 REM HARTK HAYAALHLIK WAM W, ECAM HEOBXOAMMO,

627 REM W3IMEHUTL HAMPABAEHKE CMYCKA HA MPOTHBOMCNOKHOE
630 GX=ABS(2#FP/BPRIF AX>1 THEN GX=1

440 FOR I=1 TO N

650 XMD=PD-OX*DIOPD=XDNEXT I

460 BOSUB SQO0:FP=Z:PRINT "HECTAEUMALHOCTE?"

670 BOSUB 6000:61=60:60T0 600

&80 QX=ABS(2*FP/GP:IF GX>1 THEN BX=1

£90 HH=RX

700 REM HARTH CAEAYHWUN TOYKY @

710 BB=HH

720 FOR I=1 O N

730 AUD=PD+EB# DX D=D)

740 NEXT I

750 GOSUB S000:FR=Z

740 BOSUB 4000:62=G0

770 BR=0

710 BB=HH

720 FOR I=t TO N

730 AUD=P(D+BE*D(DNXD =D

740 NEXT I

750 GOBUE SO0MFQ=Z

760 BOSUB &000:62=60

770 GE=0

780 FOR I=1 TO N

790 GR=6R+GII*DI}

800 NEXT I

810 IF B3O DR F>FF THEN GOTOD 830

815 REM BHMNOAHUTL KYBKUECKYN WHTEPTIOAALUN

817 REM W/M YABOMTE WAT, YTOBb "HAKPHITE" MMHWMEM
#*HH:G0TO 700

B30 IZ=3I#FP-FO)/HHEIZ=I7+CF+Ga

840 WW=2Z%ZZ-BP*BE:IE WW<O THEN WW=0
850 W=SORWW)

860 DD=HH#(1~(GA+W-ZZ)/(BR-GP+Z*W)
870 FOR I=1 TO NaX(D=P(D+DD*D(D:NEXT I
880 GOSUB SOQMFR=Z

890 GOSUE &000:G3=G0

895 REM HARTM PALMEHT B HOBOR TOUYKE
{00 GR=0

910 FOR 1 TO PeBR=GR+G(D*DINEXT I
920 IF Z<=FP AND Z @ THEN GATO 1100
930 IF GR>0 THEN GOTO 990

940 HH=HH-DD

970 FOR I=1 TO NiP(D=X(D:NEXT I

980 FP=2:BP=GR:61=60:60T0 B30

990 HH=DD

1000 FOR I=1 TO NR(D=X(DNEXT I

1050 REM OBHOBUTL MATPUUY H

1100 KK=0:WK=0:DK=0

110 FOR I TN

1120 KD=B(MD-UND=XMD-Y(D

1130 NEXT I

1140 FOR I=1 TQ NeMKI=0

1150 FOR J=t TO N

1160 MD=M(D+HT,IHeUT)

1170 NEXY J

1180 KIKsIKK+MIH LD W W+ VDU
1190 DK=DK+W(D#W(I)

1200 NEXT I

1205 IF KK=0 DR WK=0 THEN BOTD 1260
1210 FOR I=1 TO N

1220 FOR J=1 TG N

1230 HI,d¥=HI,0)~MD # M/ KK VD *V I WK
1240 NEXT J

1250 NEXT 1




[image: image36.png]72

12460 CC=CC+1

1265 REM NPOBEPKA KPUTEPWA 3ABEPWEHUR
1270 IF SOR(DKIC.00005 OR G3<.00001 THEN GOTO 1300
1275 REM HAYATL HOBYH WUTEFALKME NOWCKA
1280 GOTO 400

1300 PRINT “MAHMMYM HAWAEH"

1310 PRINT "KO/MHECTBO UTEPALUMR=";CC;” 3HAYEHWE MUHWMUMA= 14
1320 FOR I=1 TO N

1330 PRINT “X";I,X(I)

1340 NEXT I

1350 END

500¢ I=0

BOIO T+ LR K2 Z+ S D-X(AN 2

5020 Z=Z+(X(2)—2#X(SH"4+10%(X(11-X(4))"4
5100 TT=TT+1

5200 RETURN

6000 HO=0

5100 GL=2#(X(1+10%X{2)}+ 40 #(X(D)~X(4)~F
6200 G(21=20#(X(1I+10%X(ZN+AHK(2)~2RX(IN T
6300 B(BI=10#(X(3)-X(4) - B#X(2)-2#X(3N"T
5400 G(8)m—10#X(D)-X(4) —40O#X(L~ XA N~Z
7000 FOR I=t TO N:GO=GO+G(I#*GNEXT 1
7010 GO=SAR(GO)

7300 RETURN

MUHUMW3AUKA METOAOM A%N
BBEAUTE YUCAC NEPEMEHHMX

4
BBEAMTE HAYA/LHUN TOMKW
X1 3
X 2 -t
X3 o
%4 1
TEKWMUE 3HAYEHUA
X1 3
X 2 -1
X3 0
x4 1
WTEPALMA O IHAYEHUE 215
X1 1.949874
x 2 -.5058231
X3 6.863548E-03
X 4 2.043853
UTEPALMA 1 IHAYEHME  30.89244
X1 1.952094
X 2 -.1860427 -
X3 1139128
X a 1983205
WTEPALUR 2 FHAMEHUE  17.7325%
X1 1.672088
X2 -.1326144
X3 4173387
X 4 1.740239
WTEPALMR 3 3HAMEHME  9.919396
X1 1212769
X 2 -9.131193E~03
X3 .2314347
X 4 2154706
WTEPAUMA & IHAYEHME  5.259228E-02
X1 1124414
x 2 ~1.592427E-02
X3 1734911
X 4 2051925

UTEPALMA 5 FHAHEHUE 2.544394E~02

X 1 1.728326E-02
x 2 ~1.335926E-04
X3 1186576

X 4 1048345

X1 1.669752E-03
X 2 ~1.673108E-04
X3 1.655202E-03
%3 1.653515E-03
UTEPAUMA 23 BHAYEHWE  1.45B2S9E-10
X1 5.41309E-04
X 2 ~5.39442E-0%
X3 9.644107E~04
X 4 9.654203E-04

WTEPALUA 24 IHAYHEHUE 2.436223E-11

MUHUMUIALMA 3AKOHYEHA

KOAWYECTBO WUTEPALMA PABHO 25 BHAMEHME MUHWMUMA PABHO 7.528931E-12
X1 1.960654E-04

X 2 -1.944616E-05

X3 7.700225E-04

X 4 7.697501E-04

4.4. METO ©JIETUEPA —~ PUBCA

Metop @neruepa — PuBca OCHOBAH Ha TOM, UTO IS KBaAPaTHYHON GYHKIMH 11
fepeMeHHbIX 7 OJHOMEPHBIX TIOMCKOB BAONb B3aZUMHO CONPSKeHHBIX Hallpapiie-
HYi [O3BONAIT HANTH MUHHMYM.

PaccMoTpum GYHKIMIO, OMMcaHHYlo BhipaxerneM (4.13), 1. e.
fx)=a+ b x+4x"Gx.

OmHoMepHbI NOMCK GyleM BecTH BAOMD HAIpaBIEHHH, B3AHMHO CONpSIKeEH-
HBIX I10 OTHOLIEHMIO K MatpHue G. )

B xauectse IiepBOro HANPaBIeHYA NIOHCKA M3 MEPBOH TOYKH X; BO3bMEM Ha-

. HpaBieHue Haucxopeﬁmero CIIycKa

dy =—g, (4.63)
! W Haiifem 3HaueHHe Ay, MUHEMHU3HpYOLLIee GYHKIMIO ’
fO +0dy).
- Tlonoxwum
X, =X A dy (4.64)

" ¥ npou3BefieM NOWCK B HampasjieHuu d;, COTPMKCHHOM Hanpapnenmo d, (BbiGe-
" peM Bextop d; KaK NHHElHYlo KoMEHHAWMIO BexkTopoB d;  —82) , ¥ Hafiem

X3 =X tA2d; : (4.65)

MUBEME3AIHeR bYHKEMM f(x; + Ad;). Hanpasnenne noucka ds u3 TouKy X3 BaI-
GHpaeTcst conpsKeHHbIM Hanpabiennsam &, u dz. Ha (k + 1)-M ware BpiGupaem

dy . | B BuIle MUHEAHOM KOMBGHHAIMY —8 4 1, d,, d,, . .., dy, conpsxesHo#
BceM HanpapnemuaM dy,dy . .., d,
k
Taxum oBpasom, dy , | = —g , , + Zl a,d,, k=1,2,... OxasbiBaercs, Bce
=

@, pPaBHBI HS’J'[!O, 33 UCKIIIOUECHHEM O‘k’ TaK 470
73




[image: image37.png]Qi oy = B et ol (4.66)

n

o =8}, /% 467
Ilpexe uem NepediT K MHIYKTHBHBIM ACCYROCHUAM, JOKAKEM CTIpaBe/Tu-

BOCTb COOTHOLIeHRH (4.66) ¥ (4.67) npu k = 1. Ilockaasky f(X:) = f(x; +

+X,d;) sensercs MunrMymom dynxamn f(x, + Ady) Ha apaMOi, TO

gld, =gl =0. (4.68)

MHOFO pa3 Ml yxKe TONMySQiM 9TOT pe3ynbTaT panbile (cootnomenns (4.37),
(4.22), (4.24) ) . OH, KOHEUHO, CTIPABEIMB M A KBATPATHIHBIX QYHKIMI

8> =b+Gxy, g =b+Gx;.

Torna, ecnu d; ud, =—g; +a;d; conpmxeHsl, 10
T
d;Gd; =0,

T. e
T by
~g2Gd; +;d,Gd, =0,
CITeAPBATEIHHO,
(—g; — &, 87) G(x, — x,)
— A= T T,
A’l
OTKyZa
T T.
(82 —018:) (g2 —g1) =0
* Taxum ofpazom,
—g3 + a8 =0.
OcTa/bHbIe WIEHbI HCHE3AI0T A3 COOTHOIEHNs (4.68) , H, CIIEHOBATENLHO,
o, =gd/ed,
YTO M TpeGOBAIOCH NOKA3aTh, ITO KaK pas ¥ ecTs cooTHOIeHue (4.67) mpu k =
=1.

Temepb NMepeiiniem K JOKA3aTeNbCTBY COOTHOLIEHMH (4.66) M (4.67) 10 MHTYX-
LyH, HONIAras, yro Bextopsl dy, d;, . . ., d; HONMYYeHB! ONIMCAHHEIM BBILLE CIIOCO-
60M H ABNANTCH B3AUMHO CONpAKEeHHBIMH.

Touka Xy , | = X + Mpdy sBMsteTcs MunMMymoM dymiwim f(x, + Ady) Ha
TpAMOIt Xy, + Apdy .

Torma

T g =g
B4k 7Y
Hmeem

(4.69)

X1 =X+ A d =

=%+ A b+ d uT.LL

74

Takum o6pazom,

]
X=X+ 2 Ads mpu 1K<k, 4.70)
i=j+1
CIIeNOBATENBHO,
K
Gx,,,=Gx;, + 3 1G4,
[ i=j+1
Torga .
8. =g+ 2 Ad[G mpu 1gj<k—1,
; i=j+1
oTKYna ’ N

I gadi=g d+ > 1,dfGd,.

' i=j+1
B pesynsrate npeoBpa3oBanHui UMeeM g]T " 1d7' = 0 (B COOTBETCTBHH C COOTHOLLIE-
HuAME (4.68) K (4.69)) 1 u3-33 B3aUMHON CONpSKEHHOCTH leGdy =0npu j <i
Taxnm ofpazom, Kaxuoe claragMoe B TIpaBOi YacTH PaBHO Hyi0.
CrenoBaTensHo,

gzﬂdﬁo wpr j=1,2,...,k~1 (4.71)
1 M3 COOTHOIIEHNA (4.69) OKOHUATENHHO MMeeM
gp. 4=0 mpuj=1,2,...k (4.72)

Taxum 06pasoM, G5UI0 JOKA3AHO, UTO BEKTOP & , , OPTOTOHANIEH KaXIOMY 13

Bektopos dy,dy, .
MoxHO Taike NOKa3aTh, YTO BEKTOP & , ; OPTOTOHATEH BEKTOPaM &1, 82, «

cdy

B
W3 cootHoutenna (4.72) uMeeM

T .
gk+ldj=0 mpu j=1,2,...,k.
Tax kak u3 NpeAltoNiOXeHHA B Havane J0Ka3aTeJIbCTBE MO HH,I]YKU,HH
=—g to, d
d=gtey 4o

TO ITPHBEAEHHO e BbIILIC COOTHOUIEHHE NpHHUMEET BHI

T T
- + =
LTESL M ST 1di—1 o
CIIe[IOBATENBHO, —f 4 (& = 0, HOCKONBKY g}£+ ldi——l = 0 u3 cooTHOLIEHHA
{4.72).
TaxuM oGpazom,
T .
gk+1%=0 mpu j=1,2,...,k. 4.73)
Jloxa3areyIbcTBO O HHAYKUMM BGyAeT 3aKOHUEHO, ecy NOKA3aTh, YTO BEKTOp
dy . ;, OTIpeNieneHHbIt B cOOTHOWIeHMH (4.66) , colipsiker ¢ Bektopamu dy, dz, .. .
Y P
75




[image: image38.png]Mna j=1,2,...,k— 1 umeem

&;,,Gd; = —g(,, Gd/+ q, d] Gd; =

=81 Gd;

B CHIY B3aHMHOH COTPsXEHHOCTH.,
Torma

—8f.,Gd,= ¢ BuT® |

~8i.1
il

®.—8) _

A;

J

= gT
=Bk

=0

C YHETOM COOTHOLIeHHA 4.73).

Taxum oBpasom, d 164 =0mpn j=1,2,..., % — 1, u 510 cipaBewInBO
A moGoro &y, JInA 3aBeplleHus NOKA3ATETHCTBA HEOGXOLUMO ONpENENnuTh &
TaK, YTOObI BBUIONHANOCH PaBeHCTBO

T
dg 4 1 Gy = 0:

&5, 1 Gd = —g;,, Gd; + a,df Gd, =

(81— 8 (8ev1— 8
= —zk%—k + a8 + amdlfn)%-
k &

CnepoBarensHo,
) —g? 2
Bir 1 + Oy Bic

dL 1Gd, =

Ay
MOCKOJIBKY BCE ApYTHE WIEHBl M3 NpaBOH YacTH MCYe3alT B CWIY COOTHOLIEHMH
(4.72) u (4.73).

Crepoparenbhio, Hanpasnenue dy , | GymeT CONPAXERO ¢ HampaBnerueM dy, ec-
ey =8}, /8F, 4TO H TpeGOBANOCH OKA3ATS.

Takum 06pa3oM, HalipaBlieHne orucka B Merofe Onerdyepa — Puca spismoTes
B32MMHO CONPAXCHHBIME H B [JAHHOM METO[e MHHMMYM KBAJPaTHUHOA byHKIMM
7 TlepeMeHHbBIX MOXHO HalTH He Gomee yeM 3a 1 WaroB. 310 O3HaYaeT, YTO OHO-
MepHbIi NOUCK HPOH3BOMIUTCH C HYXXHON TOYHOCTBIO M YCTPAHANTCS Nio6ble OLME-
KM OKPYITIeHHsI, KOTOPBIE MOTYT BO3HHKHY Tb.

Boiineomicanssii MeTon GyfeT NPUMEHAM H K HEKBapaTHUHBIM GYHKLMAM,
TaK KaK eCIi MOUCK OCYIECTBNASTCA BETH3M MUHHMYM2, TO MOXHO HafieATbCH
Ha JIOCTHXeHHe KBAIPATHYHOH CXOMMMOCTH, KOT/Id UMEST MecTO KBappaTHyHas
amnpoxcumanyst. QrerTiep u PuBc monarasor, uTo B 3TOH CHTyallHM Kaxpoe n-¢
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l Havams 43 Mosxu X ((=1)

¥
[ Ronowums di=-gi 4}-—<—
¥

Hadmuy gnavenue Aj,
“ MUKUMUIU DY OLCE PYHREUI
S(xi+Ady)

]

flonowmums X=X+ Aid;

TovKa Xiv1
~ MOYNE  MURUMYMA 2

. Sanowegms

Ziyr==gir1t %’L{— ai

¥
Nonomumy i=i+]

Puc. 4.5 -

HAMpPaBJICHHE NIOUCKA JOTXKHO GbITh HAIpPaBIIcHHEM HRHCKOPEHIero CycKa U ipi
TOCTPOEHUMH COTPAXEHHBIX HANpaBleHuid noxeH ObiTh NpOM3BereH pecrapr.

Tpusenennsie ke Gnok-cxema (pHc. 4.5) ¥ TEKCT NPOTPAMMBI PEATH3YIOT
3Ty upew. B ofiuem ciyvae gaHHb MeTON He cToib 3ddeKTHBEH, KaK METOx
JI®II, Ho TeM He MeHee GbIBaeT BECbMa [IOTIE3eH.

100 PRINT "MUHWMUZALWR METOAOM PAETYEPA-PUBCA"

120 REM OQAHOMEPHMA MOKCK FMPOUIBOAKTCA KUEMHECKOA WHTEPNONAUMER
150 REM PUHKUMWR F(X1,X2,...,XN) BHMUCIAETCR B CTPOKE 5000

%3 REM 3HAMEHUA G(1),8(2),...,6(N} BHYMCAANTCH B CTPOKE 4000

200 PRINT "BBEAWTE “WC/A0 MEPEMEHHLIX":INPUT N

220 DIM X{N), Y¢NY,PN), RN}, DIN}, G(N}

300 PRINT "BBEAWTE HAMAALHWE 3IHAHERUA"

320 FOR Imi TO NsPRINT "X'3IuINPUT X(I:NEXT LiPRINT "

340 REM 3AAATL HAYAMBHBE 3HAYEHWR CHETHUKOB

350 SV=1:TVw0

360 REM NPOMEXWTOUYHNMA BLEBOAL

380 PRINT " TEKYMME 3IHAMEL
550 FOR I=i TO NiP(D=XUNPRINT 13"
560 BUSUB S000iFP=2:PRINT "Z="Z
570 GOSUB 4000:81=E018K=G0

575 REM B KAYECTBE NEPBOIO HAMPAB/IEHWA B3ATH
577 REM HAMPAB/IEHUE HAKCKOPEAWENQ CNYCKA
580 FOR I=i TO N:D(D=-G(IBNEXT 1

585 REM K = CHETHMK UTEPAUMA
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590 Ke1

400 GP=O )
610 FOR I=1 TOD MiGP=GP+G(¥DIRNEXT 1
620 IF GP<=0 THEN GOTO 680

625 REM ONPEAE/MTh HAYAMBHMA WAT W,
627 REM EC/M HEOSXOAMMO,MIMEHUTE HANPABAEHME CNUCKA HA NPOTUBOMONOXHOE
430 QX=ABS(2#FP/GP):IF QX>1 THEN QXx=1
440 FOR T=1 7O N

650 X(DmPD-QX&DIRPD=XDINEXT I

440 GOSUB SO0OWP=ZIPRINT “HECTAEW/ABHOCTL"
670 GOSUB 4000151=G01GOTD 600

&80 QX=ABS(2#FP/GPHIF @X>1 THEN @X=1

690 HH=QX

700 REM HAATM CAEAUNMUK TOHKY

710 BB=HH

720 FOR I=1 TO N

730 (D=PD+BB*DDXD=AD

740 NEXT 1

750 BASUB $000:F Q=1

760 GOSUB 6000iG2=G0

770 6E=0

780 FOR I=1 10 N

790 BR=GR+GD+DD

B0O NEXT I

B10 IF BR>0 OR FO>FP THEN GOTO 840

B1% REM BWIMOAHUTE WHTEPMOARLMI,

817 REM YABOMTL WAM 4 MEPEATH K TOYKE Q,
B1B REM W/W YABOWTL WAT, YTOBb "HAKPHTL" MAHKMYM
820 HH=2#HH

830 FOR I=l TO NiP(D=QMDNEXT I

840 FP=FiGP=GMG1=62

850 BOTO 710

B&0 2Z=IMFP-FQ)/HHIZZ=Z2+GP+GQ

B70 WW=2Z#ZZ-GP*GR:F WW<O THEN WW=0
880 WeSQRNW

890 DD=HH¥(1-(GQ+W-22)/(GR-GP+2%W))

P00 FOR I=1 TO NiX(DH=P(D+DD*DM:NEXT I
910 GOSUB S000iFR=Z

920 GOSUB 4000:63=G0

925 REM HAATH MPAAUENT B HOBORA TOMKE
930 GR=Q

940 FOR I=1 TO NiBR=GR+B(D*DINNEXT 1
950 IF Z¢=FP AND Z<=FQ THEN BOTO 1100
960 IF GR>0 THEN GOTO 1020

990 HH=HH-DD

1000 FOR I=! TO NsP(D=X(INEXT T

1010 FP=Z:GP=GRIGOTO B840

1020 HH=DD

1030 FOR I=1 TO NiQD=X(INNEXT 1

1040 FR=Z:GR=GRIBOTO 860

1100 REM TPOBEPKA KPUTEPUA 3ABEPLEHMUA
1110 IF G3<.000001 THEN GOTG 1300

1120 IF K=N THEN GOTO 125G

1130 REM YBEAM4UTE COAEPXMMOE CHETUMKA UTEPALMA
1140 K=K+1

1150 REM HAATW COMPAXEHHOE HANPABAEHUE
1160 AK=GI#G3/GKHGK)

{D=X(IINEXT
DV=DV+1IPRINT

1200 PRINT “"HOBOE HANPABAEHWE":
1210 FP=2:G1=G0i1GK=G0O

1220 FOR I=1 TO N:PRINT "X =";XIMNEXT LPRINT “2=";Z
1230 GATO 400

1250 PRINT "PECTAPT";iSV=SV+1:DVaDV+1
1260 PRINT “ MTECAUUR™SY;"
1270 PRINT

1280 GATO 5350

NOUCKA";DV

NOMCK";DY

1300 PRINT "MWHWMWM HAAAEH"

1320 FOR I=1 TO NPRINT "X"I3"=";X(IMNEXT I
1340 PRINT "MWHUMUM PUHKUWM PAREH “1
1350 PRINT "KO/MHMECTBO BHYUCAEHUA PUHKUMM PABHO 5TV
1400 END

5000 Z=100#(X{2)—X(1#XUN 2

5010 Z=Z+(Q1-XUN"2

5020 TV=TV+1

5200 RETURN

4000 GO=0

6100 B{1)=—300#X(1)HX(I-X(1HX{L)

6110 GUI=B(L—-2#1-X(1)

&200 BIZ2y=200#K(2)-XUHRUN

7000 FOR I=1 TO NiGOmGO+G(D#B(DMNEXT I
7010 BO=SQR(EO)

7500 RETURN

Flpumep 1
Memonsays merop Gnetyepa — Pusca ¢ HauansHoit Toukod (—1,2; 1), MHHYMH3MpOBATH
dyuxwimo PosenGpoxa

Flxy, x,) =100(x, - x3)*+ (3 —x,)°.

HavansHas Touxa (—1,2; 1) ocoGeHHO HeyROOHa 1A AaHHOH QYHKIMH, a2 M QYHKIHK
cama 110 ceBe BeckMa cII0KHA 1A ONTHMH3AUHA. MMy M e¢ HaxopuTest B Touxe (1; 1). Hu-
ke IPHBETEHSI HAYATO ¥ KOHEll PACTIeUaTKH pe3yNbTaTa pabOoThi IPOrPAMMBL:

MUHUMU3AUMA METOAOM PNETHEPA-PUBCA
BBEAMTE “YMCAO NEPEMEMHSX

2

BBEAWTE HAYA/IBHHE 3HAYERWA
X1 -1.2

X2 1

TEKHUKE 3HAMEHWA
X1 =12
X2 =1
= 24.20001
HOBOE HAMPABAEHUE
X 1 =-1,0302
X 2 = 1L.047306
I= 4.128102
PECTAPT

noucKA 1

WTEPALKMR 2 nouckK 2

X 1 =-7342701
X 2 = 45632753
I= 3.583429
HOBOE HAMNPAB/EHWE NOUCKA 3

X 1 =—.6921596 .
X 2 = .4880884
7= 2.871511
PECTAPT

WTEPALMUA 3 noucK 4

X 1 =-5947852

X 2 = 3241929

7= 2.651863

HOBOE HANPABAEHWE
X 1 =- 3726343

X 2 = 3384543

7= 2,484301

NOUCKA S
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X 1 = .9999818
X 2 = 99994634
7= 3.34083E-10
HOBOE HAMPABAEHME
X 1 = .9999818
X 2 = 9999434
2= 3.330172E-10
PECTAPT UTEPALMWA 46 NOUCK 90

MOMCKA 89

X 1 = .9999821

X 2 = 9999643

2= 3.230769E-10
HOBOE HANPAB/EHWE
X 1 = 9999622

X 2 = 9999642

7= 3.190373E-10
PECTAPT MTEPAUMA 47 FIOUCK 52

FIOUCKA 91

X 1 = ,9999822

X 2 = 9999643

I= 3.179714E-10
HOBOE HAMPABAEHWE
X 1 = 9999823

X 2 = 9999644

7= 3.16578BE-10
MUHUMUM HARAEH
X1=1 -

X2 =1

MWUHUMUM PUHKLKKH PABEH ©

KO/IMHECTBO BLMUCAEHWA ®UHKUMK PABHO 250

TIOUCKA 93

TMpumep 2

Haltra MusuMym hyRiuun
O %, %) =300, ~ 1)+ 206, — D2+ (x, ~ 3)2.

Mo cpasHenwio ¢ npuMepoM 1 570 TPHBHANEHAS 3aj1aua. B KauecTBe HAYANBHOM TOUYKH BEIG-
pana TouKa (9; ~7; 11). [pHBeNeHHAS HiDKe PACTIEYATKA PE3YIHTATOB paGOTEI IPOTPAMMSL

WUTIOCTPUPYET (B COOTBETCTBHH C TeOpHe#) TOT (haKT, uTO ¢ NOMOHILG Meropa Grieruepa —
Pupca MOXHO HAHTH MHHHMYM 32 TPH HTEPALHH. :

MUHUMUIALUA METOAOM P/ETHEPA-PUBCA
BBEAMTE YMCA0 NEPEMEHHBIX

3

BBEAWTE HAYA/ILHLIE 3HAYEHWR

xi @

X2 -7

X3 1

TEKWUHE 3IHAYEHKA
-9
-7
= 1
= M8
HOBOE HANPAB/EHWE
X 1 =—.4819467
X 2 = 1114755
X 3 = 7.839344
Zm 37.14098
HOBOE HANPABNEHWE
X 1 = 1,206897
X 2 = 2.8275846
X 3 = 4.852069
Im 4.965516

80

= % >
WN -
13

NOUCKA 1

nouckA 2

MUHAMUM HAAQEH
1 = 9999999
2 =2

X3 =3
MHHUMUM PUHKUMM PABEH 4.263257E-14
MYECTBO BBMMUC/EHWA QUHKUWU PABHO 7

4 4.5. IUTEPATYPA

3a x;pcnemme BamuaTh eT APOBONWINCH AKTHBHEIC HCCTENOBAHUA IPATMEHTHRBIX MeTO-
poB. BrD0 0nyGIHKOBAHO MHOTO CTaTelt, i IOCTHTHY ThI SHAUNTEIIBHbIE YCIeXH. B DaHHoK ryTa-
Be PacCMOTPEHO BCETO JIMIIL TPH K3 MHOXECTBA METONOB, KOTOpHIE GBUIM NPEIUIONKEHEL 32
3TOT NepHof. DYHAaMeHTANBHLIMY ABIAIOTCA MIEH COMpSMEHHEIX HAIpaBileHuit U cBOHCTBO
KBaIPATHUHEIX QYHKIMH, OIHCaHHOe cooTHOUIeHuem (4.17). B pa3n. 4.3 Guino ynoMsHyTO,
410 06HoBNeHNe MaTpuubt H B Metone JIQII He ABIACTC SIMHCTBEHHO BO3MOXHBIM. Cyle-
CTByET LeNoe ceMelCTBO METOMOB, OCHOBIHHEIX Ha 3THX MAEAX, CPEOH KOTOPBIX METONB!
JlaBumoxa — Mieruepa — Ilaysmra u Onervepa — PuBca ABNAIOTCH NUWB [BYMS YaCTHBIMH
cyuasimu. ITpiBeneHHAR HIDKe JHTepaTypa NpeficTaBiser cofoi BCero MTHWB YacTb U3 TOrO
MFHOXKeCTBa ITy GluKaluit, KOTOPOe CIeI0Bao G5l yIOMSHYTh.

1 C. G. Broyden, ‘Quasi-Newton methods and their application to function minimisation’,
Maths, of Comp., 21, 368-381, 1967.
2 C. G. Broyden, ‘The convergence of single-rank quasi-Newton methods’, Maths. of Comp.,
24, 376-382, 1970.
3 R. Fletcher, ‘A new approach to variable metric algorithms’, The Comp. Journal, 13,
317-322, 1970.
4 R. Fletcher and M. J. D. Powell, ‘A rapidly convergent descent method for minimisation®,
The Comp. Journal, 6, 163—168, 1963.
[Ameercs nepesox; P. Oneruep, M. INayann. BrlcTpocxonsumitcs meTon cnycka. ITIHTB,
Tepenon [1:59064.]
5 R. Fletcher and C. M. Reeves, ‘Function minimisation by conjugate gradients’, The Conip.
Journal, 7, 149-154, 1964.
6 H. Y. Huang, ‘Unified approach to quadratically convergent algorithms for function
minimisation’, J. Opt. Theory App., §, 405-423, 1970.
7 H. Y. Huang and A. V. Levy, ‘Numerical experiments-on quadratically convergent
aigorithms for function minimisation’, J. Opt. Theory App.. 6, 269-282, 1970.
8 M. J. D. Powell, ‘On the convergence of the variable metric algorithm’, J. Inst. Maths.
App., 1,21-36, 1971.
9 M. J. D. Powell, ‘Quadratic termination properties of minimisation algorithms. I. State-
ment and discussion of results’, J.Inst. Maths. App., 10, 333-342, 1972,
10 M. J. D. Powelt, ‘Quadratic termination properties of minimisation algorithms. II. Proofs
of theorems’, J. Inst. Maths. App., 10, 343-357, 1972,

4.6. YIIPAXHEHUSA

1. MameHHTe NporpaMmy MeTola HaucKOpeHilero clycka, NpHBefIeHHY B pasn. 4.1, Tak,
4TO6BI OHa MOTTIA BEITIOTHSATE MHEHHBIN HOMCK MeTORoM DHOOHAUYH, METOIOM “*3010T0-
TO CeUeHHA™, MeTO/IOM Ky GiuecKkoR HHTeplonAUnH. [IpHMeHuTe HONYYeHHY0 IPOrpaMMy
B pellIeHHH 3a5ay, IPUBEACHRLIX B flpumepax. O6paTHTe BHUMaHHKE Ha HoGble BOBHHKAIO
1Me TPYOHOCTH.

. MonpoGyiire peruts npumephl 1 i 2 pasf. 4.1, KCTONB3YST PA3NHYHbIE HAYRITBHBIE TOUKH.
TosBunNCE T# KaKue-HuGY b TpyoHOCTH? .

IS

3. Hyets Py, P, u P, — clieRyoume gpyr 32 APYTOM TOYKH, IONyYeHHbIe METOIOM HAUCKO-
pettitero cnycka. Ilpennonaraercs, uro pacueTst GyAyT NpoBOmMTRCA OBICTpee, eCiiE clie-
Ayoup NoHCK HPOM3BECTH B Hanpabnennu P, P, . Hapucyitre nunum nocrosnsoro ypos-
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4. Eciu f(X) — DOMOXHTeTIBHO ONpefeneRHas KBafpaTHUHAR QYHKIHS ABYX nepemeyﬁmx,
MHHEMYM KOTOpOH Haxonurcs B touke (0; 0), a Xgs X; U X, — TPH TOUKH, nonyyeﬂﬂbxe
HOCTIENIOBATEIIEHO METOIOM HAHCKOPEHILETO CIYCKa, TO HOKAXKHTE, 4T IPAMAX, npoxons-
[ad 4epe3 TOYKH X, M X,, MPOXOIMT 4epe3 TOUKY MHHHMYMa (ByHKUMH. (vaf, merton
YCKOPeHUs pacyeToB, OTHCAHHEI B yIIp. 3.) ]

5. Pacemotpute kBampatmayio dyHxmmo f(x, y) = x? ja* +y* b 1neaub — k?’HCTﬂHTﬁl.
JIMHUAMY TOCTOSTHHOTO YPOBHA QYHKUMH ABNATCH MUIICHE /

x? , J,/

PR

The ¢* — 3HaueHUe PYHKUHMH. MHHHMYM bYMKUHK PaBeH HYJI0 M HAXOIMUYCS B HAvame Ko-
OpauHaT. [ToxaxHure, yTo NpAMasz

y=mx+ c\/(azm2 + b%)
HanpaBJieHa 110 KacaTelTRHOMN K aTOMYy SIIHICY H KACAeTcs €ro B To4yke Pc KOOpOWHaTaMu
ma*c cb?
+ - .
V@m + )" \Jdm 1 1)

Crenonarenso, NOHCK 3 TOUKM Ha 310K HpAMOH BHONE Hee 3aBEPUINTCS B TOYKE MUHU-
Myma dynkum P. Tpamuent mpamod, coemmsmontedt TouKy P ¢ Hatanom xoopmmmar
(TouKolf MUHNMYyMa) , pasen m', Tokaxure, yro mm' = —b%ja?,

TloxaxuTe, Yr0 3T0 SKBUBAJIEHTHO COOTHOMIEHHIO

LG
Plo ww) 9™

e pT = (cos a; sina); qT = (cos g, sin g) um = tg o, m’ = tg p. Cnenoparensio, puq-
CONpPsIXEHHEIe BEKTOpPHL H IOKCK BOOIE BEKTOp2 p, & 3aTeM BHONL BEKTOpA q IIO3BOJIIET
HaWTH MUHEMYM 33 HBe HTepaumy,

6. MuRMMuU3UpYliTe byHKIO
FIx) = 3(x, ~4) 2+ 5(x, +3)? +7Q2x,+1)2,

Hemonesyst: Meron HO®II; meton Preriepa — Pusca, Hoxamwre, yro He3aBHCHMO OT Ha-

SAIBHOH TOUKH [UIS HAXOKAEHHA MHHHMYMa B TIEPBOM CIIyYae OTPeGOBANOCH Ty HTepa-
UMH, 2 BO BTOPOM ~ TpH NIOHCKA.

7. Munnmusnpyiite Gynximmo
FO ) =1-2x, — 2%, —4x,%, + 10x} + 2x2.
8. MunumMmupyitre dyHKumo
X} o+ x4 203x2 —dx +3,
9. MunnMuzHpyitte dyHxIumO
(e} +x, —11)% + (x, +x2 - 72,
10. Mumumusupytire yHKUHIO

Sl x) =23 +x7 = 3x, —2x, +2.

JACTE IT
ONTHMH3ALIMSA NIPM HAJIMYUH OFPAHHUEHUM

FIIABA 5. OBIUAA TEOPUA

5.1. OTPAHMUEHHMA B BUIE PABEHCTB
PaccMOTPHM 3a/iavy MAHHMU3AIMH QYHKIMK ABYX HepeMeHHBIX
z=f(x7),
Ffie Ha X B ¥ HAOXeHO OrpaHIIeHye, 33AaBaeMOe ypaBHeHIeM
g(x») =0. (€R)]

Boob6uue, ypaBHeHue g(X, ) = 0 MOXHO pa3peilliTh OTHOCHTENBHO ¥ KaK GyHK-
LHI0 OT X, T. €. ¥ = h(x). KOHeuHO, Ha IPAKTHKE MOXKET OKa3aThest TPYIHBIM WIH
Jaxe HEBO3MOXHBIM HalTh ABHBIHR Bu/ GyHKIMH A (x) . TIpy BBINIONHEHMH Olpeie-
TeRHsIX Yooyt auddepeHBpy eMOCTH Ipou3BoHan GyHKuMH & (x)

Egzih(x):—ﬁ/%. (5.2)
dx dx axl dy
Torpa dynxuuio )
z2=f(x ) =flx h(x)] 63
MOJHO 3aICcaTh KAaK (QYHKIJIO OJHOH He3aBHCHMON NepemerHoH x. Heo6xomy-
MBIM YC/TOBHEM MMHUMYMA QYHKIMM 2 By/leT COOTHOIIEHRE
dz ¢ ofdy
& o apde )
T. €.
o
af - ay g
o\ | , .4
el

Cootromtennst (5.1) u (5.2) MOTyT GBITh pellieHBI ¢ LETbI0 MONTYUeHUA 3HAYCHUI
x*, y* B TOUKE MUHHMYMa.
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fIpH X = X%,y = J*, 10 B TOUKE MAHHMYMA BHINONHAIOTCS COOTHOLLICHHUS
&(x, y) =0,

24 ag
é;(x,)) + la(x,y):o,

—f(X »+ l (X,y)

TpHYeM OCTenHee CIefyeT HeOCPENCTBEHHO U3 COOTHOINeHnA (5.5).

MonyuwnTs 3TM TPM HEOGXOZMMBIX YCIOBHS MOXHO, HCHONB3YH Pyrxyuo
Jazpanma
Flx,y,0) =f(x ) +M(x, »), (5.6)
KOTOpas MpefcTaBnsier coBoi cymMMy uemeBol GyHKIMH U NPOH3RENEHNA MHOXH-~
Tena Jlarpanya A Ha GyHKIMH OrpaHndenns. TOrAa HeOGXOMMBIE YCTOBKT MUHY-
MyMma QYHKUMH f(X, V) Npu HATHUMH OTpaHMYeHMi MOTYT GbITh 3alHcaHbl B clie-
AYI0IeM BHAE:

oF of
K(X’y"l) ‘(x,y)w1 (x,y)

oF / .
5 D=5 S )+ A <x W= .7

oF
a (x50, D =glx, )=

IT0 CHCTEMA TpeX YpPABHEHWH, pelleHUAMH KOTOPOH ABISIOTCA 3HaueHus X*, y*
¥ A* — B TOUKE MEHMMyMa.
Tipumep 1
Hatmi MuHHMYM dyHkuun f(x, ) = x* + p® OpH OPpaHuueHHH X + ¥ = 4,
Oyrxuust Jlarpaska AMeeT BHI
F(,y, ) =x*+y" + 24 —x—»).
CoOTBETCTRYIONIME YCIOBUA MHHHMYMa MOXHO 321THCATH CIIS/Y IOILKM 06pazom:
aoF
—=2—21=0,
ox

PellieHreM 5TOM CHCTEMBI YPABHEHHH SBIAIOTCS x = ¥ = 2, A = 4. MHEHMYM yHKIIM pa-
BeH 8. UnTatenio B KayecTBe YNPAXHEHUA NpeUIaraeTcs NPOBEPHTS 3TOT PE3YNILTAT, PaccMo-
TpeB (pYHKIMIO OFHOH MEpeMEHHOM X, KOTOpast HOTMYueHAa HCKMOUeHHeM y 13 dynxmm Jla-
TpAHKA:

z=x+(4—-x)%.

Heobxopvmeie ycrnosust MuraMyMa (5.7) moryT 6srme 0606meHs! 18 byHic-
1Hii 7 TlepeMeHHBIX NpH HATUIHH 71 OT pAHWIEHHH B BH/E PABEHCTB.

PaccMOTpHM 3ajtaly MHHHMH3AUI (QYHKIHK

2=f(X) =f(xX1, X2, ..., X)),
7 Ha MepeMEHHYI0 X HAI0KeHBI OT PaHHYCHUA
£ (x) =0, £2(x =0,...,g, (0 =0. 5.8)
OrpaHuYeHHsT MOXHO UCTIONb3OBATH JUTA TOTO, YTOGHI BBIPA3HTH /1 MEPEMEHHBIX
(Ge3 OrpaHMyeHHst OGIHOCTH KX MOXMO OBO3HAUMTD Xy, X2, . . . , X,,) UEpE3
ocTanbHBIE (B — ) MepeMeHHBIX, KOTOpbIe MOXHO PacCMATPUBATh KaK HE3aBH-
cHMBIe TiepeMeHHBIe. B TouKe MMHEMYMa IipH HalvuHy orpaHmdenuit f(x + h) —
— f(x) > 0 gna Beex h, ynoBierBopsompx yornoBHio g; (x + h) =g;(x) = 0 npu
i=1,...,m
Torpa ¢ TOWHOCTBIO O TIepBOTO NOPANK2 hj OypeM uMeTs

w4

2k 0,
J=1 z')x
roe

1o 0g

h—=10 i=1,2,.

121 ’ 6)(] s
310 YCIIOBHE MOXKHO 32lIHCATh HHAYe

n &) m dg

2k ——‘j—”~+2‘l—7 =0, (5.9)
J=1 aX i=1 axj
THE AL, A2,y - . ., Ay — MHOXMTENH Jlarpatixa.

TlockonbKy hm + 19 4+ 95+ + s Bty ABNSIOTCH HEBABUCHMBIMU IPHPALLEHUAMA,
1«03 PUIKEHTHI IPH HHX JOTIXKHBI 6blTL PABHBI HYJIRO, T. €.

no, o
—+ 2 A4—=0
X, =1 0x;

mpH j=m+ 1. n
Tpupamenns Ay, ko, . . ., hy, He ABIAIOTCH HE3ABHCHMBIMH, H X MOXHO TIONO-
JKUTh PaBHBIMH HYJII0 BblﬁopOM MuoxmTenedt Jlarpaixa B ypasHernn (5.9).
TakuM 06pasoM, MBI BLIGHPaeM MHOXHTEIH Ay, Az, . . . ,'A,, TAKAMH, yroGnl

.—*O mpu j=1,2,.
X, i=1 Ox;
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if+§j,i z?g,-‘o opu j=1,2,....n (5.10)
ax; =1 &x;

ClemoBaTeIBHO, €CTH ONpenenuts dyHkmuro Jlarpatxka B sue

FuaN =/ + $ Aew, .11
- i=1

TO HeOBXOUMEIE YCTIOBHA MEHUMyMa GyHKUMM f(X) NpH HATHYMK OT paHHYeHuE
MOXHO 3aIHCaTh cneuywumm 06pasoM:

oF o
- A; —70 mpu  j=1,2,. .

a o, a T (5.12)
oF '

B =0 e =T 513

OTMeTHM, YTO JyIsi NOMYCTHMbIX 3HAYEHHA X (TRKMX, KOTOpbIE YJOBIETBODHIOT
OTpaHMYEHHsIM) CIPABETMBO COOTHOLIEHME

m
Flx, }=f(x)+ 3 dig(x)=f(x)
i=1
B TOUKe MHHMMYM2 IIpH HATHUMH OTDAHHYeHKH Ha 3HaucHHe X* MOXHO 3aIl-
cats, ut0 f(x* + h) — f(x*) > 0, rme h ygommersopaer ypapuennio g;(x* +h) =
=0 mia Beex .
Taxum o6pazom,

WV
Ao

oF L *F
F(x* +h)—-F(x*)—Z——h +i3 T h i+
=1 Ox; i=1j=1 6x ox;
e IPOM3BO/THbIE BBIMMCIIEHBI B TOUKE X* IpH A = A*,
C yuerom ypaBHenus (5.12) momyunm mia Beex h, yoBIIeTBOpAOIMIHX O paHu-
4eHHAM, YTO

JIOCTATOURBIMY YCTIOBHAME MUHUMYMA IIpH HaTMUMH OTpPaHWYCHHH ABIAIOTCA
ypasHenus (5.12) u (5.13), a Taxke MONOXUTEIbHAS OTIPEETeHHOCTs KBAIpa-
THUHOH HOpMEL

n O*F
Z hi———h; (5.14)

,, ' ox, 0x;

1A 3HaueHuit h, ynoBIeTBOpAIONMX Or pAHUUEHHAM,

Bameuanue. He Beerma npocto n
PHEECTH KBAAPATHYHY10 My K BHIY, lpu-
rOAHOMY V1A HCTIONb30BAHMA, opmey e
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TNpamep 2
Tposepsre, uro Touxa (2; 2) sBnAeTcs MEHAMYMOM DyHKuY f(X) = x} + x2 npu orpa-

HHUCHHH X, + X, = 4,

Dot F (%, A) = x} +x3 + A4 — x, — x,) GBUIH MONyYeHEl PeIIeHHsT
oF oF oF

=0, ——=0, —=0

mpH X, =X,=2 u A=4.
ox, ox, o P =

Marpuua Fecce dyriunu £ uMeer Bup, (?) g) H, CIIE/(OBATENBHO, MONOXMUTATLHO Olipenelte-

Ha, 8 3TO JIOKA3EIBAET, YTO TOUKA (2; 2) ABNAETCH TOUKON MUHHMYMA.

5.2. OTPAHMUYEHMA B BUIE HEPABEHCTB

B a1oM pasgene MeTon MHOuTened Jlarpamka Gymer paclpocTpaHeH Ha Orpa-
HUYEHUS B BHIe HepaBeHCTR, PaccMOTpHM 0BHIyto 3afayy MaTeMaTHiecKoro npo-
rpaMMEPOBAHUA
MHHHME3HpOBaTh yHKIHMI0 f(X)

IpY HATMYAR M OrpaHMueHud & (X) <b; (1=1,2,...,m). [hpssemraxme-orpa-

IlpuuemM TaKWe OIDAHMYEHHS He OTPAHWUMBAIOT OGUWIHOCTH. (OrpaHuyenme
¢ (X) 2 ¢ MOXHO 3amicars B BHiIe —¢ (X) <—c.)

B nacrosuee BpeMA HET METONa, TapaHTHPYIOLIErO CyIECTBOBAHHE PEILeHHA
mobolt nono6HOH 3anay. BO3MOKHO, WMTaTes IPEQIOKUT TAKOH METOR.

OrpaitiieHus B BHAC HEPABLHCTB MOTYT ObITh TpeOGPAZOBANLI B OT PAHNMEHI
B BHle PABEHCTE JO6aBIIeHRA K KOKIOMY U3 Hix HeO TPRIATEIHHOR ocnabaswuel
nepemernoll u} (OTMETHM, YTO NlepeMeHHAs u BCErIA TIOJIOKHTEIBHA) ¢

- -0
g tup=y,
WTH
g (9 +ul=b,=0. (5.15)

TaKHM oﬁpmom 3a1aka CBOMMICA K MUMEMHIAHI byHkuun f(X) npu HaTH-
uyy m OTpaHHYEHHH B BUIe paBeHctBa g;(X) T u ~ b;=0. Crienys H3II0XeHHOMY
B IpelbIAyIIeM paa;xeﬂe MeTofty, chopMEpPYeM Q)yuxu.mo Jlarparxa

L F(x, A w) = f(x) + Z Algdx) + 1 —b,). (5.16)
i=1

HeofxomuMbiMu yCIOBHAME, KOTOpBIE FOMDXHBI BBINONHSATBCA B CTAHMOHAD-
HO# TOYKe, ABNAOTCA CITCHYIOLHE!

H 0L §1‘9 -1,2 51
. — mpx j=12,...,n, .
. o D i, T (.17
JF

—=0=g{x)+ul—b, mpu i=12,...,m, (5.18)
6}.
oF .
3—:0:21,-14,- mpn i=12,..,m. ’ 5.19)
u

i
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[image: image44.png]YMHOXHEB TIOCTIenHee YpaBHEHHe Ha /2, NONyduM
2
A\ =0,
T. €.
Nibi- £ (x)]=0 mpu i=1,2,...,m (5.20)-
Ypasrerna (5.17), (5.18) u (5.20) sBnsiorcs HEOGXOMMMBIMH YCTIOBHSIMM
MHHMMYMa B TOUKe X* NpH HATHIMH OTpaHHYeHud. YpaBHenua (5.18) smasiorcs
MOBTOPHO# 3aIChI0 OTpaHHMueHui g;(x) < 0. Ypapuenne (5.20) o3Havaer, 410 JIH:
} Bo ¥ =0, 160 b;— g;(x*) =0.Bam A; #0, 10 g (X*) = b; u OTpaHHueHYE ABIA-:
€ICH AKTUGHbIM W TIPEACTaBIIAeT cOGOH OTpaHuieHue B BuAe paBencTsa. C npyroi

CTOPOHBI, €CNY OTrpaHHUeHUE ABIACTCH Orpa.HH‘JCHI/IeM B BHIE CTpOroro HepaBEH"

ctea g;(x*) < b;, 10 cootBetcTBYIOUML MHOMMTETs Jarpamxa A; = 0. B camom!

nene, ecmu g;(x*) < bj, T0 PACCMATPUBACTCH MUHUMYM, YIOBIIETBOPHIONIMI Orpas |

HUHEHUIO, KOTOPOE ABIACTCH HeaKTHBHBIM, ¥ KOTOPBIM MOXHO NPEHeOpeus, a Cos
OTBETCTBYIOIHE MHOXNMTENM A; = 0. KOHEUHO, NpeBAPHTETIBHO He H3BECTHO, Ka- !
KHMH OTDaHHUECHAAMH MO XHO npeHeﬁpe%

Ects Takxke OONONHHTENBHOE YCIIOBHE, KOTOpOe HAOJIKHO GBITh BBIIIOJIHEHO B :

TOUKE MHHEMYMa TIpH HANKYUH OrPAHIYEHHH, a AMEHHO A, 2 0.

IIpeanonoxum, ut0 ypapHerua (5.17), (5.18) u (5.20) crpaBemHBEL B T0uKe }
(x*; A% u¥). Ecnn daxkrrnyeckuil MUHUMYM QYHKIMY TIPH HAJTHUHK orpaﬂmeﬂuu
z = fi (x*) TO MOXHO PACCMATPUBATE Z KAK (YHKIHIO OT b, U u3MeHeHus b; GynyT
U3MEHATh OTPaHHYCHUA W, TAKHM OGpa3oM, U3MEHATh camy dyniumto z. Moxa-!
KeM, YT0 |

T/i€ YACTHBIE IPOUSBOTHbIE BLIUACTIAIOTCA B TOUKE X*.
Tlockonsky g (X) + u,’c =bg, 10

9gk _3_)&_ 0, ecnu i #k,
1z9x ob; I,

Yz?z n
~a Z(

u{vl=

LeCHH { =k,
Torna

' oz
('}b

Ho 3T0 BbIpdeHMe PaBHO HYNMI B COOTBETCTBMH ¢ ypasHenueM (5.17). Taxum
. 06pazoM,

oz

— =A%

8b;
88

ax;
ob,

agk

AR fg_)
ab

k
% k5 0%

m
+ 34
k=1

G2

C Bo3pacTaHueM b; OGNACTD OrpaHHYCHUH pACIIMPACICH, UTO He MOXKET NpHBe-
CTH K YBENUYEHHIO 3HAUEHUA Z — MHHUMYM2 QYBKIH f(X) , HAXORAWErocs BHy-
“ TpM OGNacTH OrpaHMyYeHMH, a MOXeT JIHIUb YMeHbUIATH ero. Taxum oGpasom,
0z

<0,
b,

T. €.
*20. - (5.22)
HeoGxopmmsie ycmosust MuHMMyMa GyHxume f(X), EpH HUIMIHH OT pRHMUCHHH
g&(x) <b; (i=1,2,...,m) AMeIOT TAKOR BII, YTO MOXKHO HAATH X K A, ISt KO-
TOPBIX

o m o ag, -
2 ﬁij:o o =l
: g(X)<b, mpn  i=1,2,...,m; 525
Mg —bl=0 mpx  i=12...m,
A0 mpE i=1,...m

J{(3Hax A; MeHserca Ha TPOTHBONONOKHBIA, €CTH PACCMATPHBAETCS MAaKCHMYM.)
iv ycnosml H3BECTHBI KAK yenoBua KyHa — Taxepa.

Tpumep 1

 Hamucats yenosus Kyna — Taxepa juist MEHEMyM2 GYRKIHE f(X) = 3x} +4x,x, +5x2
| TIPH OTpaHMMeriiiX X, > 0,x, > Oux, +x, > 4.

1Y 33589y MOKHO NPERCTABATE CREMYIIIMM obpasom:

MUHHMHU3HPOBATh Y HKUHIO

L f(X) = 3x} +4x,x, +5x2

TIpH OTpaHMueHHAX —X, < 0, ~x, <0, —x, - X, <—4. QyHKuHT Jlarpanxa F(x,u,A) Gyner
HMETh B,

=307 H A x F S A ] - x,) F A, (- xy) F A @2 —x; X, +4).

Heo6XOMHMBIM YCTIOBHEM MEHEMYMA SBIISIOTCS

6%y Ty, —n -\, = 24

4x, +10x, ~ A, — A,

-% €0, —x, <0, -x, - x, <-4,
Mx3 =0, X, =0, A, (4=x, —x;) =0,

@

0

A Ag, Ay 2 0.
xr
HeTpyn#o NpoBepHIb, YTO 3TH yCmOBHS
BBIONHMOTCA IPK X, = 3,x, = 1, A, = 0,
Ay = 0, Ay = 22 ¥ DyHKUMS HMeeT MAHM- Ktag=4

MyM, paBHuI 44 B Touke A C KOOPAHHATAMH
G; . Puc. 5.1
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[image: image45.png]JIMHUAME IOCTOSHHOTO YPOBHA QYHKIMH f(X) ABIITIOTCH SMAUIICH
“3x} +dx,x, +5x}=c.
MuHuMyM QyHkumH f(X) TIPH OTCYTCTBHH OrpaHiueHuH paseH HYMO H HAXOOMTCH B Hava-
me KoopruHaT. OGNacTs OTpaHHYEeHHH [I0Ka3aHa TeHeBBIM KOHTYPOM Ha puc. 5.1, WUNOCTPH-
PYOIIeM HACTOALIYIO 3a/1a%y.

5.3. BBIIYKJIOCTh ¥ BOTHYTOCTH

O6mwas 3aj1aua MaTeMaTHYecKoro MporpaMMHUpOBaHUA, cOpMyIHpPOBAHHAA B
Havane NpeIbUIyIIero pasfena, ABIAETCA OYeHb CIOKHOM U IO ¢MX NOp He MMeeT
TONHOrO peieHus. HekoTOpble TPYMHOCTH BCTPEUATCA B 337auax, rpaduuecKu
NPOMITIOCTPUPOBAHHEIX puc. 5.2. Ha pucyHke H306paxeHs! THHKK TOCTOSHHOTO
ypoBHs dyHKuuH. ITo Mepe MepeMeleHHs 0T TOYKHM X* — TOUKH MHHHMYMa dbyHK-
LMH TIpH OTCYTCTBHH OT paHVeHHHl — snaueHus GynKipw GymyT pactu. Ha puc. 5.2
NOKAa3aHbl TAKKe IPAaHHIbl OGIACTH orpaHuvyeHwd g (X) = b;, a cama ofnacts
3aITPUXOBAHA. 5

Ha puc. 5.2, ¢ MuBuMyM QYHKUMK [pH HUIHIKI OT pAHWUEHMH COBIIAIALT C MU~
HUMYMOM (GYHKUMH Ge3 orpannuennit. Bce orpaHuyeHyst HMeIT BU/ CTPOTHX He-
PaBEHCTB, H, 3HAA ITO, MOXHO GbII0 Gbl MipeHeGpeyb Or PAHMYCHHAMM 1 PEIIMTH 33~

*
X =X pt.

%;),//(/ gr=b
.

Puc. 5.2
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AAIY METO[IAMM, U3NIOKeHHBIMY B Y. | s10% xHuru. Ha puc. 5.2, 6 Touxa MusnMy-
Ma NpY HATMYMH OTPHIIeH)H JIeXUT HA KPUBOH g:(x) = by, a iBa mpyrux orpa-
HHUYCHUA HEAKTUBHDBI. 3HAR 370, MOXKHO GhUIO Gbl MpeHeBpPeus OT pAHWICHUAMY £,
H g3 ¥ PEUMTh 3Ty 33724y KaK 3a[jayy ¢ OrpaHHYeHHAMY B BUJE PABEHCTB, YU THI-
BT TONBKO OrpaHmdeHke £, (X) = by. U3 31010 CJIeflyeT, 410 B TOYKE MHHHMYMa

| X TIpU HATHYMH OTpaHKeHMid clipasemuBo cootHomenue V/(X) = AVg,(x), mo-

CKOJIbKY HanpaBienne Vf(X) NepleHIMKyIAPHO NHHMK DOCTOAHHOTO ypOBHA M
TpaHuue 0f1acTH OrpaHHYeHNi B NaHHOM Touke. (CpaBHHTe ¢ ypasHenneM (5.17))

Bo3amoskHo, uTO HaiHe OrpaHMyeHuit 6y ieT NPHBOIHUTS K TIOSBITEHUI0 IOKa/b-
HOTO MHMHMMyma. 3TO MOXeT NpOM3OHTH fiake B TOM CITyuae, KOTAAa dbyHKIHA
MMEET TONIBKO OfHY TOUKY MUHHMYMa [IpM OTCYTCTBHH OTpanHyeryi. Taxas cuTy-
aUNA WLTICTPHPYETCA prC. 5.3.

QYHKIUA HMEET TOMbKO OMIHY TOUKY MHHUMYMA TIpH OTCYTCTBHH OTpaHHUEHHI.
OpHaKo [A 32124k ¢ OTPaHHYEHNAMY 0Ge TOUKH A M B ABIAITCH TOKATHHBIMY
MUHHMYMAMH, [OCKONbKY HH B OfIHOH M3 HONYCTHMBIX TOUEK B GNIKAMINMX
OKPECTHOCTSX A wiH B yHKIuA He IpUHHMAET MeHBIIMK SHAYSHHMH.

HekoTOpble 13 paccMOTPEHHEIX TPYAHOCTeH YCTPAaHSIOTCSH, eCIH OT PAHHYHTBCA
CTyYaeM, KOI/ia OGNAcTh OrpaHHYeHHH BEITYIIIA, 4 MUHUMM3HPYeMast (MAKCHME-
supyemas) GYHKHUA BBITYKIIa (BOTHYTA) .

Onpenenum 5T TepmuHbl. OGTAcTh ABIACICA 8bIMYIAOU, CIH OTpe30K IIpA-
MO#, coempHAOMmeN MMobble Be TOUKH OGMACTH, NIpAHAIFIEKUT ITOH OBNIACcTH.
CITe[IOBaTeNbHO, eCTH X; ¥ X, HAXOMIATCA B 3TOH ofnacrd, T0 m06asg TOYKA BHOA
0%, + (1 — 6)x,, rme 0 <6 < 1, HaxomuTCa B 3108 *e ofnacta. Ha pue. 5.4,a
H300paxKeHa BRI KNas OBTacTh, a Ha puC. 5.4, 6 — HEBBIMYKIIAA.

Puc. 54

85404l

]
x; Ox,+(/-8)%; x

Puc. 5.5
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[image: image46.png]Oyrxmus f(x) sBagercs LYKol Ha BHINYKIOH oGnactn X, ecnu mis mo-
6hix IBYX TOYEK X1, X, € X BHINOIHAETCA COOTHOLICHAE

S16%, + (1 = O x,] 87 (%) + (1 = ) fx,) mpn 0< < 1. (5.29)

Ilns GyHKuMH OFHOK NepeMeHHOH 3T0 O3HAYAET, YTO OHA JIEKUT HUXKE XODHBL,
coermHALIEH MoBble ABe TOUKH ee rpaduka (puc. 5.5).

Ins goeHyToil QyHKUMM, OUpeielieHHOR Ha BBHIIYKIOM MHOXECTBE, CllelyeT
M3MEHHTb 3HAK HEPABEHCTBA, B Pe3yNbTaTe Uero HOMYYMM COOTHOLIEH!E
SlOx, + (1 — Ox,) > 6 (x) + (1 —8) f(x)). (5.25)
Takast YHKIUMA TEKUT BBINIE XOpHBI, COeuHsAIel Mo6ble MBe TOYKH ee rpa-
duka.

Ecnu B cootHowennax (5.24) u (5.25) HepaBeHCTBA 3aMeHHTb Ha CTpOTHE He-
paseHcTBA, TO QyHKIEA f(X) GyHeT CIPOTo BRIMYKIOH WIH CTPOTO BOTHYTOH.

Ectb eille [IBa BaXHbBIX CBOWCTBA BBIMYK/bIX (BOTHYTbIX) QYHKIMi, KOTOpBIE
MOXHO BBIBECTH W3 COOTHOLIeHHH (5.24) u (5.25).

Ecmu dyHxama f(x) BrIykia Ha BIyKiIof oGmacta X u X, X, € X, 10
S) 2 (%) + (%, — %) Vf(x)). (5.26)

TIns BOTHYTHIX byHKUMA 3HAaK HepaeHCTBA MEHACTCH HA NPOTHBOTONIONHBIE,

YI0 YCIaHABNMBAETCA clemylonmm o6pasom. Ilockonsky f(X) BRIMyKia, TO WIS
0< 8 <1 cnpaBenyTUBO COOTHOIIEHME

SU0x, + (1= ) x ] <8 (x)) + (1 - 6) fix),

CIIEA0BATENIBHO,
SIx, + 0(x, — x )] —f(x) < OLS(x) ~f(x,))
H

Pl 3 ey + Lt O X /) ’0"‘” —/&)

Ho 1o reopeMe 0 cpemHem
FIx, + 0(x, — x)] = F(x) + 0(x, — x)" Vf[x, + 18(x, — x,)],
e 0 <A <1, 1. ¢. IPOM3IBOMHAR BRIMUCTAETCA B HEKOTOpOH TOYKe, Nesxamell
MEXIY TOUKAMH X HX; +8 (X —X;). .
CriepioBarensHo ,
) 2 () + (g — %) VfEx, + O40x; — xy)}

u 1ipu § > 0 nonyyaem cooHoterue (5.26) . R
U3 coorsomerus (5.26) clemyer, 9T0 BHMYKIbie GYHKIN OFHOH HepeMeH-
HOt (OBYX MepeMeHHBIX) JIeXaT BEillle JI0BOH KacaTeyIbHOH (m10cKOCTH) K [aH-

Ho#t byHKWAK (CM. pHC. 5.5).
GyHKUPA BBITYKIIA, €CIIM T'eCCHAH

{2
Ox; Ox;
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TIOTIOMUTENBHO Ofipefene. [To Teopeme Teitnopa MOXHO 3aIHCATH
SO =/()+ (x—x)" Y (x) + $(x— x)TH(x — x,),

rue H perucnsierca B Touke x, + Ax—x) u0<A<1.

TakuM 06pasom, ROCTATOUHO HOKa3alh, YIO NONOXGITENHHO ONpEHeNleHHan
KBanparmuHad GyHkuuA 3x'Hx spasercs BBITYKIIOH. 3TO CHENars HECIOXHO.
(I)I)écgaé{ll H X, — MpOHM3BOJIbHbIE 3HAYCHYA X U TycTh X = 0%, + (1 — ) x4, rue

Torma

T Hx — 0x] Hx, — (1 — &) x] Hx,=
= 62x] Hx, + 26(1 — O xI Hx, + (1~ 0)?xT Hx, - 6xT Hx, — (1 — ) x; Hx,™
==8(1 — B)(x, — x,)TH(x, ~ x,). '

i Tak xax 0 <0 <1, 10 (1 —6) > 0, u ecnu ma a H -
l Ha, 10 —9 (1 — 8) <0. Cneposarensyo, UG T NOTOAGITETANO onperiene

—_ T
{6x,+ (1 - §)x,I"Hix, + (1 — Oy x, ] <OxTHx, + (1— 6)x" Hx,. 5.27)
Host BBUTYKnBIX QyHKIUMH OJHOM lepeMeHHOM 310 O3Hauaet, UTo BTOpas mpo-
M3BOZMAA HEOTPHUATESIbHA, NOITOMY NiepBas NPOM3BOJHAS ABNACTCA BO3PACTAK-
el QYHKUMEH, KOTOPas MOKeT GbITh PaBHA HYII0 TOMHKO B ool TouKe. Cre-
FHOBATENBHO, TAKAA GYHKIUKA MOXKST HMETh TONBKO OJIHY TOUKY MHHHMyMa.

Mpumep 1

Tlokasats, uTo ecnu & (X) npui.= 1,2, ..., m— Bemyxise hYHKIMH Ha BRI KJTON 06-
nacrit X, To EAig,-(x), The A; > 0, Takxe BRUTyKIIa.
Myers

h(x) = Zm A;g4x).

Torna ecitd X, , X, € X, 10

hlox+ A= Ox]= 3 Jglox, + (1 - x,] <
i=1

< Zl Hlgdx) + (1~ B gx)] <

<03 hgle)+ (1-0)3 dgix)=
= =1

=0h(x,) + (1 - O (x,),
“YTO Y TOKA3BIBACT BRINY KNOCTB HYHKIMY & (X) .
{Ipumep 2
Ecnu ofnacTs OrpaHuYeHuH 3akaHa HEPABEHCTBAMH &(x) <b;mpni=1,...,m,rme
& {X) — BEINYKIIKlE BYHKIMH, TO TOKA3aTh, UTO OHA BHIYKNA.
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[image: image47.png]TIpeMMoTIONHM, YTO X, ¥ X, — [JOMyCTHMBIE TOUKK BHYTpH oSnac'nf orpauuueHmit. Torma
glx)<h mpu i=1,..,m,
glx) by TPH i=1,...,m
Eom0< 8 <lTompui=1,2,...,m
glox, + (1 — O)x,1 < fgi(x,) + (1 — B gi(x,) <
<Ob,+ (1—6)b,=
=b,

CrenoBatemsHo, OTPE3OK 08X, +. (1 — 8) X, IPHHANUISKHT MHOXKECTBY HOIYCTHMBIX TOUCK,

YTO CIpaBeIJIMBO IS BEIMY KJIOTO MHOXeECTBA.
IMonyueHHble BBIE Pe3yTIBTaTh AT BO3MMKHOCT JOKA3aTh CIICHYIONIYI0 TEOPEMY : eClTH

f(x) — BemyKiIan GYHKUMA Ha OGNIACTH OTPaHMMEHKH, 3aNaHHON HepaBeHcTBaMK 8 (x) <bi,
TR §; (X) — BEMyKNbe GYHKIMH, TO JOKATLHEN MuHIMYyM dyHKimu f(x) B 2T0# 06nacta

SBTIAIETCA M FTIOGATBEHEIM MUHHMYMOM B 3TOH e OGNacTH.
TIpenmionokuM, YTG B TOUKe X* gOCTHFaercs rRoGalpHEIM MEHEMYM, 8 b TOYKE X, JIOCTH-

' raeTesl JIOKANBHbI MUHUMYM, TipiueM f(x*) < f(x,). OBe 3TH TOUKH ABJAIOTCA [OMY CTHMEL-
MH, H TOCKONBKY JOIYCTHMAS 0671aCTh ¥ QYHKUMA f(X) ABIIOTCS BBIIY KIbIMH, TO

S10x* + (1= O x ] <HFEM + (1 - 0) flxg) <
LG+ (1-0) fx) <
<Sf(xp)

ma0< <1,

Ho ecnu 6 HOCTAaTOMHO MO, TO OTPe3OK 6X* + (1 — 8) X, JIeKUT BHYTPH 5 -OKPECTHOCTH
TOYKH X, . TOTzIa, OCKONBKY B TOUKeE X, MOCTHIAETCS JIOKATIBHLI MUHUMYM, f(x*) > f(X,).
CnefioBaTeNEHO, MEI TPHXOOUM K IIPOTHBOPEUMIO H X* M X, HONKHEI COBNANATH,

Tipumep 3
3amncaTs yenopus Kyna-Takepa UL cllepyiomett 3asauu:
MUHUMH3KPOBaTE GYyHKUMIO f(X, ¥) = —x° — y® nph orpaHmueHmsIx x, ¥ > 0, x + 2y <3.

Gynkusna Jlarpamia uMeeT BHI
Flx,y, huy=—x?—y>+ L (—x + ud) + L(—y + ud) + L(x + 2y + u} — 3).

HeolxomuMele ycioBHA MHUHMMYMA BEIPAXKAIOTCS Y PABHEHHAMH

—2x—A TR, =

=2y — A, 22, = 03
Mx=0,Ay=0, A,(x+2y-3) =0
x+2y<3;

Ais Az 3 0

TlombITaeMcA HaliTH pellleHUA STHX YpaBHeHUH.

a).Eemux >0,y >0,Tor; =2, = 0.

6). Ecmu A, = 0, T0 x = y = 0 H QyHKIUMSA AOCTHTAET MAKCAMY Ma. N

B).Ecnim A, = A, = 0,2, >0,To2x =2, =yux+2y -3= ggcneuonarelmlo,x= /s,
A = 6/5, ¥ = °/5, Bce ycnoBRA MHHHMYMA BBIIONHAIOTC ¥ = — /5.
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r).Eemt A, > 0,4, = 0,4, >0, Tox= 0, ¥
y >0, x+ 2y = 3, clefosarentHo, y = 3/2,
N = 2, A, = 3/, Bee yonorust MHHHEMYMa [o, J/ZZJJ/’ /5]
3

BHIMONHMOTC U f = ~7/,,

n). Ecmt Ay = 0,4, > 0,4, >0, 70 x>0,
y =0, x+2y = 3, cllefioBarensHoO, x = 3, =
= 6, A, = 12, BCe YCIOBMA MHHMMYMA BhI-
HOMBARTCA B [ = ~9.

3Ha‘-lHT, eCTh HeCKONBKO TOUEK, YIOBIETBO-
PAOUMX HEOGXOMUMEIM ycnoBusam. I'mobans-
HBI MUHEMYM JOCTUT2¢TCH B TOUKe (3; 0) n
paBeH — 9. 3afava WUIOCTPHpPYeTCS pHc. 5.6.

CAOXMHOCTH, BOSHHKZIOWME NPH pe-
WEHUH [IpuMepa 3, YCTPAHSIOTCS, eChiH
ynuus f(x) u ofacts orpanienns Bemykmer. Jis 3amaum MHHHMH3AUHH
f(x) npu orparmsennax g;(x) < b, tie f(X) u g;(x) — BBImyKIbIe bYHKUH,
HeoBxommIe yeronns Kyna—Taxepa (CM. COOTHOLIeHMe (5.23)) sBnsorcs Tak-
Ke H AOCTATOYHBIMH.

na pantoro cnyuas gysxuus Jlarpamka (cM. cooTHOMIEHUE (5.16))

Flx, hw=r(x+ § Algdx) + ut — b))
i=1

€CTb CyMMa BRUTYIUIBIX (YHKINA, OITOMY cama TakKe BHITYKIIA, & MHOKHTENH
A; = 0. Cnenoparensho, dyHkuua F uMeeT rIo6ansHEH MUHAMYM B TOUKE, Ifie
c¢ TIPOHIBONHAIE MCUE3AMIE MABI, M TaKASl TOYKE ABIACTCH eTHACTBERHOM. [To-
3TOMY HEOBXORUMBIE YCIOBUA ABIAIOTCA TAKIKE H AOCTATOTHbIMIL

Tlpumep 3 ne mpomBopeunt gammomy pesynprary. Dynxumn g;(X) — BBITyK-
Mble, HO bYHKUMA (¥, ¥) =—(x* + ¥?)  ne abinyxaa, a BorHyTA,

x+2y=3

Puc. 5.6
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P. Wolfe, ‘Methods of Non Linear Programming’ in Non Linear Programming (Editor
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5.5. YIIPAXHEHUS

- Moxaxure, uro dynxuus F(x,, x,) = x? +x3, e X1y X3 = 4 HMEeT MHHHMYM, paBHbIH
8 npu (xy, x,) = (22; £2).

. Tlokasxwure, 4To dyuxuus f(x, y) = x? +y? TIpH OTPaHHYEHHH X — ¥ = § [NOCTHTaeT MMHH~
MyMampux = 2,5,y = -2,5.

95




[image: image48.png]3. EciiB KOHCTaHTHI 4, b, ¢, K — TOJIOXKHTeNbHEI, TO HapHTe MONOXHUTENEHELE X, ¥, 2, TAKHE,
10 QYHKIMM K = X + ¥ +Z U W = ax? + by? + (Z® MUHMMAJIBHEL

4. Ecnua, b, ¢ — OTpHURTENBHBI # f(X,, X;, X3) = aX,x; +hX,%, + X, X,, THE X, +X, + X, =1,
T0 noxkaxmre, Yo f(x,, x,, ¥,) HMeeT MMHHMAITEHOE 3HaueHNe, paBHOe abe/ [2 (ab + be +
+ca) — {a® +b* + c*) | nipu yCNOBUM HONOKMTEMBLHOCTH 3HAMEHATENS.

5. Haitmure craudoHapHOe 3HaveHHe (3HadeHws1) ®ysxumu f(x, y, z) = xy®z® npw orpaHm-

YeHMM X+ y+z = 6.

6. OTipbITan KOpOGKa, H3TOTOBEMAS U3 TOHKOTO JIHCTA XKefle3a, HMeeT BBICOTY Z M Ips-
MOYFONIBHO® OCHOBaHHe ¢ pasMepamu X U Y. GCHOBaKMe i CTOPOHBI JUTHHOH X HMeIoT TON-
uny, papayio d (Mallas BeIWHHA), a cTOPOHBI OnuHOR ¥ HMewT Tomupsy 2d. Ecim xo-
JIMYECTBO MATepHaNa (PHKCHPOBAHO, MOKAXHTE, U0 06BeM KOpPOGKH MaKCHMATeH IPH

=2y =4z,

. Haitpure yenobust Kyna—Takepa B TakuM 06pa3om pelluTe 3a/1ayy

-

MHHHMH3HEPOBaTh GyHKImo f(x, ) = x* +3*
Tipy OTPaHmueRHsx x> 0, y 2> 0, x+y > 5.

8. Haitmute yenosua Kyta-Taxepa i takum 06pasom pellnTe 32124y

MuHHMHE3HpoBaTh PyHxmmmo f(x, ¥) = x? +6xy — 4x — 2y 3
* npy orpanmuenuax x* —2y <1, 2x -2y <1,

9. Ecnut f(X) — BBHIYKIas QyHKIMA Ha o6nacTu X, 10 MOKaXHTe, 4T0 g (X) = —af (X), roe

a >0, — BoruyTas GyHKUHA Ha oGnacri X.

Qynxmun gy (x) mpu = 1, 2, ..., m Bumyxnsl. HokaxuTe, 4T0 MHOXECTBO TOUEK
{x:1g;(x) <k} , Trie & — KOHCTAHTA, BHINYKIO.

. Tlyets A(x) — mONOXHTeNBHAT BOTHYTad QYHKUMA U @ <x < b, [TokaxuTe, yro GyHKUMS
£(x) = 1/h(x) BEIMyK:ad Ha OTpe3ke ¢ <x <b.

OGoGumTe 3TOT Pe3yNLTAT Ha CITydalt, Korma # (X) — NONOXHTeNMLHAsA BOTHYTas ByHKLHA,
onpenesnesHas Ha MEOxecTBe X. Ilokaxmre, uro reccua GyHkuuu £ (x) = 1/h (x) nono-
SKHTENBHO OTIpeNierieH.

PaccMOTpHTe 320a4y MUHMMHIALMH BRI KNOH dyHiwm f(X) npyorpanmtermax g;(x) <
<0,tne i=1,2,...,m. penmonosxure, uro MEHUMYM f(X) NIpH OTCYTCTBUM OrpaHHde-
HUH [OCTHraercs B Touke X* u wyo g, (x*) > 0, g, (x*) > 0, £,(x*) > 0. Eum muuu-
MyM NP OTpaHUYEHHSX HOCTHTACTCS B TOYKE X, , IOKQXHTE, UT0 IO KpaliieH mepe omHo
U3 3HaveHnit QyHKmal £, (x,), &, (X,), &, (X,) paBHO Hym©. JlaliTe TeOMETPHIECKYIO HH~
TEPNIPETAIMIO PE3YNBTATA.

Haltpgre MUHEMATEHOE M MAKCHMANILHOS 3HAUCHHA byHK 1WA

fxy) = x* +y*

npu oTpaHmieknu 3x° + 4xp + 6y? = 140. Halite reoMeTpHuccKyI0 MHTEPIPETALMIO Pe-
3yIETATA.

3agava MUHEMU3AHHE 0GkeMa BBUIYCKA TOBAPA MOXKeT OBITh c(POPMYIHPOBAHA KAK 3afla-
92 MAHHMU3AIHH BYHKIHH

10.

1

oy

12.

13.

14.

a B
Sxpx)=—+ — + y(x, + xy),
X X

The X;, X; > 0. KOHCTaHTH @ U § CBA3AHEL CO CTOMMOCTAME POH3BOCTBA ABYX TOBApOB,
2 ¥y — KOHCTaHT3, CB3aHHAS O CTOMMOCTEIO XpaHeHMsT TOBapOB Ha ckilaje {(cM. ymp. 8
pasn. 1.4).

Tloxaxutre, yto BEOICNpHBeNcHHAS (QYHKIMA MMHAMANEHA, eClM X, = </ of X =
=/
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B CBA3U € TeM 4TO TOBAPEI XPaHATCH Ha CIUIANIE, X, W X, HNOJDKHEI yIOBIETBODATh, KpOMe

" TOTO, YCHOBHI X, +X, <§, rie § — HeKOTOpas KOHCTRHTA.
Hanumure yenosue Kyda—Takepa mis chopMyAHpOBSHHOH 3amau M Taxum oGpaszom
TIONyYHTE pelieHHe.

- Mockbiika, KOTOPYIO NOTKHEI OTIPABHTS 11O TIOUTE, HMeeT POPMY IPAMOYTONBHMKA C pas-
MEpaMH X, X,, X, . [Ipi OTTIPABJICHHA NOCLUTKH HAKIAABIBAIOTCH CIIEMYIOLME OrpaHmue-

N oA x, <20, x, <11, x, €42ux, +2x, + 2x, < 72. Halimure pasMeps!, IpH KOTOPBIX
o6sem GymeT MaxcHMaTEHEIM. (3TO MouduIMpoBaiHas Po3eHOGpoxomM 3ana4a o IOYTO-
BOH NOCEUIKe, CM. TAKOKE CIENYIOLIYIO TNaRY.)

. CraH[2pTHas 3a/(aya © HOYTOBOH TIOCELIKE AHANOTWYHA IpUBEICHHOM BhILIE 3az1aue, 32 HC-
KITIOUEHHEM TOT'O, YTO OTPAHKUSHHA MMEIOT BHJ,

x; <42 mpui=1,2,3,x, +2x; +2x, <72
Hanuwre yonosws Kyna—Takepa s srolf 3apaun ¥ rakum 06pasom NoJyunTe pellleHye.

ITTABA 6. METOH NOWCKA

6.1. MOITUOULIAPOBAHHBI METOHI XYKA-UKHBCA
B mepBylo odYepedb PACCMOTPHM METOHBI PELICHMA 3a/lay HETMHEAHOrO Ipo-

{0 YCTIGIMO MPUMEHAIOTCA METOIbl NPAMOTO NOMCKE, HINOXeHHEe B IIL. 3,
rie OHK GbUTH MCHOMB30BAHb [N PEUICHUA 3a5aY ONTUMU3AUHY 6e3 OTPRHHYeHHiL.
: OTi MeTOIBI HeTpY/IHO MOMGUUKPOBATL U LIS YueTa OTpaHKyennit. Bouto BoyIBH-
HYTO HpEATIONOKEHHE, YT0 IS ITOFO GyzieT BIOJIHE HOCTATOUHO IIpH PElIEHUH 33~
Jayd MUHMMH3ALMN TIPHCBOKTH esleRod yHKIMK OueHb GOMblIOe 3HAYEHNE TaM,
rhe orpaHMYyenns Hapymamrca. K TOMy xe TAKYH MOS0 NpOCTO peaiu30Bath C
TIOMOILBI0 IPOr PAMMUPOBAHUA, &

HyxHO TpoBepuTh, KKIAs M TOYKa, NONYYeHHas B Mpomecce MOHCKA, NpH-
HAUIeXHUT OBacTH orpasuderuit. Ecnu kaxpad, 1o nenepas GyHKUMA BEIYMCIALT-
cA 06bHbIM ItyTem. Ecniu Her, 10 LieneBo# dyHKIMM NPUCBANBAETCH OYeHDb GOTIb-
moe 3Hauenue. Taxium 0OpasoM, HOHCK GYAET OCYLIECTBAATHCA CHOBA B JOIYCTH-
MOH OGNACTH B HANPABIEHHH K MUHUMAIBHOR TOYKE BHYTPU 3T0H OGNACTH.

B TexcTe NpOrpamMmel MOIM(UIHPOBAHHOTO METOMIa MPAMOTO TOMCKa XyKa—
JlxmBca ChenaHa TONBITKA Peatu30BaTh TKYW NpOUenypy. PaccMaTpusaeman 3a-
naya GopMyTHpyeTCs Ceqyumm 06pasom:

MUHHMU3HPOBATh (X1, X3) = 3x7 +4dx,x; +5x}
TIpu OrpaHHUEHUAX X, =0, X, 20, x; + X2 24

(cm. ipumep 1 13 pasp, 5.2).

IporpaMmMa aHATOTHYHA TpyBeleHHol B pasp. 3.2 mporpamme Xyxa—Ixmeca,
33 HCKITI0YEHHEeM TOTO, YTO TIOMNPOFPAMMA, HAUMAAIOIIAACS ¢o cTpoKu 2000, Gbuta
H3MeHEHA C LENblo yueTa OrpaHnyeHyil TaK, KAk 06 3TOM TOBOPWIOCH Brrtie. Mu-
HHMyM, paBHsiit 44, nocTuraetcs B 1ouxe (3; 1) MpH OrpaHuueHuu x; + X3 =4.

10 PRINT “METOA XUYKA-AXWBCA MPU HAARYMU O PAHHEHMA"
20 REM QUHKUWRA Z=F(X1,X2,...,XN) BWYUCARETCA B CTPOKE 2000
30 PRINT "BBEAWTE SMCAO MEPEMEHHBIX“:INPUT N

40 DIM X(N),BONY, Y(N), PN}
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[image: image49.png]50 PRINT "BEBEAMTE HAYAMBLHYH TOMKN X1,X2y...,XN"

60 FOR I=1 TQ N:INPUT X(D:NEXT 1

70 PRINT "BBEAWTE A/MHU WAMA“INPUT H

BO K=HiFE=O

90 FOR I=1 Td N Bl

100 Y(D=X(IP(D=X(1:B{D=X(D::NEXT 1

110 BOSUB 2000:F =2 B

120 PRINT “HAYAALHOE 3HAYEHWE PWHEUMW"Z

130 FOR I=1 TO N:PRINT X(I3* “pNEXT IsPRINT "

180 PS=0:BS=1

150 REM WCC/EACBAHME BOKPYI BEAIUCHOA TOYKKW

180 J=L:FB=F1

200 X(=Y(D+K

210 GOSUB 2000

220 IF I<FI THEN GOTO 280

230 XI=Y-K

240 GOSUB 2000

250 IF Z<FI THEN GOTO 280

260 X(=Y(D

270 GRTO 290

280 Y(D=X(J)

290 BOSUE 2000

300 FI=Z

310 PRINT "MPOEHbIA WAz

320 FOR I=! TO M:PRINT X(Ij" EXT I:PRINT 3

330 IF J=N THEN GOTD 3&0 ¢

340 J=J+1 ”;

350 GOTO 200 ?
. .

Hnist HauamsHO# TouKH (4; 3) ¥ NpH IyMHe wWara, paBHOM eMMHUIE, TPOTPaM-

MOH yCNEIHO pelileHa 3a/Ja4a MUHMMH3alMu. Huxe TpUBEICHA paclieyaTka pe3yiip-

TaTa paGoTHI POrPaMMEL.

METOA XUKA—AXUBCA TMPM HAAWYUM OrPAHUHMEHUR

BBEAUTE YUCNO NEPEMEHMBIX
2

BEEAUTE HAMAMLHUN TOYKY X1,XZ,.l.,XN
4

3

BBEAMTE A/MHE WAMA

1

HAYANLHOE JHAYEHUE PUHKUMWM 141
4 3

TNPOBHNA WAl 108

NPOEHbA WA 71

3 2

TIOUCK NO OEPAJUW 1E+30
2 1

APOEHMR WAI™ 44

3 3

MIPOEHLIA WAF #43

3 1

MOWUCK MO OBPA3UY 1E+30
3

NPOBHLIA WA 48

o

MPOEHLIA WA 48

4 o

3AMEHA BA3UCHOA TOUKKH 34
3 1
FIPOBHLA WAM 44

3 1
MPOEHLIA LAT 44

3 1
YMEHbLWTE 24/MHY WACA

98

NPOBHLA WA 44

3 1
NPOBHURA WA 44
3 1

WUMEHBLWMTE AAWHE WArA
FIPOBHLIA WA 44

3 1
NPOBHBIA WA 44
3 1

WMEHBWHTE 4/MHY WAFA
NPOEHLIA WA 44

3 1
MPOEHLIA WA 44
3 1

WMEHBWHTE A/ MHY WAFA
NPOBHLIA WA 44

3 1
NPOBHLA WAF 44
3 1

UMEHBLWHTE AAMHY LIAFA
NPOEHLA WA 44

3 1

NPOBHLIA WA 44

3 1

YMEHLWHTE AAWHY WACA
MPOBHLIA WA 44

I 1

MPOBHLIA WAT 44

3 1

YMEHLWHTE AAWHY WAFA
MPOBHLIR WA 44

3 1

MPOEHLIA WA 44

3 1

WMEHBWMTE A/MHY WACA

MUHMMEM HAAREH

X1=3
X2=1
MAHWMYM PRHKLMW PABEH 44

KO/MMECTBO BHHUC/AEHWA PWHKUMU PABHO 6B

Ins HawamsHod ToukM (3; 4) M ANMHBI Iara, paBHOM eIMHMNE, HPOF paMMOit
TAKKe YCTIENHO PellieHa 3a/1a4a MAHHMU3ALHH.

Jins HavanpHOHM TOUKH (5; 6) u ouHHBI Wara, paBHOK CIIMHULIG, 3811343 H pelle-
Ha, TAK KaK MpOrpaMma OCTaHOBWIack B Touke (1; 3), T. e. HA AKTHBHOM OT paHu-

UeHUH, M BBITATA HeBepHBU peaynbTar. PacmievaTka pesymprara paGOTBI Iporpam-
MBI IPUBEAEHA HIKeE.

METOA XUKA-AXWBCA MPH HAMMYMM Or PAHWYEHWR
BBEAUTE HMCAO MEPEMEHHBIX

2

BBEAUTE HAYANBHUN TOYKY X1,X2,...,.XN

5

&

BBEAWTE A/MHY WACA

1
HAYANBHOE 3HAYEHWE PUHKLUK 375
5 &
NPOBHLIA WA 324
4 &
TPOBHBIA WAIN 253
4 5

4% 99




[image: image50.png]MOUCK N0 OBPA3LN 155
3 4

NPOBHHR WA 124

2 4

MPOBHLIA WAr Bt

2 3

MNOUCK MO OBPA3UN 1E+30
o t

TPOBHLIA WAM 1E+30

o 1

NPOBHHIA LA™ 1E+30

[+ 1

3AMEHA BA3UCHOA TOYKM B1
2 3

NPOBHNA WA 60

1 3

NPOBHLIA WAC &0

1 3

FIOMCK N0 0BPA3UY 1E+30
o 3

NPOBHLIA WAr &0
1 3

NPOBHLWA WAM 60

1 3

3AMEHA BAIUCHOA TOMKW &0
1 3

MPOEHKR WA 60

1 3z
NPOEHEN WA &0
1 3

YMEHBWHTE A/MHY WArA
FIPOBHHA WA 60

1 3

TIPOBHBIA WAr &0

1 3

UMEHLLIMTE AAMHY wara
NPOBHUA AT &0

1 3
NPOBHHA WAM &0
1 3

YMEHBWHMTE A/MMHY WATA
NEOBHBIA WAT &0

1 3
MPOBHLIA WA &0
1 3

WMEHLLMTE AAMHY WArA
MPOBHLA WAr &0

1 3
NPOEHNIA WiAC 40
1 3

HMEHBUMTE gAWHY WACA
TIPOBHLIA WA &0

3 3

MNPOBHWA WA &0

1

UMEHBWMTE A/WHY WArA
FIPOBHHIA LA 60

1 3
MPOEHLIA WA &0
1 3

YMEHLWUTE AAWHY LACA
NPOBHLIA WAF &0
FF9I997 3

NPOBHLA WA &0
Basissnd 3

MOMCK MO OBPA3UY 1E+30

100

F999998 3
NPOBHWA WA &0

9999999 3 -
TPOBHEIA WAl &0 [:]
FITIIIT 3

3AMEHA BA3BMCHOA TOYKU &0
99999 3

MPOBHLIA WAT &0

F999999 3

MPOBMLIA WAM &0

FITIIF? 3

UMEHLWUTE AMMHY WATA

MUHKMYM HARREH
X 1 = 9999997
X2=3

MUHAMUM PUHKUMW PRABEH &0
KOMMYECTBO BLMWCAEHMA PUHKUWW PABHD 96

AHaTOYHYHBIE HEYTELMTENbHbIC Pe3YNbTaThl GbUIK NMOMYHeHB! QA HaYaIbHON
rouxr (5; 6) M muHB wara, pasHoit 0,5. HeBepHoe perieHue GbUI0 HaiteHO B
mouxe (1,5; 2,5). Jnn savanpHoit toukm (4; 3) u momHe! mara, pasuoit 0,5,
nporpamMma paboTaa HOPMATEHO, HO GbIIO IOMYYEHO HeBepHOe PEIIEHHE B TOUKe
25; 1.5).

Tpobirema norArHa. { HOMOIIBIC JaHHOTO METOAR HEBO3MOXHO RBHTATHCH
BJIQJIb TPAHUIEI OGIACTH OTPaHHYEHHH M CXODMMOCT JIOCTUI2eTCs B IEPBOM Xe
TOYKE TPaHHNpI, Te ¥ HAXOJHTCA pellleHue, Kak NomgepKUBanoch B 1. 5, ofmas
3a7aya ONTUMM3ALMY MpH HATMYMM OTPAHMUCHUHA OUYSHDb CIOMHA M AMIA NOJTyYeHus
DIPAKTHYeCKOTO METOZA penleHus TpeGyIoTcs fonee H30pentbie NPOUETYpbl, YeM
IIpHB elleHHast BHILLE.

6.2. KOMIUIEKCHBI METON

prJZlHOCTPI, BCTpeYarolecs Mpu HONBITKe UCNON530BATh CYUIECTBOBABIIINE pa-
Hee MeTOJIpt TIOHCKA, NONTONKHY M Bokca B 1964 rogy K cO30anuio CBOETO MeTo-
na. TIo cywecTBy, OH ABMAeTCA MOmMdHKanuell cuMmexcHoro Merona Henpepa—
MH}Ia, OHAKO MO3BOIACT YUKTHIBATE OFPAHUYCHHA. Boxc HasBam ero KOMIDIEKC-
HBIM METOOM.

Pemaeman 3a7a4a COCTOMT B MuHMMu3aum# dyExumn f(X) = f(xq1, xg, . . .
PPN Xn) s T1e X ONpenenaeTcs A8HbIMU Or paHHYCHHAMK

ljéxigu]. mpu j=1,2,...,n, 6.1)
a TAKOKE HeAGHbIMU O PaHHYEHUAMH :
gi(x)<bi mpu i=1,2,...,m. 6.2)
Ecnu ueneBas ynkuus f(x) Brmykna ¥ GyHKuum g;(X) TOXe BBILYKIBI, TO
3a7aya GyneT MMeTh eMHCTBEHHOE pellielye. 3HAUEHNA § ¥ U SBIAITCS HIDKHeEH
¥ BepXHe#H rpaHullamMH MepeMeHHBIX. EC/H B KOMKpeTHOH 3afaye 3aaHHble Tepe-
MeHHbIE TEOPETAYECKH He MMEIOT OrpaHAueHuH, TO IpenoioXeHHe O HAUTHIMHN Y
HHX "6e30MaCHbIX” TPaHull, T. ¢. I'PAHHL, BIJIIOUAIOUIMX ONTHMY M, IO3BONAT MpPH-
MEHUTh KOMIDIEKCHbIH METOf.
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[image: image51.png]JHaHHEIE METOL ABNACTCA UTEPANMOHHBIM. B Hem MIPEIIONaraeTcs, YT0 H3BECT-
Hbl SHAUSHUSA 11 M /1, L MUy 1 HAIbHAS TOUKA X, , YAORNETBOPSIOMA BeeM orpa-
HUYCHUAM (cM. HepasencrBa @6.1) u (6.2)). B NiepRYI0 Odepens HeOBXOmMMO
BbIGpats & TOUeK, KOTOPBIC YAOB/NETBOPAIOT OTPAHMUEHHSM, 2 TAK)KE BBIMHCTHTD
uenerylo GYHKIMIO BO Beex A TOUKAX. MHOKECTBO ITHX TOUEK HAIBIRACTCR KOMII-
AeKxcom . Boxe 0GHapyxaul, 410 K JOIKHO 6biTh GONbIIe (n + 1) — uucna Touex,
HCIONb3YeMBbIX B CHMITIeKcHOM Merofie Henpmepa—Muma n monoxawt & = 2n.

Kak ynomuHanoch Bbllle, IpenlonaraeTcs, 4ro T09Ka X, , YIAOBIETBOPAIOIIAA
BCEM OrpaHHIeHUAM, 33/iakia. OCTaNbHbIe TOUKH, YIOB/IETBOPAIOIIHE HEPAB SHCTBY
(6.1), MOryT GbITH BBIGpAHBI CILEMYIOITM oGpasom:
xy =l 4r(u— 1) ©3)
maj=1,2,...,nui=2,3,... .k, Tie ¥ — mceBgocTyvatinan PaBHOMEPHO pac-
UpeAcTIeHHat epeMeHHas B uHTepane (0; 1). Takad nepeMeHHas B ssbike B eii-
CHI MOeT G5ITh 3al1aHa ¢ TOMOIIBIO onepatopa Y-RND (X) .

Touxu, BEIGHpacMble B COOTBETCTEBMM ¢ ypasHenuem (6.3) gya pmamHOro j,
GyHyT aBTOMATHYECKH YIIOB/IETBOPATS HEPABEHCTBY (6.1) . Ecotit 311 TOUKHM ypoB-
JIETBOPHIOT TAKKe HepaBeHeTsy (6.2), TO OHE NDHHHMAINTCH B Ka4eCTBE HAYANb-
HBIX TOUEK KOMITeKca. EQin TOUKa, BHIGPaHHAH B COOTBETCTBHM C ypABHEHMEM
(6.3), He ymosiersopser HepaBeHCTBY (6.2), TO OHAa CcMellaeTcss Ha TIOJIOBHHY
PACCTORHUS 11O UeHTPA THXKECTH MHOXKECTBA Y)ke IPHHATHIX TOYEK, T. ¢. hOpMupy-

© €TCH TOYKA

, (n+x)
X ="
2
e

’ (64)

1 -t

XTI A% (6.5)
i—1eay

Ecim 1ouKa B cooTHowenun (6.4) Bee elne He ABAAerca HDOIYCTHMOH, TO OTH-
caiian cootHolienyem (6.3) npouenypa NOBTOpAETC BHOBD 0 Tex NOp, NOKa
TOUKa He cTaHeT gomycruMod. Ecnu ¢pyHxums g (x) himyxia, 10 B KOBUe KOH-
LOB OTPaHYEHHA GynyT BLIIONHATHCA. KoHeHo, TIOCKOJIBKY TOUKA X; HAXOIMT-
s BHYTpH OGNacTH OrpaHHveHui, T0 KOMIUIEKC GYLeT COCTOATH U3 FOTyCTHMBIX
TOYEK.

Y1060 yHopAROTATS TOUKH KOMIDIEKCE B COOTBETCTBHH CO 3HAYCHUAMY (yHK-
win. TIponenypy WHHUMAIH3AMHA KOMIDIEKCA MOXHO OTHCATh ¢ OMOMIBIO GITOK-
cxembl (puc. 6.1). OHa peanmsyeTcst B IPOTpaMMe OTlepaTOpaMH B CTPOKAX ¢ HO-
mepami no 1000,

Tenepp Mbl NOOIOUDIH K MTePAITHOHHOM IPONENype KOMIDIEKCHOrO MEFOa, B
KOTOPOH MPOH3BOMTCA MOHCK MHHMMYMa liepeMelleHHeM N0 HANpABIICHHI0 K
MHHHMYMY BHYTpW OGNacTH orpaduueHmil. IIns 310H Npouenyper HooGx0mums
CTEYIOUHE WATH;

1. Haftn Touky ¢ HauGombumM 3Havermem (yHKIMK Xp, M HaliTH UEHTp Xo
octaibHbIX (K — 1) Touek.
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| B8ecmu m,n j
¥
l BBecmu xy, =17 T
]
Becmy G, U, j=12, ..,

Nlonomums Xc =Xy .
Sangemums ecnepemop  cAyvadupix  ucen

_)_r ;'jn/ T

fanomums Xij=bs+r(uj-Lj)
Hem | Fonomums
Jonycmuras moixa ? 5 X%
T2
Ae :

QbHobums  moyKy yenmpa
xo=[({-7) X+ %1} /i
¥

[ Hadmu  Fxi)= F T

Aqa

Hem

Ynoprdosums  Fy, ..., Fy

]

[loMEMUms  HIUMEHbWES IHAYEHUE
Byraysy

Puc. 6.1

2. TIonbITaeMCS CMECTHTBCA OT TOUKH Xy, ¥ TIOTYIHTH fIPH 3TOM TOUKY X, OTpa-

KeHHeM TOUKH X; OTHOCHTENBHO TOYKH Xo, HCHIONB3YA KOIGGHUMEHT OTpaXeHIT

> 1, 4T0 MOXHO 3aIMCATh KaK
X, = (1+0)xo —ox, .

3. [IpoBepUTh, ABNACTCA JTH TOYKE Xy nonycth)n.
). Ecnu Touka X, He ABIseTCs JOTYCTUMOH U He BBITOIHACTCA OrpaHude-
- 6. .
Hue MA I, 10 nonaraem x,; = [+ 10°°; ecitu He BBINOHAETCA OTpaHKYe

3
Hye i ll/', TO MOJ1aracM X”' =

6.6

- 1076
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[image: image52.png]6). Eciti He BBUIONHAIOTCA OTPAHKYEHHH, TO TOUKY X, IEpPEeMEInalT Ha fo-
JIOBHHY PACCTOSHEA MEXKIY X, H UEHTPOM Xo, T. €.
x, (HOBOE) = (X, +X0)/2. 6.7)
3arem NPOU3BOMMTCA TOBTOPHAA [IPOBEPKa HA JONYCTHMOCTD H LIAr 3 OBTOpAieT-
At JI0 Tex NOp, NOXa He Gy ieT MOMyYeHa JOYCTHMAS TOYKA,

4. Ecrd 10UKa X, ABJIsETCS HOMYCTAMOH, TO BBLIMHCIIAETCHA 3HATeHHe ynxun
f(%,) n cpasmBaerca ¢ f(x;) — HaMGONBLIMM 3HaueHHeM (yHKIIH.

Ecnn f(x) > f(%;), 1. e. “xyske”, yem HauGonblliee 3HaveH e, TI0JTy4eHHOE pa-
HEe, TO TOUKA X, CMEIIAeTCA K LEHTPY Xo Ha IONOBHHY PACCTOSHMA MEXTY HH-
MH, T. €.

x. (HOBOE) = (%, +x0)/2
H TIpOllecC BO3BPAILALTCA Ha Luar 3.

5. Bomn f(x,) <f(x), T0 T0UKa X 3aMeHseTCA Ha TOUKY X,, 3aTeM TOUKY H
3HaueHus GYHKIMM KOMITIEKC2 CHOBA YTIOPANOUHBAIOTCA.

6. BEMHCTIAIOTCS /ABE BeTWMMHbI, HCTONb3YIOIMECH TIPH TIPOBEpKe CXOPMMOCTH
MeTOna: CpenHee KBAIPATUIECKOE OTKIOHeHWe 0 1A K 3HaveHmii dyHKuuy u
MAKCHMAIILHOE PACCTOAHYE d)y MEXLY NBYMY TOUKAMM KOMIDieKca. [leppas Be-
JIHYKMHA BIYHCIIAETCA KAK

« _ 2
0= { P vACS fflz/k} s (6.8)
e=1
roe
1k
f==3 fx), ©.9)
ket
HO [UIsL BBIYMCTIEHHS 02 TTyuIlle MCTIOJIb30BATS dopmyny
X [ )2
UZZ[Zf(x(.)LZ%]/k. (6.10)
e=1

7. Benuuntinl 0 1 dyy NPOBEpSIOTCA Ha CXOMUMOCTS. Batn 06e s1u Bemmwinsl
HOCTaTOYHO MBI, TO NpOHeAypa MOMCKA MUHMMYMA 3aKaHUMBAETcA. B mpoTHB-
HOM cjydae HeOGKOMIMO BEpHYTHCA Ha LIar 1 M MOBTOPHTH NPOLENLy py.

B Texcre IpOrpaMMbl MpOMEXYTOWHBIC De3yNbTaThl HNEYAaTATCA B CTPOKE
3500, HO TONBKO B TOM Cllytae, ecly HaWMeHbilee 3HaYeHIe GYHKUHA G510 ynyy-
HIEHO.

Ha Gnox-cxeme (puc. 6.2) npuBeeHs! warn 1 — 7, KOTOPHIE PeaIH3OBAHBI B
1porpamme 1o ofieparopa s crpoke. 3800. Korma cxomumocts pocmurnyTa, ¢ mo-
MOLUIO onepaTopoB B crpoxax 4000—4100 naxopures peluedue.

Uentepas dyHKuMA BRMMCHsETCA B NOMIPOrpaMMe, HauuHaRIelics ¢ OIeparo-
pa 5000. OrpaHuyeHust NpoOBepsIOTCA B NOANPOrpaMme, HATHHAIOLIEHCA ¢ onepa-
10pa 6000. IMepementan IC = | ykasbiBaer Ha 10, 410 GBUIH HADYIIIEHDI HesBHbIE
OTpaHuiedus, a nepemenHas EC = 1 — Ha 10, 4T0 GbUTH HApYILEHbI ABHbIE OF paHH-
uenus. Maccuspt EC(J), J =1,2,...,2N,n IC(L),L=1,...,M, ykassirawor ua
KOHKpeTHbIEe OTPaHHYEHHS , KOTOpble GbUIH HAPYIIIGHBI.
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Onpedesums Xg—
~yesmp Ayvwux (k-1) movex

| xp=%(k) J

)]
| TIoRY VUM Xy G TOMOUBI ONEPAYUL OMPIMENUR
T

Eray #OPYLENS 20TRIYD

Hem |y ury 13, mo Xp(j)=
Tovaa X — Gonycmumas & 234106 Wy xp ()=t -0
. ¥

Ec He Bvionnnemcs
3panUYERLE R LYERYLD
(%), m0 Xy=(Xg*xr)/2

Xp=(Xg+%n)/2

I Jamewums  mavKy X(K) HZ MoKy Xy ]

[]

IBnobums £, .Fx U
movKU  KOMIJEKCA
Hadmu  ¢mandapmnoe omaaoHenyE
THAYEHUL  PYIKGUL U MIKCUMANS -

HOE paCCmMoRNUE Mf)l(ﬁy. MaIKa MY
KOMITTEKCD

Hem '
Cxodumocms Socmiuz~
Hyma e

Puc. 6.2

JlaHHbIe MOAMPOrpaMMbi TOAXOFAT [If pellleHus MOAXHIMPOBAHHON 3aNaqn
0 TOYTOBBIX TOCBITKAX (cM. ynp. 15 pasz, 5.5)
MHHEMM3HPOBATh hyHKIMIO f(X) = —X1X3X3 .
npy orpanmueHnAx 0<x; <20, 0<x; <11, 0Sx;3 S42ux; +2xp +2x3 <72,

B »70# 33mave ecth TONBKO OFHO HEABHOe OTpaHMYEHHe, OJHAKO HeoOXOmMMO
BBIACHUTD, KAK CIefyeT MOau(UIMpOBaTh MOANPOrpaMMY Iyisi APYTUX OTPaHHYE-
Huit. 3ametnM, uro ecia IM = 1 Tipu BXOZe B MOANPOIpamMMy, TO MPOBEPAIOTCH
TOMBKO HesIBHbIE OrpaHHueHHs. B 3TOM cMbIcn Onepatopa B cTpoKe 640.

» 2

IMpoLesypa CXOQHTCH, KOFfia KOMIDIEKC “CTATMBAETCA” [0 TaKOTO pa3mepa,

HpH KOTOPOM OH TIOMe1aeTosl B HeGOMbIIOA OKPeCTHOCTH TOUKH MUHMMYMa. TTpo-
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[image: image53.png]BEpKa cXOOUMOCTH GyfeT yCIlelIHO 3aKAHMBATLCH Ha ITOM IUare, IOCKONBKY pas:
HHI2 B 3HaYeHUAX QYHKIHH GYAeT TaKxKe Mana.

Boiop k = 2n v o = 1,3 (cm. crpoky 1120) ABNAEICHE IMIMPHYECKHM NP2BU-
TIOM, TpeioxKennpM Boxcom. Tlepsoe sHauenme waCTHYHO NPENOTBPAINALT IpeX-
IOeBpeMeHHOe CxaTHe KOMIUlekca. KoadbdguumeHT oTpaxkerua a > 1 Hosponser
KOMIUTEKCY PacHMpPATHCA M NepeMEINaTheA B HYXKHOM Hampabienun. [lepemerre-
HHSA Ha MOTIOBMHY PACCTOAHMS OT HAUATBHOA TOUKH K HEHTPY CKUMAKT KOMIUIEKC.
loaToMy KOMIUTEKC MOXET TepeMelaTbcss BHYTPH IONYCTHMOH OBIacTH BHOIh
TPAaHuIL ¥ OTUGaTh YTTIbI B MECTaX IIepeceyeH s OrpaHHueHHH,

Cnoco6 BbIGOpa HAYATBHOTO KOMIUIEKCA O3HAUAET, UTO JIETKO MOXET GbITh CLe- |

JIaHO HeCKONBKO NepeMerlieHui. OueBHIHO, 4To BYIET CAeNaHo Gonee OHOrO Iie-
PeMelleHHd ake B TOM CIIy4ae, KOTTI2 MeTOJ; HpexieB PEMEHHO CXOUTCA 10 MpH-
uiHe KaKOH-HUGyb 0COBGEHHOCTH HCTIONb3YeMbIx ToueK. KOHeuHo, pasymHo mony-
WTh HEKOTOpYH MHGOPMALHMI0 O 3HAYCHHY MUHEMYM2 QYHKIIMH, 2 3aTeM BKITH-
YMTb 3TY MH(POPMALMIO B TIOANIPOT paAMMY, HAUMHAIOLUYIOCH €O CTPOKH 5000, w0661
IUIA peanbHO MUHUMHBHPYeMO#l GyHKIM MUHMMYM GBI 651 67IM30K K Hymw. 310
no3BonKT u3Gexarh MIOGEIX OCIOXHEHMH B IIpOiLecce BHIUHCIIEHHS NIOTPEIIHOCTH
[IpH IPOBEpKe Ha CXOMMMOCTh. Ecu u3 meBsity uudp 3HaueHn® GyHKIMY BOceMb
[epBBIX WP COBNATAT, TO MOXHO CTONKHYTHCA ¢ GONMBUIMME CHOXHOCTAMH
TIpH OTlpefenetxy TOYHOCTH M JIAXE TIONYYHTb OTPHLATENBHYI0 Pa3HOCTD IIpH OIIpe-
TeleHU) MOTPEUHOCTH (3T0 KaK pa3 Gy/IeT MAUMHHAA TOYHOCTh, HO BCE PABHO B
TIPOLECCE BHIUKCIEHHS: NOABATCSA NIOTPElMOCTH) . DTH CIIOKHOCTH GRUTH yUTEeHDI B
NOANpPOrpamMmMe, HaduHaoweHca co crpokk 5000. UITaK, YCTaHOBIIEHO, YTO MUHH-
MYM GyHKIH JeHCTBUTENEHO PABEH HyJHo.

Mpumep 1*

Pelliuts, MOfHGUIMPOBAKRYIO 337a9y O NOUTOBOM NOChUIKe. B KauecTBe HaYANLHON TOUKKM
B3ATh Touky (20; 10; 10). Marynx cnyvaiusix qucest 65 HHAIMATU3HPOBAH 3HayeHreM 7199,
OIHAKO 3T0 He TaK BamO. [IpuBemena nepBad u HOCNEHAA YACTH PACIEYATKH NPOTPAMMBL
HerpHHBGE MEHEMYM ROCTHTZeTCA B Touke (20; 11; 15), TaK 4TO 3THM METOROM MONyueHa
XOpollfast TOYHOCTb. YHCIIO BEmuceHut GyHKUHM paBHO 231, 4TO HOBOMBHO MHOTO (TIO cpaB-
HEHVIO CO MHOTHMH JIPYTHMH 3allyCKaMH), ONHAKO BIONHE COFNACYETCA C Pe3YILTATAMH, 110~
nyueHHBIMH Bokcom.

20 PRINT "KOMMN/IEKCHBA METOA":PRINT "

A0 REM SUHKUWH Z=F(X1,X2,...,XN) BLMUCARETCA B CTPOKE %000
&0 REM BbHUCAEHWE 3HAYEHUA G6L,62,...,GM 4 NPROBEPKA

&5 REM OMPAHWYEHWA NPOWIBOAWTCH B CTPOKE 4000

80 PRINT “BBEAMTE KO/MHECTBO OF PAHUHEHWUA":INPUT M

100 PRINT "BBEAUTE KO/MHECTRO NEPEMEHHL
120 DIM X(ND,Y(ND,L.OND,UGND, XCON), XO(N3, XR(N), XH(NY

160 K=2#N:PP=0

180 DIM COK,N),FUQO,GIM), IC MY, EC(2%N)

200 PRINT "BBEAMTE HAYA/IEHLIE 3HAYEHUS™

220 FOR J=1 TO N:INPUT X(J):C(1,D=X(J:XCD=X(IRNEXT I
240 REM [POMUTATL 3HAHEHMA HWUXHWX W BEPXHWX TPARULL
240 FOR J=1 TO M:READ LGD,LHIRNEXT J

280 REM BKAKRYWTL FEHEPATOR CAYYARHMX YWCEA

290 PRINT “BBEAMTE X™MINPUT X

* B sTOM NpEMepe HPUBEHEHbI Pe3yTBTATEL, IONYYeHHbe ABTOPOM, H PE3YITETATH, TOMy-
aerHiie Ha IBM PC XT (CM. IpelucHoBHe PelaKTopa iepeBofia) . — JIpum. ped.
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500 I=1l

520 BOSUB SO00:F (=7

600 ImI+i

620 FOR JI=1 TO NeC(L,I=L{D+RNDOO* LD =L INXWN=C(I,I2NEXT J
530 IM=1:B0SUB 4000

660 IF IC=1 THEN BOTOD 720

470 REM OBHOBMTE 3HAHEHWE "UEHTPA TAXECTW"

&80 FOR J=1 TO NeXC(P=(I-1#XCIHC,IN/BNEXT . 3

700 GOTO 7&0

720 FDR J=1 TO NaC(I,D=(C{,I+XCAIN/ 2:X(N=C(I,INEXT J

740 GATO &40

760 GOSUB SO00:F(1)=2 i
780 IF I<K THEN GOTO 400

790 REM YMOPAAOHUTE 3IHAYEHUA PUHKUMU U TOYKM,

795 REM B8 KOTOPHX OHA BHYUCANEHA

800 FOR J=1 TO K-1

820 FOR I=J+1 TO K

B840 IF F(IX=F(I) THEN GOTO 900

B&0O F=F(JF (N=F (IF(D=F

880 FOR L=1 TQ NsY(L)=C(J,LnCI,L =X, L0, L)=Y(L):NEXT - L

F00 NEXT DINEXT J

910 REM 3AMOMHUTE HAWMEHBLEE 3HAYEHWE PYHKLMWW

920 FM=F(1)

1000 PRINT 'MEPBAA. TOYKA"

1020 PRINT "MUHUMA/BHOE SHAYEHUE="F(1)

1040 PRINT "MHHUMAALHAR TOUKA"

1060 FOR L=t TO N:PRINT "X";L,CO,LUNEXT L

1080 PRINT "™

1100 REM 3AAATHL KOIPPUUKMENT OTPAXEHUR

120 A=13

1190 REM OMPEAEMMTEL "UEHTE TAXECTH" HARAYYLKX (:-1) TOYEK
1195 REM U 3AMOMHUTE HAWXYAWYIR TOUKY

1200 FOR L=1 TD NsXHI)=CK,L)XOWL)=(K*XCLI-XHULN/(K-1:NEXT L
1390 REM NOAYHUTL OTPAXEHHUN TOYKY

1400 FOR L=1 TD N:XRL)=(+AMEXDL)I~ARXHLX(L)=XRLINEXT L
1490 REM MPOBEPUTHL, AOMMCTUMA M4 HOBAA TOYKA

1500 IM=0

1520 GOSUB &000

1540 IF EC=0 AND IC=0 THEN GOTO 2000

1550 REM EC/AK TOYKA AB/AETCA AONYCTWMOA, TO NEREATH K CTPOKE 2000
1555 REM W BHHUCAUTE 3HAYEHUE PUHKUMUU

1400 IF EC=0 THEN BOTC 1B0O

1610 REM EC/IX ABHWLE OFPAHMYEHUA HAPYWEHM, TO

1615 REM NOMECTUTE TOUYKY BHUTPL PAHML

1620 FOR J=1 TO N

1640 IF EC{J)=1 THEN XR(J)=L(D+.00001:X(N=XR{J}

1660 IF EC(IJ+N)=1 THEN XR(1)=U(D-.00001:X{(D=XR(J}

1680 NEXT J

1800 IF IC=0 THEN 6070 2000

1810 REM EC/AM HEABHLIE OrPAHUYEHWA HAPYWEHH, TO

1815 REM MEPEMECTMTBLCA HA NOJOBUHY PACCTOAHUR K "UEHTPY TAXECTH"
1820 FOR L=1 TO NaXRLI=XRLHXOWNH/2:XLI=XRLINEXT. L

1840 GOTO 1450

2000 GOSUB SOO00:FR=1

2010 REM EC/IM HOBOE 3HAHEHME ~ HAWMXYALEE,

2015 REM TO MEPEMECTHTLCA HA MO/OBUHY PACCTOAHWA K TOYKE XO
2018 REM ¥ BbMUCAWTE HOBOE 3HAYEHWE PUHKLIKMA

2020 IF FR<FGO THEN GOTO 2400

2040 FOR L=1 TD NiXRILI=(XRWLI+XDILN/2:XLI=XRLENEXT L

2060 GOTO 1490

2400 REM OBHOBUTE XC W 3JAMEHWTL HAUXUAWLE TOYKY HOBO# TOYKOA
2410 FUO=FR

2420 FOR L=1 TO N

2440 XCIL)=K*XC(L)-CLK, LI+XRILY

2460 XCL)=XCIL)/KsC(K,L=XR(L)

2480 NEXT L
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[image: image54.png]2490 REM UMOPAAOYUTL IHAHUEHMA PUHKUMM M TOMKH,
249% REM B KOTOPHIX OHA BLMHCAEHA

2500 FOR J=t TO K-1

2520 FOR I=d+1 T0 K

2540 IF F(<=F@D THEN BOTO 2600

2560 FxF(INFmF(DFD=F

2580 FOR L=1 TO NY(L=CW,LRCW, =0, LCH, L=YLENEXT L

2600 NEXT IINEXT J

2610 REM EC/W HAMMEHBUWEE JHAYEHME PUHKUMM WYMEHBWEHO,

2615 REM BHCTABWTL TNPUIHAK MEMATH

2620 IF FAXFM THEN PP=1

2630 REM EC/AU WMEHBWEHWE PWHKUMM HE OBHAPUXEHO,

2635 REM TO NPOBEPKA KPUTEPWA 3ABEPLEHURA MOUCKA MUHAMUA HE MTPOUIBOAUTCR
2640 IF PP=0 THEN GOTO 1190

2990 REM HARTH OTKAOHEHWE 3HAHEHMR PUHKUWM

3000 S1=0:52=0

3020 FOR I=1 TD KiSi=Si+F(IRS2=82+FO*FDNEXT 1

3040 SD=52-51#51/K:SD=8D/K

3090 REM HAATH MAKCUMAMILHOE PACCTORHUE MEXAY

3095 REM TOUKAMW KOMIAEKCA

3100 DM=O

3120 FOR I=t TO K-LFOR J=I+1 TO K

3140 D=0

3160 FOR L=t TO NiD=D+(C(LL)-CI,LN 2INEXT L

3180 D=SRR(D)

3200 IF DYDM THEN PM=0

3220 NEXT JNEXT I

3400 IF PP=0 THEN BOTD 3790

3500 PRINT "HOBAA TO4KA B CTPOKE 3500"

3520 PRINT “MAHWMAALHOE 3HAMEHME="F(1}

3340 PRINT "TO4KA MUHMMUMA"

3540 FOR TO N:PRINT "X"L,E(1,LINEXT L

3580 PRINT
3600 FM=FU):PP=0

3790 REM [POBEPKA CXOAMMOCTM

3800 IF SD3.000001 AND DM>.0001 THEN GOTG 1170
4000 PRINT “MUHWMUM HAAAEH"

4020 PRINT “TOYKA MUHUMYMA"

4040 FOR Lwi TO MsPRINT "X"L,CC1,LMNEXT L

4050 PRINT “MUHWMYM PUHKUMM="F(1)

4080 PRINT "KO/MYECTBO BWHYUCAEHUA PUHKUMU="FE
4100 END

B000 Z=-X(L#X(ZX(SHIIC0

5030 FE=FE+L

5100 RETURN -

6000 FOR Il=1 TD 2*N:ECHD=O0:NEXT ILEC=0

6020 FOR I=1 TO M:IC(ID=OMNEXT ILIC=O

6050 IF IM=1 THEN GOTO 7100

6090 REM MPEABAYUAR CTPOKA NPEAHASHAYEHA ANA NPOBEPKW
4095 REM HEPABEHCTBA GIOO<=BI

6100 FOR II=t TO N

6120 IF XGDLAD THEN ECAD=LEC=1

6140 IF XIDMKID THEN EC(N+ID=lsEC=1

6160 NEXT II

7100 BROX(LI+2#X(2)+2%X(3)

710 IF G172 THEN IC(=LIC=1

8000 RETURN

9000 DATA 0,20,0,11,0,42

KOMNAEKCHBR METOA COMPLEX METHOD

BBEXMTE KOAMYECTBO OMPAHAHEHWA NO. OF CONSTRAINTS H

1 NO. OF VARIABLES 3 .19
INITIAL WALUE 20,18,1
BgEﬂMTE KO/MHECTBO NEPEMEHHHX INPUT X% 7159
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BBEAMTE HAYAALHME 3HAYEHWA

FIRST POINT

20 MIN, VALUE = 189.598875
10 MIN, POINT

10 X1 19.2130268
BBEAWTE X X 2 9.87026714
n X3 16.4475982

NEPBAA TOMKA
MAHUMAABHOE 3IHAYEHUE= 243.2185
MUHUMANBHAR TOYKA

NEW POINT AT 3589
MIN. VALUE = 159.33961

MIN. POINT
£ e, AT e
6.89469 x 2 12.@923334
X3 16-4944 X3 16.#662567

HOBAR TOYKA B CTPOKE 3IS00
MUHUMANBHOE 3HAYEHWE PABHO 238.7446
TOYKA MWUHUMUMA

NEW POINT AT 3580
MIN. VALUE = 8.96@72388E-@3

MIN, POINT -

: 12 1:'7033:3794 x1 19.9995448
16.52478 xz 19.99996 16

s - x3 15000083
MUHUMUM HARLEH
TOUKA MAHAMUMA :§:§:3= ;gg:z
X1 19.0307 .

X 1 19.9999048
X3 Ffapang %2 18.9999616
X3 16.52478 X3 prafaddad

MUHUMUM PUHKUWM PABEH  23B.7466 FUNCTION MINIMUM= B.9672388E-B3
KO/MYECTBO BHMUCAEHWA PUHKUMM PABHO 7  FUNCTION EVALUATIONS=231

KoMnnexcHeI# MeTor IPHMEHHM K UIMPOKOMY KpYTY 33[1au ¢ OT pAHMUEHUAMH.
Ero, KOHeYHO, He CileflyeT PaCCMATPHBATh B KaYeCTBE MaHAleH B 370H obnacTy. Ec-
M Henepas GyHKUMA BhINYKIA H, KpOMeE TOro, BRITYKAa OGIacTs OrpaHHdeHHi,
10 HpHMeHeHHe MeTONa Gymer YCHelMbIM, XOTsS ONpefefeHHbIe OCOBEHHOCTH 3a-
Oauk MOT'YT HOTpeGOBaTh HeKOTOpOil MOHdHKAIMH KpuTepus 3aBepuienns. Ecnn
neneBas GpYHKIMA BOTHyTa WM 06MacTh OrpaHUdeHUH He BBITYKIIa, HETPYIHO BH-
[eTh, KAK TIOHCK 3TMM METOROM MOXET 3aKOHIMTECA Heynauel. [leficTBUTEBHO, B
clydae, eciiv 06nacTh OTrpaHHYEHHH He BBINYKIIa, He OUEBUIHO, 10 HEHTp AONYCTH-
MBIX TOUEK Gyzer oMmycTuMOM TouKol, TakuMm 06pa3oM, mepeMeruenye

x, (HoBOER) = (X, +X0)/2
He FapaiTUpYeT NONyYeHUs HyXKHOTO pe3yJIbIarTa.

HeoGxopumo Takske OGpaTHTe BHEMaHMe Ha MPOBEPKY TOTO, YTO HailzieH GbUT
He NOKaTsHAI, a roGanbHbll MuHEMYM. Boxe monaraer, uro, npoussens Gonée
OJIHOTO 3allyCKa NPOTPAMMBI IIpH PA3MHUHBIX HAYATBHEIX TOUKAX, MOXKHO PELIMTH
3Ty npoGiemMy ¢ NOMOUIBI0 BBIIEONHCAHHOTO MeTona. CiyyaliHeit xapaxtep dop-
MMpOBAHKA HRUATBHOTO KOMIDIEKCE O3HAUaeT, YT0 MepBOHAYAILHO HOPMHUpYeETCH
XOpolliee MOKpbITHe OGNAcTH OrpaiuieHiit ¥ NO3TOMY CYIIECTBYET TEHEEHIUA
CXOMMMOCTH K [TIOGaNbHOMY MMHEMYMY. CXOIMMOCTh K OHOMY M TOMY Xe 3Ha-
YEHHI0 TIPH HECKONBKHX 3allyCKax IpOrpaMMEl IIONTB eprkaaeT 3710,

6.3. IMTEPATYPA
M. 1. Box, ‘A new method of constrained optimisation and a comparison with other methods’,

The Comp. Journal, 8, 42-52, 1965.
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- Micnionpayfite KOMIUIEKCHLH METOR [N MuHuMU3aUMH dysKmm f(x, ¥) = x? + * npu

orpatmyeHUAX X = 0,y = 0, x +y > 5.

2. Mmumusupyitte dynrxmmo f(x, ) = x> + 6xy — 4x — 2y npu OTpaHHueHHAX x? + 2y <
<1,2x-2y<1.

3. Munumusupy#re dynxuwmo f(x, y) = 3x3 + 4x,x, + 5x2 npn orpaHmyenusx x, > 0,
X, > 0ux, +x, >4,

4. TlposkcriepumenTHpyHTE ¢ TPOrpaMMOH, peaSim3ylomeli KOMIUIEKCHEH METOJI, 3aMeHUB
k — umcno Touex B kommnekce (crpoxa 160); a — K09 PUUHCHT OTpakeHns (CTpOKa
1120). Pewmre 3anauu, NpuBeNeHHbIe HEXKE PACCMOTPEHHEIE B TEKCTS JAHHOY THABLL, ¢
HOBLIMH 3HAYEHUSMH.

5. PemnTe 3a/130y MUHUMU3AIHH bYHKUIHH

-

4 9
SO x) =—+ = + (x, + x;)
X X

TpH OrpaldeHusX X, > 0, x, > 0, x, + x, <. PaccMoTpuTe B2 cliyvas: S = 6; S = 4
(cMm. ymp. 14 pasg. 5.5).
6. Mummvsupytite gynxumo f(x) = —[9 — (x, — N Ix3/273 1
H OrpaHHYeHHAX
X, 20,0<x, <x,//3 ,0<x, + ?Ix,<6.l b oo
7. Mumumisupyfire ynicmio f(x) = x* +x2 Tipy orpasuueruax x, > 0,x, = 0,x,x, > 8.
- MuHuMusnpy#tte dynximmo f(x) = x2 +x 2 + X} MpH OrpaMmMeHWiX X, + x, + X, > 3,
X X,X3 > 3. (B KauecTBe HAYANHLHON TOUKH BOIBMHTE Touky (1; 2; 3).)
9. Mm;mMumpyme dynxwmo flx,, x,) = (x, - 3)2 + (x, — 4) npu orpanuyenusx 2x? +
+x3<34,2x, +3x, <18,x, 2 0,x, > 0.
10. Munumusupyiire Gysxmmo f(x,, x,, X3) = —X,%, %, (pH OFpanmuesHAX X, > 0, x, > 0,
x5 2 0,2x] +x} +3x2 <51,

=

FJIABA 7. NOCIENOBATENBHAS ONTUMH3ALMSA BE3 OrPAHHYEHUHK

7.1. ITPA®HBIE ®YHKIIHHA

OcHoBHas HaeA MeToja WTpadHOk GYHKIMM COCTOHT B Mpeo6pa3oBaHuy 3ana-
Ui MAHMI3 Lt Dy HKIvM
z=f(x)
¢ COOTBETCTBYIOLMMH OrPaHHYEHHUAMH, HATOXEHHBIMH Ha X, B 387121y MIOHCKA MU~
HUMYMa 6e3 oepanuyenuii GyExmum
Z = f(x) +P(x).
Oynkuna P(x) sensercs wrpadHoli. Heo6xomimo, uTo6hI py HAPYLIIEHHH OTpa-
HudeHu# OHa “mrrpadoBana” GyHxumio Z, T. e, YBeNHUABANA ee 3HaueHHe. B aToM
cnydae MUHHMYM Z GyAeT HaXOOHThCA BHYTPH OGNAcTH OrpandyeHud. QyHKIus
P(X), yOOBNETBOPSAIOLIAA ITOMY YCIOBHI0, MOXKET GbITh He eIMHCTBEHHOM.

3anauy MEHHMH3AIHHE MOXHO chOpPMYITHPOBATh CITEAYIOLMM 06pasoM:

MHHEMH3RpOBaTh GYHKUHIO Z = f(X) (7.1)
npu OTpaHmeHuAx ¢ (x) >0, j=1,2,...,m. 72
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3ameuanue. OrpanudeHue BUA “MeHBbIIC WIH paBHO™, A (%) <0, Bcerna MoXeT
GBITh 3amucaHo xak —h (X) > 0, HO3TOMy B NpHBENEHHOl BBie HOPMYIHPOBKE
HeT NoTepH OGWHOCTH.

Oyrxuuio P(X) ynoGHO 3amicaTh cledylolMM 0Gpasom:

mo 1
Px)=r3y .
i=1 C,-(X)
e r — noaoxureasuas senmuvna. Torna dyHxuwma Z = (X, r) NpuHHMAET BUM,

L |
Z=v(x,ry=f(®)+r 3 . (1.4
j=1 ¢;(x)
Ecni X NpHHMMAeT HOMYCTHMbIe 3HAUEHHA, T. €. 3HAUCHHA, [N KOTOPBIX ¢j (X) =
> 0, 70 Z UpHMHMMaeT 3HayeHus, KOTOpbie GONbIlie COOTBETCTBYIOIMX 3HAUCHUH

(73)

. f(x) (mcTHHHOM LeneBOH GYHKUMH TAHHOH 3amawy), M PAsHOCTh MOXHO YMeHs-

LIMTH 33 CYET TOTO, UTO F MOXeT OBITh OueHb MATIOH BenmnHOR, Ho ecu X npuuu-
MaeT 3HaueHHs, KOTOphle XOTH M ABAAIOTCA NOMYCTHMBIMH, HO 6H3KY K TpaHuLe
0GITacTH OTpaHHueHnil, M MO KkpaitHel Mepe OfHA U3 YHKIRH ¢; (x) 6mM3Ka K Hy-
710, TOT7IA 3HaveHns dyHxuEu P(X) H, CIeNOBATENBHO, 3HaueHus GYHKINN Z CT13-
HYT Ouenp Bemmku. Takum 06pasom, BIMAHUe GYHKHMH P(X) COCTOMT B CO3Ha-

B ’rpeGHA ¢ KpyTHIMH KpasMu™ BIONb KaXHOH rpaHuupl 0GIacT# OrpaHHde-
Hu#i. CrienoBarensHo, eClM TMOMCK HAUHHAeTCH M3 [OMYCTMMOH TOUKH M OCYINecT-
BIIAETCA TIOHCK MHHAMYyMa QYHKIMH @ (X, 7) 6e3 Or paHUueHuit, T MUHHMYM, KO-
HeyHo, GY[eT HOCTHraTsCa BHYTPH AOMYCTHMOH OGTAcTH IS 3a[iauu ¢ OrpaHuye-
musavd. [lonaras 7 mOCTATOMHO MAMOH BeNMuMHON, MIA TOro YroGbl BIHAHHE
P(x) 6GbUIO MANBIM B TOUKe MHHHMYMa, MbI MOXEM CHENaTh TOUKY MHHEMYM2
byHkumm ¢ (%, 7) 6e3 ozpanutenull coBManame# ¢ TOIKOA MUHEMYMa QYHKHMY
F (%) coepanusenusmu.

PaccMOTpUM OucHb MPOCTOHl TpUMep, KOTOPBIA MO3BOJIHT NOHATH, 410, CO6-
CTBEHHO, IPOMCXOMT .
Tipumep 1

Hcnone3yst mrpadHyo GyHKIMO, 320aHHYI0 ypaBHeHueM (7.4) , MEHHMH3HPOBATS HyHK-
wao f(x) = X UpH OTPaHHUECHAAX X > 2, T. €. X — 2 > 0. MHHAMATEHBIM 3HaueHHeM (yHKIKH
apnstercs 2 npe x = 2, Kak ¢ nomoupo mrpadroit GyHKIMU MOXHO HaltTy peltterue? Pac-
eMOTpHM QYH KM

elx, r)=x+ .
-2

Ha puc. 7.1 usobpaxen rpadux QYHKUEM ¢ (X, 7) U HOKA3AHO NONOXKeHNE TOUSK 66 MUHAMY-
Ma [ pasnMuHBIX 3Havendt r (1; 0,25 1 0,01).

O6nacTs OTpaHHIEHUN JeXHUT CIpaBd OT BEpPTHKATEHON npamolt x = 2. HerpyaHo sumeTs,
YTO nowIesoBaTeNsHOCTh Todek (,, &y, &, CTpeMuTCE K Touke  — MHHHMYMY bYHKIHH
TpY HATMYMK OrpaHuueHuH. JleHCTBHTENEHO, HalneM MHHMMYM. GYHKIHE ¢ (X, ) METOmoM;
DpHBENSHHBIM B TUL. 1:

de r
dx (x—27
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[image: image56.png]CriefioBaTeNbHO; SCTIN
dofdx =10, (x~-2)*=

T
x= 21\/7.
Torna

d?e 2r
dx? (x—2

¥ MHHHMYM OOCTHIAeTCA Npu x = 2 + \[.BHyTpH obmacTn orpaHmen i,

CrenosaTembio, GyHKUMS (%, 7) HMCST MEHUMYM, pasisit 2 + 24/7 mprx = 2+ /7 .
Torma (2, ecTs TouKa ¢ koophuHatamu (3; 4), @, — TouKa ¢ koopsuHaTaMu (2,5; 3),Q, —
TOYKA ¢ KOOpOuHaTamMyu (2,1; 2,2) . SlcHo, uto npu 7 — 0 MuHuMy™ Ge3 orpaHmyeHn#t GyHKUMK
@ (x, r) TIPUOTMINKACTCA K 3HAUEeHWO 2 ¥ MHHMMAITEHOM TOUKOM SBISLETCA TOUKa X = 2.

B ofIneM ciTyuae HeBOIMOXKHO aHATTHTHISCKH OTPeMIeNHTh MOTIOKeHHe MAHMMY~
Ma QYHKIHM ¢ (X, ), paccMaTpuBad ee Kak OGbmHylo ¢yHkumio oT r. Ana ero
omnpeneneHus HeOGXOAMO OGPATUTbCA K YNCITCHHBIM METONIaM.

CrniefiyeT OTMeTHTh, UTO ecrlM UerieBas ¢yHxuws f(X) BBUIYKIA, 3 (GYHKIHA
c/-(x) BOTHYTA, 10 byHKHuA ¢ (X, r), 3afanHnas ypasHeHuem (7.4), TaKxKe ABNsET-
¢4 BRNYKIOH dynkumedt B 06nacTH OTpaHideHHMil, KOTOpad caMa IBIACTCH BbI-
myxsoi. CrenoBarensHo, ¢ (X, F) uMeeT s IaHHOTO 3HAYEHUS 7 e[HCTBEHHBI
MHMHEMYM.

Ecmu X; UM X, — TOUKH, npuﬂaunemaume [OTIYCTHMOM OBITacTH, T. €. (xl)
He(x) >0 j=1,2,...,m, 1o npu 0<6 < | cnpasemueo HepaEeHCTBO

¢ (0%, +(1 ~ O x,) 2 Oc,(x,) + (1 — B c;(x;)) 20,

TaK KaK GYHKUHA ¢ (x) Boilyxsa. ClleflOBaTeNsHO, OMYCTUMAA OBNIACTh ABIIALT-
Cf BBITYKJIOH.
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|

: Vh(x) =

& H(x) = —

Taxum obpasom, Touxa x; + (1 — 6)x; mpu 0<C6 < 1 TaKKe ABIACTCA [IOMY-

 crumoir. (Cpasaute ¢ ynp, 2 pasy, 5.3.)

Kpome Ttoro, dynknusa l/L‘ (X) sBNseTCA BBINYICION ffifAl BCEX X, KOTOpHiE
ynonnen;opmor HEPABEHCTBY c (x) > 0. Ecmu A(x) = I/c x), 10
—Ve(x)

le;1?

" CnenopaternbHoO, TeccHad GyHKUMH /1 (X) HMeeT B[

C(x) . 2Ve(x) Ve(x)T

le,(®)1? fe 0P
rae C(x) % = 02c (%) /0x;0xy, ecTs Teccnan GyHKIMK ¢;(x). Torna, ecnu p — npo-
H3BOTIBHDIH BeKTOp, TO CIIPaBETHEO PABEHCTBO

pTCxp 2[pT ch(x)

wr il

TAe Beeraa p H(x)p > 0, tak kax C(x) — oTpHuaTensHO ONpereneHHas MaTPHLE
BBHJIY TOTO, 10 ¢ (X) — BbMIyKoIan GYHKUmA i ¢ (x) > 0. Torma mMarpuua H(x)
TONOKUTEILHO onpeneneﬂa " 1/c (X) BhIIyKIIa BO Boeit obnactu. (BepruTech K
yup. 11 p pasg. 5.5.) U3 pesynb'rara, HpHMBENEHHOTO B ymp. 1 pasn. 5.3,cnenyer,
uro ecni 7 > 0, To yuxuus P(X), 3amanHas ypapHeHuem (7.3), M GyHKIMA
¢(x, ), 3ananHas ypasHeHueM (7.4) , TAKKe BBITYKIIBL.

Teneps MOXKHO OGOGLIMTE pe3yNbTaT, HOMYYCHHBHI B MpUMepe 1 HACTOSLIEro
pasmena Ha OTyyall o6mIed .3a0aw! ¢ OrpaHHueHMAMH (CM. ypaBHEHHA [¢(AVR

prH(Xp=—

(7.2)).

Tlpennonosass, 1o x¥, X%, . . ., X — MUHMMaNsHbIe TOUKH QYBKUIHM ¢ (X, 7)
ng yébmamuxeﬁ NOCIENOBATENBHOCTH 3HAYEHHAR 7'y, rz oo ’k , .., CTpEMSIIEH-
A K HYIB©. “Torpa nocnenoBaTeNbHOCTh TOYEK X¥, e - CXOOUTCH K OI-
TUMAILHOMY DEUICHHI0 3a[Iaud ¢ OTpRHUUCHUAMH (CM., ypa.sﬂemm (7.1) n (7.2))
npu ry > 0.

CrnenoBarensHO,

lim x¥ =x* (75)
U ! )
lim [min p(x, ) = f(x*), 7.6)

k0

e X* — MERUMATTBHAS TOUKE QYHKIHK | (x)' MpH HaTHYHH OTpaHHIERHH.
TomyYeHHbIA pe3yIbTaT MOXKHO [OKa3aTh CTEylolmMM oGpasoM, Hockonsxy
F(x) uempephmHan dyHiuma M f(x*) < f(X) miA Bcex MOHYCTHMBIX TOUEK, TO,
3a71aB MPOM3BOJILHOE [I0CTATOYHO MATOE 3HAYCHME &, MOXHO HafiTH JONYCTHMYIO
TOYKY X', TaKy10, 4TO
F() <F(x*) +ef2. an
MockoneKy ry — YGHBaOmasA NOCIENOBATENBHOCTD, CIPEMSAMIAACA K HyIIo,
MOKHO HaliTH TaKkoe 3HageHue K, uro mis & 2> K cHpaBeyIMBO HEPABEHCTBO
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[image: image57.png]1
< £ min . } (7.8)
2m 5 |e(x)
Tlockonbsiy P(x) > 0 u3 onpenenetns GyHKIuM ¢ (X, ) , iMeeM
S(x*) <ming(x, 7,) =9(xk, 1), 79

rge x* — MMHHMaJbHag TOYK2 Pynxums 9(X, ’k) IR 335auM 663 OrpaHnueHuit,
Kpowme 1010, eciin k > K, 10 1, <ry 1 CIIpaBeJIHBO HEPABEHCTRO
o(xt, r) <P(xk, ). (7.10)
J10 cnegyer M3 T0TO, YTO, MOCKONBKY x;: MPTHHMHWPYST bynrmo ¢ (X, rk) H
B 06Ol APYTOH TouKe OBNACTH X, B UaCTHOCTH B TOUKE Xz, YHKIMA Gynier npy-
HHMATb 3HaYeHMe, GONbllee YeM w(x,’:, rk) .
Tloatomy

m

o(xt, 1o =f&xR) + rxg‘ e

>

m

1
SLED + 1 Y ——

St

HOCKOMBKY 7y <rK.

CrnepoBaTeNpHO,
o}, rg) > 9(x5, 1) ‘ .
Torma
SO plxl, r) <o(xg, 1) <elxg, re)
Ho Tak kax 3Hauenwe X%, MUHHMUSHDYET dynxumo ¢ (X, IK) , 10

LI

* Lolx, r)=f(x)+rg ¥ —.
o(xk, o) (X', rg) S(x) K/Z:l Cl-(x')
CriefoBatenbho, u3 ypasrenui (7.11) u (7.12) nonywmm

m 1

X*) So(xd, 1) SO +rg T o5
S&*) ox, r) < f Kj:lC,(X’)
Us ypasnertns (7.8) ciemyer, uto

mo1 &
<) 3

(7.11)

(7.12)

(7.13)

SO e 3 (7.14)

7=16(x)

Torna u3 ypaerenust (7.7) clenyer, 910
€ &

JO0) St r) <f& + 4 2

H
oxt, r) —f(x*) <& (7.15)
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Tiockonbky & MOXeT GbiTh BRIGPAHO IPOHIBOJIBHO MAJIBIM, BCETTIa MOXHO HaHTH
TaKoe 3HaueHHe K, IIpH KOTOPOM

S&*) <o(xfyr) <S(x*) + &
- Taxim o6pasom, mpu k >0 (7, > 0)
Bm o (xf, 1) = S5

-0 (7.16)
b Vi3 IpHBeMIeHHOTO Bhillle JOKA3ATENBCTRA CIEYeT, ¥10 IpH /i 0
s L |
SED-fGD 1 T —— 0. (7.17).
=1 e(x)

B KauecTBe ympaxxHennsA OCTABIIEHO [OKA3aT&BCIBO TOr0, uto f(XY), F(xf), ...
-, (%) ofpasyior yGbIBaoLIyIo NOCTENOBATENBHOCTS, TAKYIO, 4TO

o S ) <SR (7.18)
OuesupHo, 4t ecmu Gynkius f(X) BEIMyKia, a GpyHKIHA cj'»(x) mpuj=1,...
-, 7 BOTHYTA, T0 GYHKIMA f(X) IIpH HAllHUMK OTpaHUYeHMIl UMEeT QIUHCTBEH-

HbIA MuHEMyM, (CpaBHMTe C pe3y/bTaTamu, NONyYeHHbBIMH B pasf, 5.3.)

] Mpumep 2
PaccMoTpHM CrieRYIOLYIO 33724y

MHHHMUBHDOBATE QYHKIO f(x,, X;) = § (x, + 1) +x,

TIpY OTPaHuYeHHIX x, — 1 > 0, x, > 0.

ITo ananoruu ¢ ypasHenueM (7.4) samiurem

i 1 1
e ) =4(x, + 1P+ x, + 7 +—1.
x—1 x

, HeoGxopmumre ycnoBust musrMyMa byHKIUHH ¢ 3aHCHIBAIOTCA B BHIE Y paBHeHHH

g r
2
- — o 1-L o,
(x,— 1) x}
KOTOpBIe UMEIOT CTlefiyiollee pelleHue:

(D=1 + VN x,()=r

‘Torpa MHHMMATEHLIM 3HayeHHeM QYHKIHH (X, 7) Gymer

1 1
W’):[““*ﬁ)"uH“\ﬂ*’[ﬁwu—\/;m_—l -
1 1 12 41
=[%[(1+\ﬁ)m+113+ r+r{—\7_;+(_+\/\;%_t~“:
= A+ /P P+ e+ 1+ (4 NG

Taxum oGpasom, mpu 7 —+0

£ ) =1, x @) >0
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7.2. METOIl SUMT ®UAKKO H MAKKOPMHKA
Pe!ynuam Npensiymerc pasaena noxKaspiBaior, 4ro MOXHO PEUMTh 3anasy
MHHHMH3AIHA ¢ OrPRHHYCHAAMH (MHHHMU3HPOBATH QyHKIMK f(X) mpH OrpaHu-
vermsix ¢;(x) > 0), pewuas 1A NOCTeROBATENBHOCTH 3HATEHHH F, cTpemALeiics
K HYJTI0, 3a0a4 6e3 OrpaHyyeHuH CITeNYyIoiero BUa:

m
MuHuMIEHpoBath byHiamo (X, 1) =f{x) + r ¥
=1 e(®

Meron SUMT (sequential unconstrained minimisation technique) Gbu1 BrepBBIe
npemnoxker KapponoM B 1961 romy. Ero wmes Gbumm mcclenoBadbl ®Hakko u
MuKKOpMHKOM, KOTOPBIC K€ TONBKO pacCMOTPENM TEOpeTHYeCKHe BOMPOCHI K
CXOMMOCTb METOJIa, HO CO3NAaNK MPaKTHUeCKYI0 CHCTEMY JUIA €r0 peanmaalluk.

Penxo MoxHO 6yner ucnonb30BaTh AAHHBIM METON TaK, KaK 3TO HeNlaloch B
ABYX NpPHEMEpax u3 TpeabIIyero pa3jielia, MOCKONbKY AaEKO He BCerja MOXHO
HalT ONTHMATBHYI0 TOYKY AN GYHKuMH ¢ (X, r) B BHje GyHKuMy x* () , Ipenen
KOTOpOii 1y 7 = 0 MOXHO HCCIENIOBATH.

{lostoMy masi TOTO, UTO6HI MOXHO ObUIO NPHMeHWTs HAcTOAuWH MeTol, Ha
NpaKTuKe, HeOEXOMMMO NOCTPOKTD BLMMCTHTENBHBIA METOJ, HCTIONBIYIO MM Te0-
peTHIeCKOe CBOACTBO CXOMMOCTH, PACCMOTPERHOE B TipelblayIlem pasnente. Teo-
PETHUECKH 37ech He BOIHHKAET TpyaHocTeit, [Una 3ananusix dynkuuei f(x) orpa-
HUUEHUsAX ¢; (x) 20, j=1,...,n,He0oBXOMMMO BbIGpaTh HAYATBHOE 3HAYEHHE T =
= rq, Wr08e chopMUpOBaTh GYHKIMIO ¢ (X, 7o), KOTOpaA MHHHMH3HpYeIcs Ge3
orpasuyennii  Metomom JIQTI, manoxennwm B i 4. Haitng mumumym dyHk.
mwan ¢(X, 7o), HEOGXOMMMO YMEHBIMTL HAYeHHe 7 ITO MOXHO clemars adex-
TUBHO ¥ 1IpOCTO, €CTM HAllTH 7y = Fo/c, Tie KOHCTaHTa ¢ > 1. B MpuBeneHHOM Hu-
e MpoTpamMe ¢ = 10, OIHAKO 370T BHIGOP NPOM3BOMEH. Y/IauHEIMU MOTYT GBITh
TaKXe 3HageHHa ¢ = 12, ¢ = 16 ¥ 1. 1. 3ateM HeOGXOMMMO MMHHMH3UPOBATH
dyHkuEo (%, 71), cHOBa Hcmombaya merox JOIL Taxum  o6pasom, Gyrer

. paspabOTaHa HTepalHOHHas Hpolenypa, Ha k-M mare MuHHMH3HpYeTCA QYHKIMA
@(x, 1), MHHEMYM KOTOpOHl HAXORMTCA B TOUKe x,f Baxwo, 4r0 ¢¢ MOXHO HC-
TONB30BATh B AATsHEMNIEM B KauecTBe MepBOi TOUKY B HTEPAUMOHHON Nponenype
MuHEMB3atA QYRKUMM 9 (X, 7y ), TAe Ty, 4y = 7y /c. Teneps ficHO, UTO OGN0~
BaTellEHOCTh Yk y6x:maer H CTPEMMTICA K HYIO, cneu_onarenbﬂo, TOCTIeI0BATEINb
HOCTS TOYeK MMHHMYMOB BYHET CXOOHTHCHA K PEILICHMI0 3a/]a% ¢ OTpaHHYEHUSMY.

Hmxe npusemeHa Gnox-cxema (puc. 7.2) merona SUMT. Ocracrca yrowHuTs
HEKOTOpBIE JETATH.

Tlpennonaraetcs, 4T0 B Hauane TpPONe/lyphl HMESTCA JOTyCTHMas TOUKa. Bax-
HO, YTOGHI B TIPOLECCE MOCHENYIOMX BBIMHCIICHHUA NONTydaeMBble TOUKH NpHHaUIe-
WaTH pomyctumolt ofmactd. Meron @I sABnsercs rpagMeHTHBiM METONOM

MHHHMHU3EIHH, HCTIONB3YIOUMM TIpH OJHOMEPHOM OHCKE Kyﬁﬂ‘]eCKyIO MHTEpIO- ,

asumo. Torga, 0o Mepe MpHETHXEHUA TOYKK X K TPaHHUE BHYTPH NOIYCTUMOM
o6nacT# ¢(x, ) —>°°, a 110 Mepe NPUGITHIKEHHA TOUKHY X K [paHHile CHAPYXH OOTLy-
crumoil ofnacti ¢(X, r) > —. TaxuM 06pasoM, eciM TOUCK OCYUIECTBIACTCS
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Havams u3 Bonycmy-
mod moyKy X,

fonamums r=ry

¥
Hadmu murumym pymrguu
plx,n) 8 movke xi¥

Tovxa Xt da
Aldnaemcs monod on- Saxonvums
MUMYMT @ S
Nonomun k=kl “;/
Hem
1

I
H Aonewums Py i=n /e J

8 xavecmbe wobod wavam-
HotZ  mowxy B3sms movky
X = x¥

Puc. 7.2

BJIONb NPAMOM; COEJMHAMOWIEH [IBe TOUKM, OIHA M3 KOTOPHIX JEXAT BHYTpH, 2
Apyras BHe OGNAcTM OrpaHMYeHMi, 10 Kybuueckas PHTEPIHONALUMS OKA3bIBACTCH
HeTpHeMTIeMOH, TOCKONBKY GYHKUWSA DAaIphIBHA BOONb [AHHOH mpaMoi. Meii-
CTBUTENBHO, €CIM MUHMMYM OYjieT HafieH BHe HOIYCTUMON OGNAcTH, T0 MeTOx
JQIT He no3BONMT BHOBB BOMTH B 06I4cTh orpasmgennit. Heo6x0uMO Tijarens-
HO HCCRIENOBATh TaKke BOMPOCH! 1IpH MCHOJNb3oBaHuM Mertoma LOI B nasnoi
3amave,

BE1GOp HAYATHHOTO 3HAYEHIMS 7 MOXKET OK23aThCA BXKHBIM ¢ TOIKH 3PERUS CO-
KPAULEHHA YHCITA HTepaluil IPH MUBmMM3aMK GYHKUHH @(X, 7). Bomn chavana
7 BbIGPAHO OYEHb MalTBIM, VIS TOTO YTOGHI BYHKUMS ¢ (X, 7) Malo OTIMYaIach 0T
dynaum f(x), 10 Meron Gyner cxoauTECA Ovens GBICTPO. OHAKO TaKoi BHIGOP
MOKET MPUBECTH K Cepbe3HBIM OCTOXHEHHSM IIpH BHUHCHEHEAX. Kak BHAHO H3
puc. 7.1, g manbix. 7 GyHKims @(X, 7') Gy[er GHICTPO MEHNTHCA B OKPEeCTHOCTH
MHMHHMYM4, 9T0 MOXKET BBI3BATh 3aTPYHEHUA NPH HCNONb3OBAHMH IPATHEHTHOTO
MeToMia. Crimmrkom e GOIbILIOE 3HAYCHHE 7 MOKET IIPUBECTH K TOMY, IO Lurpad-
Hast pyHiawA P(X) B ypasuermn (7.4) craver nomuhupywmeit. Tlosromy “pa-
3yMuDII” BHIGOP HaYanbHOH TOUKH OUEHD BAXKEH,

s MHOTMX 3a7ay “pasyMHAIM” 3HAUCHHEM IS HAYATBHOH TOUKH ABIACTCH
3HaueHUe To = 1, Bonee pauuOHIbHEILR TOIXOR COCTOMT B TOM, 4TOGBI MOHATH, YTO
€CNTM HAUAIbHaA TOYKa X 6yaet jiexars BONU3E MHHHMY M2 byHKIun
1

P =S +r Y =fx) + rP(),
J=1 Cj X,
TO rpaguent GYHKUMK ¢(X, ) OyneT Man:
Volx, r) = Y (x) + rVP(x). (7.19)
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KBagpat HOpMbI 3TOTO BEKTOpa

VATV (x) + 2:9/(x)T VP(x) + r* VP(x)T VP(x) (7.20)
M MUHHMYM 6yeT JOCTHTHYT fpH
—Vf(x)T VP(x) aan

-~ VPTVPX)

310 HavanpHOe 3HAYeHHe 7, KaK Iipennonaraer ®HAKKO ¥ MakKopMHK, non:mo
[ABATH XOPOIIME pe3yIIbTaTel B OGINEM ClTydac, Y MEHBIIMTD 3HaYeRHe I OUCHD IO
c10: 7 4, =r/c,Toe ¢ = 10.

Tins MusHMM3auy GYHKIHM @ (X, 7y 4 1) Henoms3yerea meron HOII. B xa-
HecTBe HAYATBHON TOYKM UCTIONB3YETCA ONTHMATBHAA TouKa GYHKIHH ¢ (X, 1) , 1

5T0 OKaswBaercs OueHs 3¢¢ekTnBHBM. [Iporpamma aHanornyHa noporp:%a:e:;
npuBemeHHO# B 7. 4, OHAKO HeOﬁXOJIMMO OGpaTHTh BHUMaHHE ija F’l‘ N ;‘;M '
Hpouecce OJHOMEPHOTO NOKCKa He BBIATH aauoﬁnacna orpanuueHyil, ﬂpz'oqm, °
BroyiHe 3ddexTUBHBIM ABNAeTcA clemyloumit meton. IIycts ueaelotc o rotl;xa
Hanpasnemie noucka d = —Hg (cM. coOTHOIIEHHE (4.%4)). neuzllwml 7 o
q = p + Ad HeoGXOMa 1 OCYIECTBNEHNS KY5H1eckoi HRTEpIOTISIY ;;mxerca
co aHayenusa A = 2 (yEBoeHHbH mar B MeTofie HbioTona) nposeppgqb eTe
1M TOUKa ¢ JIOTMYCTUMOM, T. €. BBIIONHACTCA JIH HEpaBeHCTBO ¢;(Q) Isgnmer
. EC/H OHO BBINOJIHAETCA, TO X He MEHSIETCA, HO' eCTIH HEpaBeHCTRO He Bh i
¢, TO A 3aMeHseTcss Ha N4, HAXO[UTCA HOBaf TOUKA 4 H BHOBb HWHSB;?;O
IpoBepka. B KoHile KOHIOB fONycTHMas TOUKa q ByneT HalilleHa, U 101'[131:160 -
OCYLIECTBHTb HHTEpROMAIO. BE1Gop 3HaueHNs 4 He BIOMHE OUCBR/ICH. Tox}; ‘=
=2 6bUI ycuelpIM, NpH & = 1,05 mmHa mara CTaHOBHTCA GQIH3KOH K pa,c::é o
no Gamkaiinied rpaHUIb! OGNACcTH OTpaHMuCHHE M MOITOMY ABNACTCA ~Be3 -
HOH” J71A MHTEPNIONALMOHHOMH Nponemypbl. (JTH 1T BLINOTHAKTCHK B IPOID:

ax 630 — 750.
Me;ailz-tp:)) lx(-!exnarb mqkalzx BBIATH 33 OGVIaCTh OrpaHMYeH i B NpoLecce Mmmwmsg:
oM. Ins a10ro B crpokax 1100 — 1220 Geuiu TIPUHSTbI MEpbI npeuoc’r(‘)p:ﬁmo_
CTH, NO3BONAIONKE Y6EOuTsCA B TOM, YTO MHHAMYM Hali[ieH MEXTY [BY Hci(." -
MycTHMBIME TOUkamu. XoTa u3MeHeHre H B crpoke 1110 aBnsercs nonyssp!

TCA BIOTTHE YIAYHBIM.

qectbmy:l;:::::)f:, ) wn-mmz]aupyercu [0 Tex NOP, NOKA IBa nocnenon;‘renmmf
suauenns Fy u F, He cranyT TakuMy, uro | (Fy — F2)/F; | <0,000001. 310 gizg_
BHe, KOHEUHO, MOXeT GhITh H3MeHeHo (cTpoka 1570). B coomer;:;sog;l ¢ co
menueM (7.17) nporpamma 3aKaHUMBAET paboTy, KOTAA (CTpOKa

m o]
r¥ ——<0,000001.
=)
3HayeHHe MHHHMYMa | (x) TIpH 3TOM ONIPENENAETCH C rom{o‘irblo IO TSITH OecA-
THHBIX 1HGp. KOHeuHo, TOUHOCTS MOXHO M3MeHHTs. Kputepuit 3aBeplueHns ocy-

7 <1071
HICCTBIIACT OCTAHOBKY MPOTPaMMBI TIpH 77 )
Hike TNPHBEAEH TEKCT NMPOTPaMMBbIL. HOIIHPOI'}ZGMMBX, B TOM BMIE KaK OHH Ha:
MHCaHbl, TpeTHAa3HauUeHbl 1A pellieHHsA CTTeOYLIeH 3a4a9y
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MUHUMH3MPOBaTs yHKmo F(X) = (x; — 1)(x; —2)(x, — 3) + x5 npu orpasu-
9eHHAX X1 2 0, %, 2 0,x3 2 0,%3 —x} ~x3 > 0,xf +x} +x} ~ 4> 0,x; <5.

TaxuM 06pasoM, gTo6bl
1 1

1 1
+ + + 4
xi—xl-x} xl+xf+xl—-4 5_x, XX, X

o, r)=f(x)+r

Wrax, Mb1 HMeeM 3amaty ¢ Tpems MepeMeHHBIMH H WecTbIO orpatyueHuAMH. 1le-
TeBast QyHiuua He Beurykna, OGNacTs OrpaHMvEHME TOXe He ABISIETCA BBITYK-
TI0H, OTHAKO [aHHBLE METOJ Ipumensercss yeneumso. [pu Havamshoi Toyke 0,1;
2; 2,1) pewenne Gbmo Haiigeno 3a 48 HTepaluil. VCTHHHBI MUHHMYM noCTHTA-
erc B 10uke (0; /2, +/2), 3nauenne dyHxum p KOTOpOH paBHO —6 + /2,
IIprBenens! nepaas u noCTeRHss cTpammpt PACIICYRTKH Pe3yIbTATOR paBOThI Mpo-
rpamwmst. [penbiyee sHateHue 7, ipn xoTopom Gbuta OOCTHIHYTa ONITHMANbHAsA
TOUKa, UCONL3YETCH [YIA OHPEfleNeHHs CEyIOIEro SHAYCHMA 7, B OHO BBIBOJHT-
CA Ha NeuaTh vepe3 HeGONBIIOE WCTO MTepauuil, HEOGXOMIMOE IS IIOHCKA TIO-
CIIE[HEro MUHHMYMa,

20 PRINT " METOA PMAKKO W MAKKOPMUKA"

30 REM QUHKUMA Z=F(X1,X2,...,.XN) BUMUCASETCH B CTPOKE 5000
60 REM [PAAMEHT G(1),G(2),...,5(N) BWYHCASETCH B CTPOKE 6000
80 REM OFPAHUMEHUA C(1),C(2),...,C0M) BHUYMCASKTCA B CTPOKE 8000
100 PRINT "BEEAMTE YHC/IO ‘NEPEMEHHLX":INPUT N

120 PRINT "BBEAMTE YWCAO OFPAHUYEHWA™INPLT M

140 DIM X(N),PN), YN, LIGND, BN, CEIND, DIN)

145 DIM V(ND,RIND,QUN),M(NY

150 DIM H(N,N)

140 DIM CoM),IC)

180 PRINT "BBEAMTE HAYAMLHUN TOMKY X1,XZjewrt XN"

190 FOR I=1 TO NeINPUT XCIMNEXT T

200 REM [POBEPKA BHINOAHEHMA O PAHUYEHMA

203 REM IC(Nm0 - OrPAHUYEHME J BHNOAHEHO

207 REM IC(D=1 - OFPAHWYEHUE J HAPWWEHO

210 §=0

220 FOR 11=1 TO MiGOSUB 8000

230 IF CUDKO THEN S=S+1:ICD=1

240 NEXT II

250 IF §70 THEN PRINT "MEPBAA TOMKA HE ABARETCA AOMUCTHMORMSTOR
270 REM HARTM HAYAALHOE 3HAYEHWE R

270 T=0:8=01R=01CL=0

300 GOSUB 5000

310 FOR I=1 TO N

320 T=T-G(D#CBIB=B+CE(D*CHBONNEXT T

3%0 R=T/B

340 IF R<O THEN R=1

410 PRINT "R="R

420 REM B HAHAJIE HOBOMO 3TAMA MUHUMUIALMK

425 REM 3ALATL MATPULY H PABHOR EAMHWYHOR MATPUUE

430 FOR I=1 70 NsFOR J=1 7O N

440 HLD=O0NEXT J

450 H(I,D=LNEXT I

460 REM NPOMEXUTOYHMA BHBOA

480 PRINT * TEKYMME 3HAYEHWA"

S00 FOR I=1 TO NiP(D=X(D:Y(D=XDPRINT "X'51,XDNEXT T

510 FOR II=1 TO M:EOSUB SOOOINEXT ILGOSUB 5000

520 PRINT "WTEPAUMA™CC;"  IHAYEHUE";Z

S30 FP=2:50SUB 40001G1=GOIFF=2

540 REM 3ANOMMUTL MPAAMEHT B MACCMBE L W NEPEATH K CAEAYHMEMY HAMPABAEHUN
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[image: image60.png]$56 FOR I=1 TO N
560 UD=GURDD=0
570 FOR J=1 TO N
580 DM=DID-HI,I*ED)
SNEXT 1
::g :E:THJN:"EM FPARUEHT B MEPBOW TOYKE ORHOMEPHOIO NOWCKA
400 GP=0
I~ TO NiGP=GP+G*DIDNEXT I
:12% igﬂsmo THEN PRINT "®UHKUWA BOIPACTAET (CTPOKA 4200
625 REM HAATWH 3HAYEHWE LAMBDA,TAKOE,
4627 REM YTOEW OFPAHWYEHMA HE BWAW HAPYWEH
530 L=2
680 FOR Iml TO NeX(DmP(D+L*DDINEXT I
650 S=0
640 FOR II=1 TD ™
470 1CUD=0:G0SUB 8000
480 IF CUD>=0 THEN 6OTQ 730
490 ICUD=1S=E+1
700 L=L/1.05
710 FOR I=1 TO NsX(D=P{D+L*DIINEXT 1
720 SOTQ 670
730 NEXT II
750 IF S>0 THEN GOTO 450
1000 REM HAATW CAEAVHMYN TOUKW @
1010 HH=L
1020 FOR I=1 TO N
1030 QU=PD+HH#DIXD=ED
1080 NEXT I
1050 FOR II=i TO MGOSUB BOOOINEXT INGOSUB S000FG=Z
1060 BOSUB &000iG2=50
1080 GR=0
1090 FOR I=1 TO N:BGQ=BR+BD*DIINEXT I
109% REM EC/M MUHUMUM HE IEXUT MEXAY TOUKAMA P W @,
1096 REM 3AMEHMTL P HA @
1097 REM MOAWGULUMPOBATH H W HARTW HOBOE HAMPABAEHWE
1100 IF BECO AND FG<FP THEN BOTO 1110
0TD 1125
:}?os FEDR Im1 TO MFOR J=1 TO NiH(L,D=HC,J-DH*DII/EPNEXT 2
115 PO=QXD=PDYD=X(DNEXT I
1120 FF=Z:FP=liB1=G0:G0TO 540
1125 REM AAAEE MIPOM3BOAWTCH KUBHYECKAR WHTEPNOAAUWA
1130 ZZ=3MFP-FQ)/HHIZZ=ZZ+GP+6R
1140 WW=ZZ#ZZ-GP*GIIF WWCO THEN Ww=0
1150 W=SGRMW
1160 DD-HH.u—(En+N—12)/(ED—GP+2*:)E)XT .
I=1 TO NiX(D=P(D+DD*D(D
ﬁ;g ;g: II=1 TO MGOSUB BOOONEXT INGOSUB SOOOFR=2:B0SUB 46000
1195 REM HANTH "PALUENHT B HOBOR TOMKE
2o rom 1 GR=GR+B(D*DIDINEXT 1
210 FOR I=1 TO N:BR=GR+ (D
:215 REM MOBTOPUTL WHTEPNOASUMI B HOBOM WHTEPBAAE
1216 REM (CTPOKM 1260 WM 1290), ME0 MPOAOIRHTDL
1220 IF 2¢=FP AND Z<=FQ THEN GOTO 1400
1230 TF GR>Q THEN GOTO 1270
1260 Hri=HH-~DD
1270 FOR I=1 TD NiP(D=X(IMNEXT I
1280 FP=21BP=BRIGI=GOE0TO 1130
1290 HH=DD
1300 FOR Isl TO MiG(D=X(DNEXT 1
1310 FR=ZGR=GRIG2=G0BOTO 1130
1350 REM OSHOBMTL MATPUUW H
1400 KK=0:WK=0tDK=0
1410 FOR I=1 TD N
1420 UD=GED—-UDVD=XD-YD
1430 NEXT I
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1440 FOR I=1 TO NaMD=0
1450 FOR J=1 TO N
1460 MI=MT+HI, I} # U
1870 NEXT J
1480 KK=sKK+MD U WKWK+ V(DU
1500 NEXT I
1505 IF KK=0 OR WK=0 THEN GOTO 1540
1510 FOR I=1 TO N
1520 FOR J=1 TO N
1530 HZ,DmHT, D--MID*MOD/ KK /WK
1540 NEXT J
1550 NEXT I
1540 CC=CC+1
1565 REM MPOBEPKA AOCTWXEHUA MHUHMMUMA PUHKUMM PHIX,RY
1570 IF ABSWFF-Z)/FF3<.00001 THEN GOTO 1600
1575 REM EC/M CXOAWMOCTEH HE AOCTHIMHYTA,
1377 REM TO HAYATL HOBHA OAHOMEPHLIA NMOWCK W3 MOCNEAHER TOYKM
1380 FF=Z:30TD 500
1590 REM OKOHMATE/ILHAA MNPOBEPKA CXOAUMOCTH;
1595 REM EC/AM CXOAMMOCTL HE AOCTUIHUYTA,
1597 REM TO WMEHBWMTE R W CPOPMWPOBATL HOBUM PUHKUUK PHIX,R)
1400 IF R#22<.00001 THEN GOTD 1800
1610 R=R/10
1620 GOTO 410
1800 PRINT " *
1820 FOR I=1 TO N
1830 PRINT "X"jiy"=";X(I)
1840 NEXT I
1850 PRINT "F(Xy="§Z1
2000 END
S000 REM PUHKUUA FOO BBHMUCARETCA KAK PUHKUMA OT 1,
A PO KAK 9YHKUMR OT 22
5010 Z1=(X(1)~1)#(X(L)-2)#(D-B)+X(I)
5100 72=0
5110 FOR JJm=i TO MiZ2=22+1/C(IJRNEXT JJ
S200 Z=Zi+R#12
5500 RETURN
46000 REM PEIW/MLTATH BHMUCAERWA FPALMEHTA PRHKUWK F(X) XPAMRTCA
B MACCMBE G(1)..GNN)
4005 REM PEIWALTATH BWYMCAEHUA CPAAMEHTA PUHKUMW PO XPAHATCS
B MACCUBE CG{1..CGINY
&01C REM 3IATEM OHU CUMMMPUHTCA B MACCUBE G{1)..G(N)
6050 KA=X(1)-1:KB=X(1)~2:KC=X(1)~X
4100 G(LmKARKB+KB#KCHKTRKA
6150 COI=~(—2#XD/ (L TUN+ZRX/(CIRTE2N+
1/(C4)% T4
&190 GI=GU)+R#CG)
6200 G(2)=Q
6250 CRR=—(—2#X(2)/(CUIHCUN+22 X2 /(CEIRCE2N+
1/(C(SI*CSM
6290 G(2)=B(2)+R#CE(2)
6300 G(3)=1
4350 CO3y=—(2#X(SI/CIHEAN+2RX(Z)/(CI2)#C(2)~
A/CLII*CIM
6360 EB(3)=CE(3)-1/(CILWLIL)
6370 B(II=GI+RECEI)
4900 BO=0
6910 FOR JJ=1 TO Mi30=GO+G(ID*G(IINNEXT JJ
4920 GO=SORGO)
6990 RETURN
8000 REM PE3UALTATH BLYUCAEHMA OFPAHMUEHWA XPAHATCH
B MACCMBE C(1),C(2)...C{M)
8005 ON 11 GOTO 8010,8020,8030,8040,B050,8060
8010 CLU=X(SI*X(I)—X(1#X1)-X(21*X(21GOTO 8500
8020 CU2I=X(DHX(D+X(2)% XD+ XTI X(I)-4:60T0 8500
8030 C(H=5-X(31E0TO 8500
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[image: image61.png]BO40 C(A)=X(11BOTC B500
8050 CSH=X(ZnR0TC 8500
BOLO Cib)mX(3HBRTO B500
8500 RETURN

METOR PUAKKO W MAKKOPMUKA
BBEAUTE “YMCAO NEPEMEHHBIX

3
BBEAUTE YMCAQ O PAHUYEHWR

&

BBEAMTE HAYAMLHUK TOYKY X1,X24m XN

1

2

2.1

R~ 0901418

TEKYRHE 3HAYEHUA

X1 od

X2 2

X3 2.1

WTEPALIWR O 3BHAYEHWE-1.572473

1 7.556441E-02

2 1.941576

3 2.13683

TEPALUMA 1 3HAHEHUE-1.617475

1 0953003

2 1.893447

3 2.162587

ITEPAUKA 2 FHAYEHUE-1.671175

1 3.550905E-02

2 1.502009

3 1.773026

TEPAUMA 3 3HAYEHUE-1.7B0767

1 9.558208E-02

2 1.360921

3 1.633317

TEPAUMA 4 BHAYEHWE -1.995453

1 9.520754E-02

2 1.420405

3 1.6846572

TEPAUMA S5 3HAYEHWE-2.014785

= 9.016181E-03

TEKYMUE 3HAYEHUA

9.552066E-02
1.418278
1:66902

PAUUA & 3HAYEHMUE-3.202302
3.426825E~02
1.418279
1.663025%

PALUA 7 BHAYEHUE-3.657234
0286063
1.418742
1.502301

PAUUA B BHAYEHUE-3.787412
2.960457E~02
1.40907
1.492017

PALUA 9 3HAYEHUE-3.7877é&
2.972558E-02
141197
1.490824

T

£ R OE XX
MUNS MW

u

X e x

T

WR=mWN -

u

m

X XK 2 X MCE XX X
WN

TEPALWA 10 3HAYEHME -3.788081
2.894714E-02
1.4137
1.49338

_

18

8]
WN

WTEPALMA 11 BHAYEHWE-3.768841
Re= 9.0161BE~04
TEKUMWE 3HAYEHWR

X1 2.909472E-02

X 2 1.413903 \
X3 1.494199

MTEPALUUA 12 FHAYEHUE ~4.150575 :

R= 2.0161816-09 - ot
TEKYRME 3HAYEHMWR L

X1 1.0B4033E-04
X2 1.414218

X3 1.41449)
UTEPAUMA 35 3HAYEHUE-4.58421

1 3.620311E-05 8
2 1.414218 :
3 1.414484
TEPAUWA 3& BHAYEHWE-4.58484%
t 5.430842E-05
2 1.414217
3 1.414308
ITEPAUMA 37 3HAMEHUE—-4.584977
= 9.016181E-10 N
TEKYMWE 3HAYEHWA

X1 3.43019E-05
X2 1.414206
X3 1.414307
WTEPALMR 38 3HAYEHMWE-4.585262
X1 1.296428E-05
X 2 1.414206
X3 1.414305
UTEPALIWA 39 IHAYEHWE-4,585476
R= 2.016181E-11
TEKYWWE 3IHAYEHUA
X1 1.30049E-05
X 2 1.414207
X3 1.41425
WTEPALIKR 40 SHAYEHUE -4,585598
X2 4.401657E-06 ~
X2 1.414207
X3 1.41424%
WTEPALMWR 41 3HAYEHME-4.585&8

R= 9.,016181E-12
TEKUMUE 3HAYEHWA
1 4.414079E-05
2 1.414208
3 1.41423
ITEPAUWA 42 3HAYEHWE-4.585719
MHUMYM HARAEH
X 1 = 1.619098E-0&
X 2 = 1.414208
X 3 = 1.41423
F(X)=-4,5857%52

X
X
X
L)
M

7.3, INTEPATYPA

3ameuanne, cfenaHHoe B pasy, 4.5, CIpaBElTHBO 1 3/1ech, 3a NOCeTHUY TPH [IeCATHIETHN

B 570# ofnacrtu Ghul BHMOMMHEH GOMBUION 06beM HCCTIENIOBAHUH, KOTOphIe NPONONKAIOTCH H

B HacToAwlee BpeMi. B mBYX mocnenHux rmapax 6bDid mompo6Ho PACCMOTPEHBI IBA BAXKHBIX

METOZA ONTHMHU3ALMH IPH HallHK OTpakderis. Ho 910 JIHum, [Ba MeTona cpemyt MHOXecTB2

OpYTHX METOHOB. Ml HajieeMcs, UTO YHTaTellh AHHTEPECYETCH H3YUeHHEM TIPHBEACHHOTO HY-

e ClHCKA JITEPATY PHL, IOCKONBKY €Ule MHOTOE MOXHO CHENATE 1A Pa3BHTHS TEODHH H Bbi-
WHCTUTELHEIX METONOB PellleHHs 3234 ONTHMH3ALMY ¢ OTPAHHYCHHAMH,
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7.4, VIIPAXHEHUA

1. Yienonsays meron, SUMT, musaMusnpylive dyHiuao flx, %) = 3x? + 4x,x, + 5x}
npu orpaHmyenusx x, > 0, x, = 0, %, +x, > 4.

2. MuHEM3BpyiTe GynKiEmo fx,, X,) = ~%} — X} Ipr orpaHMueHmAX X, > 0,%; > On
x, +2x, <3.

3. Ucnonssys meros SUMT, penmure 3amady O MOYTOBBIX MOCBUIKAX: MHHEMUBHPY T GYyHK-
1o ¥V = —x,X,X, IPH OTPaHUUEHHAX 0 sxi<42, rpe i=1,2,3ux, +2x, +2x, < 12.

4. Henons3ys meron SUMT, Murnmuaupy#ite dyHxnmo

4 9
SO, %) =—+—+ (%, + ;)
XX
npy orpaHmYeRnsx X, > 0,%; > 0, x, +x, <5, rme a)S=26,6)8 =4.
5. Mumumusupykre dysxmmo f(x) = X} + xj + X} Ipu OTPaHHUEHHAX X, + X, +x4 3 3,
XXX 2 3,%, X5, %32 0.
6. ToskciepumenTupytite ¢ mporpammoli SUMT, uamenyun HauambHBIH BRIGOD r (cTpOKa
360), onpenenietine A (cTpoka 700) , ymenzuene 7 (crpoxa 1610).
7. MoskenepuMeHTUpYATE C TpOrpaMMolt mMeTofia SUMT, u3MeHHB KPUTePHH CXOIHMOCTH B
crpoxe 1570, B cTpoke 1600. B mocrnepHem ciyuae nonpoBylte yenopue IF R < IE - 12,
8. TlokaxuTe, 41O cooTHOMmeH”e (7.18) HCTHHHO, T. €. f(x; . 1) < f(x,"c‘) .

9. MusuMmsHpy#Te dyrKumo (x, — )% + (x, — 3)?, eom x;, X, > 0% 3x% +2x3 <21,
4x, +5x, <20.
10. Massmusupy#re GyHKmmO f(x,, X,} = X} + x} NpH OTpaHMueHMAX X, > 2,xt —x} <1
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OTBETH! K YIPAKHEHHAM

1.4. YIIPAXHEHUA

1. JloxansHEm [ .
iy MaKCHMYM paBe 4/27 mpu x'= 1/13; joKaTbHBN MUHEMYM paBeH HYTO

;. lg:KCMMyMpaBeH 1/2 niput x = 1, MEHEMYM paBer 2upux= -1,
. OTMerum, uTo @ cos 0 + b sin 6 =/ (@ +b*) cos(6 — a) =
4.A=r’§in20(1+00520). re 15 o= bl

5. Xora f (x) wsMenster cBo#t 3mak ¢ ”—" Ha "+, Ho nponssoman | (0) He ompenenena.

6. MunuMyM paBer Hymo mpu x = 0. Xots f (x) ¥3Metster CBO# 3HaK ¢ ”—* Ha ™+, Ho po-

w3ponHax [ (x) He onpeneneHa.
7. MunnMym Gysiuss pasen —=1/3/3 .
9. InoGameHsi#t MEHHMYM paBeH —24,3696 B Touke 0,7808; MOKAIBHEH MAKCHAMYM DaBeH
40,7245 B Touke 3,7619; moxansHel MunmMyM pased 11,9676 8 Touxe 5,9572.
10. Mynumym pasent 0 B Touke (0; 0).
11. Maxcumym paser 0 B Touke (G; 0; 0).
15. YpaBHeH S [UIA py H p, EMEIOT CeRYIOWMH BAR:
=2byp, +{a, + a))p, + ¢,b, ~ ¢4, =0,
(ay+ @) py— 26,9y + €0, — ¢ a, = 0.
16. Munamym™ paser ~0,2766 npu x = 0,5885.
2.8. YIIPAKHEHUSA

. MHHEMATEHOE IHCIIC HEOGXOXUMBIX TONEK pasHo 198.
. MusnMym QyHKEMM ltexaT B Touke X = 0,47,
. MimrumyM pasen 5,96 i Halizient 9a 12 urepaipalt,
- Musumym yHicumm panes 2,32 B Touke x = 0,47 u Haljien 3a 11 urepanmtt,
. Munumym dynxumun paser —0,973 B rouxe x = 1,763,
. MimmmyMm Gynkium paser 0,0465 B Touxe (0,2558; —0,1163).
. PenrenueM ypasHenus ssnsercs x = 0,5885.
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2. 1) Muumym YHKIMU paBeH 0 B rouxe (13 2; 3).2) Mumumym QyHKURM paBeH 0B

1; 1).
6. Tlt))q;iemgu;'ty:a yHKKH pabeH 0 B TOUKe (1; 1).2) Musumy™ GyHKEHH paBeH 0 B TouKE
(0; 0; 0).3) Munumym dyHKUMY paBed 0 8 Touxe (1; 10).
10. MusumyM DYHKUMH PaBeH 08 rouxe (1; 0).
11. MusrMyM (yHKuEM paseH ( B TOUKe 3; 2.
12. Cucrema HMeeT CIICIYOLIE PRITCHHA A Xy,
—3,2832), (-2,8011; 3,1313).
13. CucTema MMeeT CTICAYIOLIME PELICHH: X = 1,y
14.a= 31,87, b= 1,79.
15. 1) In@) = 3,0296,a = 20,68,n = 2,48

xy: (35 2), (3,5844; —1,8481), (-3,7793;
=2,z = 3w nobas ux nepecTaHoBKa.

2y a=22,3,n= 245.
4.6. YIPAXHEHUS

6. MunmvyM paBeH 0 B Touke (4; —3; —05).
7. MuHuMyM paseH 0 B TOYKe (0,25; 0,75).
8. Mimmym paset 0 B Touxe (15 0).
9. Mimiumym papet 0 B Touke (3; 2). (Cm. Takoke yup. 12).
10. MuHKMyM paBel —1 B ToUKe a; .
5.5. YIIPAXXHEHUASA

kbe kac kab
Y= E

A A A

5. MaxcumyM paset 108 B Touke (1; 2; 3).

7. MAHEMYM paBeH 12,5 mpu x =y = 2,5. °

8. Munnmym dyaxupy pasen —371/196 B Touke x = 914,y = 1/17.

3. Maxcumym paseH 70, MEHEMYM paBeH 20.

14. B Va+ VF <S8V, 70 x, = \/off , x, = By . B uporusrOM Cyuze x, =
= SV (Vo + B), x, = SVB/(Va + +B). Mockmka umeer pasmepsl x, = 20 oM,
x, = 11cM, x, = 15 cwm, 1 ee 0GbeM pasen 3300 cm®.

16. TlocbuiKa umeeT pasmephl X; = 24 ¢M, X, = 12 e, x; = 12 cM, 1 ee 0GbeM paBent
3456 cm®.

3. x= e A = ab +be + ca.

6.4. YIIPAXXHEHIS

1. MunpMyM paBeH 12,5 npu x = y = 2,5.

2. MumumyM pases —371/196 npa x = 9/14,y = 1/7.

3. Munumym paseH 44 mpu x , = 3, %, = L.

5. MuHuMyM gocTHRaeTes IpH X, = 2, x, = 3; x, = 8/5,x, = 12/5.

6. Munmmym pase 1 mpux = 3,x, = +/3 .

7. MusamyM pasedt 30, 24 mpu x, = 1,7818, x, = 4,4898.

8. MummmyM paseH 6,2403 mpu x, = x, = X, = 1,4422.

9. MuumyM pasen OTipi x, = 3,x, = 4.
10. Munumym pasert —28,6153 npu x, = 2,9155, x, = 4,1231, x, = 2,3805.

1. Muuumy™m paBed 44 mpu x, = 3,x, = L. 7.4. YIIPAKHEHHA
2. MuaEMyM paBeH —9 npu x, = 3,x, = 0.

3, MumuMyM paper —3456 npu x, = 24, x, = 12,x, = 12.

4, a) MummmyMm paseH 10 mpu x, = 2, X, = 3; 6) MEMAMYM paBeH 41/4 npu x, = 8/5,

x, = 12/5.
5. MuuuMyM paBeH 6,2403 mpH x, = x; = X, = 1,4422.
9. MunumyM pased Onmpa x, = 1, x, = 3.

el -

10. MuHuMyM paser 7 IpH X, = 2, X, =
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